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Influe nce  of the  Va r ia t ion of the  Inte rme dia te  P r inc ipa l 

Stress on the  Me chanica l Prope rtie s  of Nor ma lly  

Cons olida te d Clays

In flu e n c e  de  la  v a r ia t io n  de  l ’e ffo r t  p r in c ip a l in te r m é d ia ir e  s ur  les  p r o p r ié té s  m é c a n iq ue s  de s  a r gile s  n o r m a le ­

m e n t  co ns o lid é e s
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s u m m a r y

The results o f expe r imental s tudy o f the  de formations , pore 
pressures, and shearing s trengths of normally consolidated clays 
in three- dimensional stress space are presented. Tests by means  
o f e quipme nt which permits  independent control of the  three 
pr inc ipa l stresses on a specimen, and tr iaxial compress ion and 
extension tests were pe r formed.

T he  re lative  value  o f the inte rmediate  pr inc ipa l stress affects 
to some degree the  de formations , pore pressures, and the  shearing 
s trengths expressed in  terms o f effective stress. The  failure  s train 
decreases with increas ing value  o f the  difference between the 
inte rmediate  pr inc ipa l stress and minor  pr inc ipa l stress. Behaviour  
of pore  pressures can be adequate ly expressed by He nke l’s 
equation, generalized by introducing stress invariants , and a 
crit ical value  of the  octahedral shear stress exists, be low which 
dila tancy is zero. T he  Mohr - Coulomb failure  surface represents 
the  lower limits  o f the shearing strength, and the actual failure  
surface  for  clays is a curved one  which circumscribes  the  Mohr-  
Coulomb hexagon.

S O M M A IR E

Les résultats d ’études expérimentales  de déformations , pressions 
interstitie lles  et résistance au cisaillement d ’argiles normale me nt 
consolidées dans  l’espace sont présentés. Des  essais sur argile  
utilis ant l’équipeme nt qui pe rme t le contrôle  indépendant des trois 
tensions principale s  sur un spécimen ains i que des essais de 
compress ion triaxiale  et d’extension ont été exécutés.

La valeur re lative  de la tension principale  inte rmédiaire  affecte 
les déformations , pressions interstitie lles  et résistances au cisaille ­
me nt exprimées par  les tensions efficaces jusqu’à un certain degré. 
La  déformation à la rupture  diminue  avec l’augme ntation de la 
valeur de la différence entre  la tension principale  inte rmédiaire  
et la tens ion principale  mineure . L ’action de la pression inte r ­
s titie lle  peut être définie adéquateme nt par  l’équation d'He nke l, 
généralisée  par  l’introduction de la tension invar iable , et la 
valeur  cr it ique  de l’effort de c isaillement octaèdre  existe, lorsque 
la dila tabilité est nulle . La surface de rupture  de Mohr - Coulomb 
représente la limite  inférieure  de la résistance au cisaillement et 
la surface  véritable  de rupture  pour l’argile  est la  surface courbe 
qui circonscrit l’hexagone de Mohr - Coulomb.

T H E  M O H R - C O U L O M B  F A IL U R E  C R IT E R IA  im p lic it ly  as s ume

tha t the  s tr e ngth is inde pe nde nt o f  the  in te r me d ia te  p r in c ip a l 

stress. T he  influe nce  o f the  va r ia tio n  o f the  inte r me d ia te  

p r in c ip a l s tress  o n  the  s he ar ing  s tr e ngth o f c lays  was  s tud ie d 

by  H a b ib  (1 9 5 3 ), Ha y tho r n thw a it e  (1 9 6 0 ), a nd  W u , et ai. 

(1 9 6 3 ). H a b ib  pe r fo rm e d  tor s iona l c y linde r  tests a nd  H a y ­

tho r nth w a ite  tor s io na l ho llo w  c y linde r  tests. Bo th  fo und  

co ns ide ra ble  de par ture s  fr o m  the  Mo h r - Co u lo m b  cr ite r ia  

e xpre s sed in  te rms  o f to ta l stress. W u , et al. pe r fo r m e d  h o l­

lo w  c y linde r  tr ia x ia l tests a nd  co nc lude d  tha t the  Mohr -  

C o u lo m b  cr ite r ia  e xpre ssed in  te rms  o f the  Hvors le v  s tr e ngth 

par ame te r s  we re  va lid  fo r  clays .

In  this  pa pe r , e qu ipm e n t w h ic h  pe r mits  inde pe nde nt c o n ­

t rol o f the  thre e  p r in c ip a l stresses o f o- ,, <r2, a n d  cr3 on a 

r e c ta ngula r  cross- section s pe c ime n is de s cr ibe d, a nd  the  

re sults  o f c onve ntiona l tr ia x ia l tests a nd  tests fo r  inte r ­

me dia t e  va lue s  o f the  s e cond p r in c ip a l s tress  are  pre se nte d.

E Q U IP M E N T  A N D  E X P E R IM E N T A L  P R O C E D U R E

Spe cime ns

Re m o uld e d  s ample s  o f Os a ka  a lluv ia l c la y  we re  recon-  

s olida te d in a la rge  cons o lid ome te r  ha v in g  a  d ia me t e r  o f 

25  c m  unde r  a no r m a l pre s sure  o f 0 .45  k g / s q .c m . Te s t 

s pe c ime ns  6 c m in  le ng th , 2 c m in thickne s s , a nd  3 .5  c m  in

w id th  we re  t r im m e d  fr o m  a b lo c k  o f r e c ons olida te d  c lay, 

a nd  we re  s ubs e que ntly  cons o lida te d  in  t r ia x ia l ce lls  unde r  

a ll- round pressures  r a ng ing  fr o m  0 .5  to  3 .0  k g / s q .c m . be fore  

she ar  tests we re  ca r r ie d out. Some  prope r tie s  o f the  c lay are : 

w L, 69 pe r  ce nt, vt'P) 20  pe r  ce nt, IP, 49  pe r  ce nt, and 

ac t ivity , 2.0.

Equipm e nt

T he  s che ma tic  lay out o f appar a tus  use d to  ob ta in  va r ia ­

t io n  o f the  in te r me d ia te  p r in c ip a l stress, cr.2, be twe e n the  

va lue s  o f the  m a jo r  a nd  m in o r  p r in c ip a l stresses, a-1 a nd  cr3, 

is s how n in  F ig . 1. T he  m a jo r  compone nt s  a re : the  tr iax ia l 

ce ll A , the  in te r me d ia te  p r in c ip a l stress ce ll B, the  cons tant 

pre s sure  ce lls  C  a nd  D , a nd  the  pore- water- pressure  un it  E.

De ta ils  o f the  in te rm e d ia te  p r in c ip a l stress ce ll w hic h 

cons is ts  o f a lu m in u m  pla te s , m e m br a ne  cus hions , double  

me mbr ane s  w ith  s ilic on grease  in be twe e n, a nd  c ounte r ­

ba lance s  are  s hown in F ig . 2. T he  do uble  me mbr ane s  and 

counte r ba la nc e s  are  use d to e lim ina te  fr ic t io n  be twe e n the  

m e m br a ne  cus hions  a nd  the  s pe c ime n. T he  space  ins ide  the  

m e m br a ne  cus hions  is fille d  w ith  wate r  a nd  conne c te d to 

cons tant pres sure  ce ll D  (F ig . 1 ).

T he  cons tant pressure  ce lls  C  a nd  D  (F ig . 1) r e gula te  the  

p r in c ip a l stresses, <r;i a nd  <r2, ap p lie d  on the  s pe c ime n. T hese  

a pp lie d  stresses on the  re c ta ngula r  cross- section s pe c ime n
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A ; Triaxial cell

B ;  Intermediate principal stress cell

C ,D ;  Constant pressure cells 

E ;  Porewater pressure unit

f i g . I.  Schematic layout of apparatus , 

a re  s how n in  F ig . 3a . De ta ils  o f  the  cons tant- pre s s ure  a nd  

pore - wate r- pressure  e qu ipm e n t  have  bee n give n  by  Andr e s e n  

a nd  S im ons  (1 9 6 0 ).

Com pre s s ion an d  Ex te ns ion T ests

Re c ta ng ula r  cross - section s pe c ime ns  we re  s ubje c te d io  

und r a ine d  c ompre s s ion a nd  e x te ns ion tes ts  w ith  pore- water-  

pre s sure  me a s ur e me nts . T he  s ame  ra te  o f s tr a in, 0 .01  pe r  

ce nt pe r  m in , was  use d in  bo th  the  co mpre s s ion a nd  the  

e x te ns ion tests. In  the  com pre s s ion tes ts , o- j >  <r2 =  <rA, 

fa ilu r e  was  b r o ug h t  a b o u t  by inc re a s ing  the  a x ia l stress, 

ke e p ing  the  tr ia x ia l ce ll pre s sure  c ons ta nt . In  the  e x te ns ion 

tes ts , crj — <j"2 >  o-3, fa ilu r e  was  p r oduc e d  by  de c re as ing the  

ax ia l s tress , ke e p ing  the  tr ia x ia l ce ll pre s sure  cons tant.

crj >  cro >  0-3 Tests

T he  lo a d ing  proce dur e s  use d in  the  tes ts  fo r  inte r me d ia te  

va lue s  o f the  s e cond p r in c ip a l s tress , <r1 >  cr2 >  cr3, are  

s hown in  F ig . 3b in a  thre e - dime ns iona l s tress  s pace . T he  

s pe c ime ns  a re  firs t c ons o lida te d unde r  a n  a ll- round pre s sure , 

<r(t, a t  the  p o in t  a . Afte r  co ns o lid a tio n , o-j a nd  <r2 a re  in ­

c r ease d s im ulta ne ous ly  by  a  ce r ta in  qua n t ity  ove r  <r3 w h ic h  

is  he ld co ns tant. T he  lo a d ing  pa th  fo llo w e d  in  this  po r tion  

o f the  tes ts  is  s how n by  the  line  a - b, a n d  the  s tress  c o nd i­

t ions  are  the r e for e  s im ila r  to  thos e  o f e x te ns ion tes ts . T he  

s pe c ime n is the n lo ade d  to  fa ilu r e  by  inc re as ing  o- j w hile  o-2 

a n d  tjvj r e m a in  co ns ta nt  as  s h ow n by  the  line  b- c .

In  the  lo a d ing  po r tions  s how n by  the  line  a - b- c , the  

s pe c ime n is lo a de d  in the  und r a ine d  c o nd it io n  w ith  pore-  

wate r - pres s ure  me as ure me nts . T he  dime ns ions  o f s pe c ime ns  

a n d  s tra in ra te  a re  the  s ame  as  thos e  o f the  c ompre s s ion and 

e x te ns ion tests.

©  Piston © Triax ia l cell © T o p  loading cap 

@  Pulley ©  Afcjmimm plate ©  Membrane cushon ©  Double membranes ©  Porous stone 

© G u id e  © G u id e  roller ©  Counterbalance @  Specimen( 6 0 x 3 5 x2CH  

@  Porewater pressure @  Intermediate principal stress @  Minor principal stress

f i g .  2 .  Loading apparatus  for  inte rmediate  pr incipal stress.

3 6 0



f i g . 3. (a )  Applie d stresses on the rectangular  cross-  
section specimen, (b )  Loading  paths  used in <r1 >

<?2 >  tests.

( a )

L»9*nd :
(a,- a,)«

0 0 hg/cm1
a

■2
.■ a.

® 0 . 2  Kj/ot* 
® 0 .4  hg/cm* 
® 0 . 6  kg/cm* 
c 0 . 8  Ig/cm* 
•  I.Ohg/cm

i Pook points

i ,

(b )

3 4 5 6 7

I %

f ig .  4. (a )  Re lations hip o f pr inc ipa l stress difference ( it 1 — 
<r3) and ma jor  pr inc ipa l s train, (b ) Re la tions hip between 

pore  wate r  pressure and major  pr inc ipa l s train.

f ig .  5. Re la tions hip o f s tr ain a t max imum pr incipal 
stress diffe rence (o- j — <r3) and pr inc ipa l stress d if ­

ference (<r2 — 03).

DIS CUSSION OF  T EST  RESULT S 

S  tress- S I rain  Re lat ions hip

T y pic a l s tress- strain a nd  por e  wate r  pressure- s train curve s  

fo r  va r io us  va lue s  o f the  p r in c ip a l s tress  diffe re nce s  (<r2 — 

<t 3) are  give n in  F ig . 4 . T he  curve s  plo tte d in  th is  figure  we re  

o b ta ine d  fr o m  s pe c ime ns  cons o lida te d  a t  a n  a ll- round pre s ­

s ure  o f 2 .0  k g / s q .c m . Space  lim ita tio ns  p r e c lude  pr e s e nt ing  

the  curve s  o f a s im ila r  type  o b ta ine d  fr o m  the  s pe c ime ns  

h a v in g  o th e r  a ll- round c o ns o lida tion pressures .

F ig . 4a  a nd  o th e r  s tress- s train curve s  o f s im ila r  ty pe  in d i­

cate  th a t the  s hape  o f the  s tress- strain curve  is  influe nc e d  by  

the  re la tive  va lue  o f the  in te r me d ia te  p r in c ip a l s tress , a nd  

tha t a n  increase  in  the  va lue  o f p r in c ip a l stress diffe re nce  

(cro — o-3) br ings  a b o u t  a  decreas e  in the  va lue  o f s tr a in at  

m a x im u m  p r in c ip a l s tress  diffe re nce  (<x, — <r3) .  Mor e ove r , 

as  p lo tt e d  in  F ig . 5 , the  decrease  in  s tr a in a t  m a x im u m  

(o- j — <r3) is  p r o por t io na l to  the  va lue  o f (<r2 — 03)» a n d  a 
s m alle r  s tr a in is c le a r ly  ob ta ine d  fo r  the  s pe c ime n c ons o li­

da te d  und e r  a lowe r  a ll- round pres sure .

Pore  W ate r Pres sure

F o r  s a tur a te d c lays , the  change  in  por e  wate r  pressures , Am, 

due  to cha nge s  in  the  thre e  p r in c ip a l s tresses o f  Ao- j, A<7-0, 

a nd  A03, is give n  as  fo llo w s  (He n k e l, 1 9 5 8 ):

Aw =  Ao-m +  ( D / C )  Aroet ( 1)

whe re

A<rm — ^(Acr j +  A ct o +  Acr;{)

Ar()(,t — J5/(A<T|  — A(T2)-  +  (A <To — Ao- j) 2 +  (A<r3 — Actj)2

a nd  C  =  coe ffic ie nt o f  co mpr e s s ibility , D  =  coe ffic ie nt o f 

d ila t an cy , Ao-m =  cha ng e  in me a n p r in c ip a l s tress , a nd  

Ar0(.t =  change  in  oc ta he dr a l s he ar  stress.

Eq  1 m a y  be  w r it te n in  the  dime ns ionle s s  fo r m

(AM — Ao-m)/o- ni =  ( D / C )  (Arot.,/crni) .  (2 )

In  F ig . 6 are  p lo tt e d  the  va lue s  o f (Am  —  A c r , , , ) / ^ , , ,  a nd  

A t 0(. , / <rm ob ta ine d  fr o m  the  t r ia x ia l co mpre s s ion a nd  <r, >  

cr2  >  o -3  tes ts  o n  s pe c ime ns  no r m a lly  cons o lida te d  unde r  

1.0, 2 .0 , a nd  3 .0  k g / s q .c m . T he  p r in c ip a l s tress  diffe re nce s  

( 0*2 — ovj) in  a l >  <r> >  o-;! tests va r ie d fr o m  0 .2  to  1.0 

kg / s q .c m .

Alt h o u g h  a ce r ta in a m o un t  o f s ca tte r  is  ine vita ble  in  

F ig . 6 , it  w ill be  seen th a t the re  is  a un ique  r e la tions hip

1

Legend  

0 Oc = 1 kg/c 

e  Cfe =2  kg/c

€

Irf 1  

m’

b

e  Jre

0 .

(¿ T c r f / c r )

0.3  0.4

f ig .  6. Pore- water- pressure changes due  to changes 
in the  three pr inc ipa l stresses.
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be twe e n the  tw o  qua ntit ie s , (Am — A<rm)/<rm a nd  A r0l>t/ A m, 

irr e s pe c tive  o f the  r e la tive  va lue  o f the  in te r m e dia te  p r in c i­

pa l s tress  a nd  the  w ate r  c onte n t a t  the  s tar t o f  s he a r  test. 

Mor e o ve r , it  w ill be  no te d  tha t a  c r it ic a l va lue  o f the  

change  in  oc ta he d r a l s he a r  s tress  exis ts , be low  w h ic h  the  

coe ffic ie nt o f  d ila ta nc y  D  in  E q  2  is  ze ro. T hus , the  change  

in  po r e  wate r  pre s sure  c a n be  e xpre s sed as  a func t io n  o f 

<rm, Acrm, a nd  Ar ()Ct by the  e qua tion

Ar ..;  A m  =  - Wm 'I

A r (K-i >  A u  =  +  «r m / ( d T o e t / ° ' in )  )

whe re  A r c =  cr it ic a l s he ar  s tress , be low  w h ic h  d ila ta nc y  is  

ze ro.

Stress  Path  an d  S tre ngth

In  F ig . 7  the  s tress  pa ths  fo llo w e d  in  und r a ine d  c o m ­

pre s s ion, e x te ns ion, a n d  cr1 >  cr2 >  <r3 tes ts  o n  no r m a lly  

c ons o lida te d  c lays  a re  plot te d in  the  p la ne  o f s y mme tr y, 

</ * =  tr'3. In  a d d it io n , the  fa ilu re  e nve lope s  fo r  these  tests 

a re  indica te d.

f ig .  7 . Undra ine d stress paths  for  normally  consolidated 
clays projected onto the plane  o f symmetry, </., =

As  the  a c tu a l po in ts  r e pre s e nting the  s tress  c o nd it io ns  in  

>  o~o >  0-3 tes ts  lie  in the  p la ne  o f (cr2 — o-3) =  cons t., 

F ig . 3b , the  s tress  pa ths  fo llow e d  in  these  tests are  proje c te d  

o n to  the  p la ne  o f s y mme tr y. T he  fa ilu r e  e nve lope s  fo r  

cr 1 >  o-.j >  o-3 tests, s hown in  F ig . 7  by  the  da s he d line s , 

a re  d r a w n by  a s s um ing  th a t the  Mo hr - Co ulo m b  fa ilu re  

c r ite r ia  are  va lid , a nd  th a t  para me te r s  c ' a nd  <f>' a re  c o n ­

s ta nt o r  inde pe nde nt o f the  va lue  o f the  in te r me d ia te  p r in c i­

pa l stress.

F r o m  F ig . 7 , it  w ill be  s een th a t  the  shape s  o f the  stress 

pa ths  fo llow e d  in  the  c ompre s s ion a nd  <rl >  <r2 >  0-3 tests 

are  ge ne ra lly  s im ila r , a nd  tha t the  pe a k  va lue s  o f the  e ffe ctive  

s tress  r a t io  (<r\ /cr'3)  fo r  trA >  <r2 >  o-3 tests a re  gre a te r  

t h a n  those  fo r  the  c onve ntiona l tr iax ia l co mpr e s s ion tes ts .

In  F ig . 8 the  results  o f  compre s s ion, e x te ns ion, a nd  

0 -, >  cr2 >  0 - 3  tests a re  s how n in the  p lo t o f s he a r  stress 

Vi( V ,  — o '3 )  versus  no r m a l s tress  / ¿ (o ^ i +  o- ':{) . T he r e  is  no  

s ignific an t diffe re nce  be twe e n the  re sults  o f  c ompre s s ion 

a nd  e x te ns ion tes ts , a nd  the  pa ra me te r s  c ' a nd  <f>' a re  0.02 
k g / s q .c m . a nd  3 3 .7 °. How e ve r , the  s tr e ngth ob ta ine d  fr o m  

o- j >  o-2 >  <7-3 tes ts  diffe rs  s ome w hat  fr o m  tha t o b ta ine d  in  

c onve ntiona l tr ia x ia l tes ts . T he  na t ure  o f  these  de par ture s  

a re  e x am ine d  by  p r o je c ting  the  me as ure d stresses a t  fa ilu r e

Values at maximum prlndpol stress ratio (tr,’/<*()

f ig .  8. Re lations hip between s trength and effective 
nor ma l stress; a  compar ison o f the  results o f <r1 >

<72 >  <r3 tests and conventional tr iaxial tests.

o n to  a n  oc ta he d r a l p la ne , us ing  the  ape x  o f the  fa ilu re  

e nve lope  as  a  ce ntre  o f  p r o je c tion (W u , et a i ) .

F ig . 9  s hows  a r ig h t  s e c tion o f the  the o r e t ic a l Mohr -  

C o u lo m b  fa ilu r e  s ur face  w h ic h  is  de te rm ine d  by  the  va lue s  

o f ( f  =  0 .0 2  k g / s q .c m . a nd  <f>' =  3 3 .7 ° me as ure d in  the  

compre s s ion a n d  e x te ns ion tes ts . T he  re s ults  o b ta ine d  fr o m  

o-, >  <r2 >  cr.{ tests a re  a ls o p lo tt e d  as  po in ts . T he  ac tua l 

fa ilu r e  s ur fa ce  fo r  no r m a lly  cons o lida te d  c lays  has  a  curve d 

fo r m , as  s how n in  F ig . 9  by  the  das he d line , a nd  the  Mohr -  

C o u lo m b  he x ag on re pres ents  the  inne r  lim it  o f  the  fa ilu re  

s ur face  o f c lays . He nc e  the  diffe re nce  is  on the  s afe  s ide  if 

o u r  e s timate s  o f  fa c to r  o f s afe ty  a re  bas e d on c onve ntiona l 

t r ia x ia l tests.

c o n c l u s i o n s

A  series  o f co nve ntion a l cons olida te d - und ra ine d  tr ia x ia l 

tests a nd  tests fo r  in te r m e dia te  va lue s  o f the  s e cond p r in c ip a l 

s tress  we re  pe r fo r m e d  o n  no r m a lly  c ons olida te d  c lays . T he  

m a in  re s ults  ob ta ine d  a re  as  follows .

1. T he  s hape  o f the  s tress- s train curve  is  influe nce d by  

the  re la tive  va lue  o f in te r me d ia te  p r in c ip a l s tress , a n d  the  

a x ia l s tr a in a t  the  m a x im u m  p r in c ip a l s tress  diffe re nce  

(cr, — 0-3) decreases  w ith  incr e as ing va lue  o f the  p r in c ip a l 

s tress  diffe re nce  (o-2 — 0-3) .
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f ig .  9. Right seclion o f expe r imental and Mohr-  
Coulomb failure  surfaces.
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2 . T he  change  in  por e  wate r  pre s sure  due  to  change s  in  

the  thre e  p r in c ip a l stresses c a n be  a de quate ly  e xpre s sed as 

a  fu n c t io n  o f crm, Acrm, a nd  A r oc;t, whe r e  <rln is  the  me a n 

p r in c ip a l stress a nd  r 0).t is  the  oc ta he dr a l s he ar  stress.

3. Clos e  ag re e me nt  is fo u n d  in  the  va lue s  o f <j>' fo r  c o m ­

pre s s ion a nd  e x te ns ion tes ts , b u t  s light ly  la r ge r  va lue s  o f <f>' 

fo r  in te r me d ia te  stress c o nd it ions  are  ob ta ine d.

4. T he  Mo h r - Co u lo m b  fa ilu re  s ur face  repre se nts  the  lowe r  

lim its  o f s he ar ing  s tr e ngth, a nd  the  ac tua l fa ilu r e  s ur face  

fo r  no r m a lly  c ons o lida te d  clays  is  a cur ve d s ur face  w hic h  

c irc ums cr ibe s  the  Mo h r - Co u lo m b  he xagon.
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