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S U M M A R Y

This paper states tha t the consolidation of thawing soils occurs 
with practically constant pore pressure and obeys the theory 
of filtration consolidation. A method is suggested fo r calculating 

settlement and pore pressure in thawing soils for one-dimensional 
problems of consolidation.

S O M M A IR E

Cette élude établit que le processus de la consolidation des 
terrains en dégèlement s’effectue pratiquem ent sous pression inter

stitielle constante et selon la  théorie de la consolidation filtrante. 
On dém ontre une méthode de calcul de l’affaissement et de la 

pression interstitielle pour les terrains en dégèlement sous la con
solidation unidimensionelle.

m a i n  s t a g e s  o f  c o n s o l i d a t i o n  o f  t h a w i n g  s o i l s  

t h e  p r o b l e m  o f  p r e d i c t i n g  th e  m agn itude  o f  settlem ent 

an d  its v aria tion  w ith  tim e is very  im p o rtan t fo r estim ating  

the  capacity  o f  fo unda tion  su p p o rt on  thaw ing  p erm afro st 

soils by  the  m e thod  o f lim ited stra ins (T sy tov ich , 1 960 ). 

T h e  first experim ents to  de term ine  th e  com plete  conso lida

tion  o f  thaw ing  soils w ere  ca rried  ou t in 1934 (T sytovich , 

1 934 ). T h e  variations o f  th e  void  ra tio  o f thaw ing  soils 

under the  cond itions o f  no  side expansion  w ere  investigated  

a lso  (T sytovich , 1941) and  the  com plete  se ttlem en t o f 

thaw ing  soils w as determ ined  by the  m ethod  o f  the  test 

load (L apk in , 1939, 1947).

( a )  ( b )
e

f i g .  1 . Relationship between change of void ratio of frozen soils 
in the process o f thawing and change o f external pressure.

F ig . 1 (a )  illustrates th e  com pression  cu rve  o f th e  frozen  

soil d u ring  thaw ing: a-b  co rresponds to  the  frozen  s ta te , th e  

convex  p a r t being d irected  upw ards, w hich  indicates the  

unconsolidated  s ta te  o f th e  frozen  soil and  inc rease in  its 

com pressib ility  in  th e  process o f  increase o f the  load ; b-c,

w here the  cu rve  is b roken , co rresponds to  th e  subsidence 

o f the  soil as a  resu lt o f  thaw ing; and  c-d  co rresponds to  

the  consolidation  o f  the  soil a f te r  thaw ing. A s show n 

experim en tally  (T sy tov ich , 1957; O ushkalov , 1962) the  

m ax im um  settlem ents occu r in the  p rocess o f  thaw ing  as a 

resu lt o f  a  jum p-like  change in  the soil po rosity . F ig . 1 (b )  

illustrates the  change in th e  void ra tio  o f  the  thaw ing  soil 

(A e) as a  function  o f  the  ex ternal p ressu re  (p ) .  W ith  sm all 

changes in  pressure  (u p  to  3 to  5 k g /sq .cm . depend ing  on 

the  p roperties  o f th e  so il) (S hushe rina , 1953) th e  respective 

section  o f  the  cu rve  Ae =  f ( p )  can , w ith  sufficient accuracy , 

be assum ed to  be straigh t. T h is  assum ption  is used  as the  

basis fo r  the  new  m ethod  o f  ca lcu la tion  o f th e  settlem ent 

o f fo undations  on thaw ing  soils (T sy tov ich , 1941; L apk in , 

1939; O ushkalov , 1962 ).

T he com plete  stab ilized  settlem ent o f  foundations on  thaw 

ing soils (5 )  can  be expressed  as follow s (T sy tov ich , 1 9 4 1 ):

n  n

S  ~  A f h i  +  h\ aa(Tz\y (1 )
l  i

w here h x is the th ickness o f indiv idual layers o f  thaw ed  soils; 

A 0 is the  so-called reduced  coefficient o f  thaw ing; a 0 is the  

reduced  coefficient o f  consolidation  (co rresponds to  m v) ;  <rzl 

is the average com pressive stress in th e  soil lay er u n d er the 

effect o f  the  ex ternal load and the  w eight o f the  soil itself.

A s a  resu lt o f  th e  investigation  o f  th e  tim e-settlem ent 

re la tionsh ip  o f  ice-sa tu ra ted  frozen  soils (w ith  the  tem pera

tu re  close to  th a t o f  m elting) and thaw ing  soils, it  w as con 

cluded (T sytovich , 1964) th a t a m igration-viscous consolida

tion  occu rs a t section  a-b (w ith  the  con stan t negative 

tem p era tu re  below  freez in g ), tha t section b-c, w ith thaw ing  

o f  ice-satu rated  soils, is m ain ly  characte rized  by  filtration  

consolidation , w hile section  c-d is cha rac te rized  by  the  re

m ain ing  filtration  and  secondary  viscous consolidation .
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E X P E R I M E N T A L  IN V E S T IG A T IO N S  O F  C O M P R E S S IO N A L  

C O N S O L ID A T IO N  O F  T H A W IN G  S O IL S  

T h e  investigations w ere  carried  o u t w ith tw o  types o f 

artificially  frozen  heavily  iced  soils— m ontm orillon ite  ( “kill” 

c lay ) and  hydro-m icaceous (su rface  loam -clay) com posi-

f ig .  2 .  T i m e  s e t t l e m e n t  c u r v e s  o f  t h a w i n g  s o i l s  w i t h  d i f f e r e n t  

e x t e r n a l  l o a d s :  ( a )  i n  c o - o r d in a t e s  5  —  \ / / ;  ( b )  i n  c o - o r d i 

n a t e s  —  / ;  s o i l - “ k iH ”  c l a y ,  w 0  =  1 2 0  p e r  c e n t ;  

s e t t l e m e n t  p l a t e  t e m p e r a t u r e  0  =  + 2 0  C .

tion— w ith  th e  in itia l w a te r con ten t co rrespond ing  to  the  

liqu id  lim it. T h e  thaw ing ca rried  o u t w as one-sided a t a  

con stan t tem p era tu re  and  a  co n s ta n t load  from  0.25  to  3 .0  

k g /sq .cm . T h e  ra te  o f thaw ing  w as regu la ted  w ith  the  

tem p era tu re  o f  th e  settlem ent p la te , co rrespond ing  to  + 2, 
+  10, and  + 2 0  C . T h e  cond itions o f  linear thaw ing  w ere 

p reserved  du rin g  all th e  experim en ts so  th a t th e  m ovem ent 

o f the thaw ing  bou n d ary  w as subjec ted  to  th e  know n regu

la rity : h ( t )  =  oi\ / t. T h e  tests w ere ca rried  o u t in special non

heat-conducting  oedom eters and w ere  accom pan ied  by  a  

change in the  pore  p ressure during  th e  process o f  thaw ing. 

C om pression  w as ca rried  o u t by one-sided filtration  th ro u g h  

the  settlem ent p la te . D rainage  th ro u g h  th e  bo ttom  surface  

o f the specim en w as p reven ted . T h e  analyses o f  th e  resu lts 

have show n th a t fo r  th e  heavily  iced soils, w hen th e  ice 

inc lusions a re  un ifo rm ly  sp read  ov er th e  w hole volum e 

o f th e  specim en, the  consolidation  d u ring  thaw ing, irre 

spective o f  the  type o f  soil, ra te  o f  thaw ing, and  loads, is 

p ro po rtional to  the  square  ro o t o f  tim e (F ig . 2 a ) .  A t the 

m om ent o f  com plete  thaw ing  o f  the  specim en a  bend  occurs 

in  the conso lidation  curve, ind icating  the  change in the  stress 

regu larity . D u ring  the  w hole period  o f thaw ing  a  d irect 

p ropo rtionality  betw een  se ttlem ent and  depth  o f thaw ing  

is observed, and  the  value o f  the re la tive  settlem ent in tim e 

rem ains p ractica lly  con stan t (F ig . 2 b ) .

I t w as show n experim entally  tha t, w ith  the  thaw ing  o f 

the  ice-sa tu ra ted  soils u n d er load , the  pore  p ressure in  the  

th in  layer a t the  thaw ing  b oundary  a tta in s  the  fu ll value o f  the

f i g .  3 .  C h a r a c t e r  o f  p o r e  p r e s s u r e  d i s s i p a t i o n  i n  t h e  p r o c e s s  o f  c o n s o l i d a t i o n  a n d  

s e t t l e m e n t  w i t h  t i m e  ( o n  s e m i  l o g a r i t h m i c  s c a l e ) :  ( a )  w i t h  t h a w i n g  u n d e r  l o a d  o f  

0 . 2 5  k g / s q . c m . ,  p i s t o n  t e m p e r a t u r e ,  0  ~  + 4 0 C . ; ( b )  f o r  u n f r o z e n  s o i l  u n d e r  l o a d  

o f  0 . 5  k g / s q . c m .  “ k i l l ”  c l a y ,  w Q =  1 2 0  p e r  c e n t .
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T A U L E  I .  I’ R O l ’E k T I l i S  O F  IN V E S T I G A T E D  S O I L S

C o n s o lid a t io n  K x t c r n a l P o r e  E ffe c t  iv e  R e la t iv e  V o id

t i in e ,  /  lo a d ,  p  p r e s s u r e .  U  s t r e s s , ?  s e t t le m e n t ,  ratio.

( m in )  ( k g / s q .  c m .)  ( k g / s q .  c m .)  ( k g / s q .  c m .)  tn =  ä / P  S ( i ) / h { t )  e i

“ K i l l ”  c la y 0 — — —

B =  + 4 0 C ; 5 0 .2 5 0 . 2 0 0 . 0 5

lie r io d  o f 2 5 0 .2 5 0 . 2 0 0 . 0 5

t h a w in g . 5 0 0 .2 5 0 . 2 0 0 , 0 5

5 5  m in ; 5 5 0 .2 5 0 . 2 0 0 . 0 5

w o  =  1 1 7 % o o 0 .2 5 0 . 0 0 . 2 5

1 5 0 0 .2 5 0 . 0 0 . 2 5

‘' K i l l "  c la y 0 - - - —

9  =  + 2 0 C ; 15 0 . 5 0 . 3 5 0 . 1 5

p e r io d  o f 3 0 0 . 5 0 . 3 5 0 .1 5

t h a w in g , r .o 0 . 5 0 . 3 5 0 . 1 5

1 0 0  m in , 9 0 0 . 5 0 . 3 5 0 . 1 5

w o =  1 1 7 % 1 0 0 0 . 5 0 , 3 5 0 . 1 5

1 10 0 . 5 0 . 0 0 . 5

1 3 8 0 0 . 5 0 . 0 0 . 5

S u r f a c e  lo a m  — c la y 0 _ — —

0  =  + 2 0 C ; 5 0 . 5 0 . 3 0 . 2

p e r io d  o f 15 0 . 5 0 . 3 0 . 2

t h a w in g , 3 0 0 . 5 0 . 3 0 . 2

4 0  m in ; 4 5 0 . 5 0 . 3 0 . 2

w o  --= 3 1 % 4 0 0 . 5 0 . 3 0 . 2

5 0 0 . 5 0 . 0 0 . 5

125 0 . 5 0 . 0 0 . 5

0 , t h e  t e m p e r a t u r e  (d e g .  C )  o f  t h e  h e a t e r ;  h  ( I) ,  d e p t h  o f  t h a w in g .

external load. T hen , as the thaw ing boundary  m oves dow n

w ards a  little  fu rth e r, the  pore  p ressu re  in  th is layer quickly  

begins to  decrease to  a definite level, and d u rin g  th e  w hole 

period o f  thaw ing a p ractica lly  con stan t pore pressure, a 

b it low er in  va lue  than  the  ex ternal load , is m a in ta ined  in 

the w hole m elted zone (above the  thaw ing b o u n d a ry ) . Soil 

settlem ent in  th is period  is in tensive in sp ite o f  the  low  

effective stress. A t th e  tim e the  specim en is com pletely  

thaw ed, the  po re  p ressure quick ly  reduces to  ze ro  (F ig . 3a ) 

and  th e  stra in  develops the  creep  w hich is characte ris tic  o f 

the  period  o f  secondary  consolidation . F o r  the  heavily  iced 

soils th e  m a in  settlem ent du rin g  thaw ing  (9 2 -9 8  p e r cen t 

o f  the  com plete  se ttlem en t) occurs w hile th e re  a re  pore  

p ressures, i.e., in  th e  period  o f  filtration  consolidation .

T h e  presence  o f  a pore  p ressure in the  m elted zone o f  the  

thaw ing  ice-satu rated  soils, th e  filtration  coefficient o f  w hich  

is ra th e r  h igh, m ay  be caused  by the  un in te rru p ted  occur

ren ce  a t th e  thaw ing  boundary  p f  a  superm oistened layer 

w ith th e  m ax im um  pore  pressure, due to  w hich  the  w a te r 

head  is m ain ta ined  in the  thaw ed layers o f th e  soil. A s is 

know n, p o re  p ressure d issipates slow ly in  unfrozen  soils 

during  th e  w hole period  o f  filtration  conso lidation  (F ig . 

3 b ) , w hile in  thaw ing  soils, as  show n above, filtration  con 

so lida tion  occurs p rac tica lly  w ith  constan t p o re  pressure 

w hich then  dissipates quick ly  a t  the  end o f  thaw ing.

In  connection  w ith the  pecu liarity  o f  th e  stressed  s ta te  o f 

thaw ing ice-satu rated  soils, th e  process o f th e ir  com pressi

b ility  w ith  tim e u n d er the  con stan t load  has a som ew hat 

unusual ch a rac te r, as is c lear from  T ab le  I illu strating  the 

m ain  characte ristic s  o f  consolidation  o f  thaw ing  specim ens 

o f “kill” clay  and  su rface  loam -clay.

A N A L Y S IS  O F  O N E - D IM E N S I O N A L  C O N S O L ID A T IO N  O F  

T H A W IN G  S O IL S

In  one-dim ensional thaw ing  under load o f the  ice-saturated  

soils, consolidation  o f  th e  thaw ing  layer occu rs in  com 

p liance w ith  the  theo ry  o f  filtration  consolidation . T he 

experim en ts described  above have proved th a t a t  the

0 . 2 0 .2 1 1

3 .3 8 0  

2.- 101 0 .9 2 5 1 8 . 5

0 . 2 0 .2 1 9 2 .4 2 0 0 .9 0 0 1 9 .2 T h a w in g

0 . 2 0 .2 3 8 2 .3 4 0 1 .0 1 (5 2 0 . 9 p e r io d

0 . 2 0 .2 4 5 2 .3 1 1 1 .0 7 5 2 1 . 5

1 . 0 0 . 2 4 « 2 .3 0 7 1 .0 7 9 4 .3 2 A f t e r

1 .0 0 .2 4 9 2 .2 9 1 1 .0 9 2 4 .3 7 t h a w in g

0 . 3 0 ,2 1 0

3 .4 2 5  

2 .1 9 0 0 .9 2 9 0 .1 9

0 . 3 0 ,2 1 5 2 .4 7 4 0 .9 5 1 0 .3 4

0 . 3 0 . 2 2 0 2 .4 5 1 0 .9 7 4 0 .4 9
T h a w in g

p e r io d
0 . 3 0 .2 1 3 2 .3 5 0 1 .0 7 5 7 .1 6

0 . 3 0 .2 4 1 2 .3 4 5 1 .0 8 0 7 . 2 0

1 . 0 0 .2 4 9 2 .3 2 3 1 .1 0 2 2 . 2 0 A f t e r

1 . 0 0 .2 (5 3 2 .2 0 1 1 .1 0 1 2 .2 3 t h a w in g

0 . 4 0 .0 8 4

0 .8 3 3

0 .7 2 5 0 .1 5 9 0 .7 9 0

0 . 4 0 .0 8 9 0 .7 1 5 0 .1 0 8 0 .8 1 0
T h a w in g

p e r io d
0.- 1 0 .0 9 9 0 .0 9 7 0 ,1 8 0 0 .9 3 0

0 . 4 0 .1 0 3 0 .0 8 9 0 .1 9 5 0 . 9 7 0

0 . 4 0 .1 0 4 0 .0 8 0 0 .1 9 7 0 .9 8 5

1 . 0 0 .1 0 5 0 .0 8 4 0 .1 9 9 0 . 4 0 0 A f t e r

1 .0 0 .1 1 5 0 .0 (5 7 0 .2 1 7 0 .- 133 t h a w in g

boundary  o f  thaw ing  th e  super-m oistened  lay er is m ain

tained  a t  all tim es, th e  m ineral aggregates o f  th is layer 

alw ays being, as it w ere, in the suspended s ta te , an d  tha t 

a t the  boundary  o f  thaw ing  (2 =  h ( t ) ,  =  a \ / t ) ,  th e  w ate r 

receives all th e  ex ternal load. As a  resu lt o f h igh  filtration  

ability , the excess w ate r is quick ly  rem oved  and  the  pore  

pressure  d rops to  som e definite va lue  un d er th e  p resen t 

conditions. T h is  value, as p roved  by experim en ts depends 

upon the  type  o f  the  soil and  constitu tes a  definite p a r t o f

f i g .  4. Calculated diagrams o f effective stresses in thawing soil: 
(a )  w ithout over-moistened layer; (b ) with over-moistened 

layer.

th e  ex ternal load. It can  be assum ed in  ca lcu la tions the refo re  

(F ig . 4 )  th a t above the  thaw ing  bou n d ary  z  =  h ( t ) ,  w here 

<r =  0 , som e bou n d ary  Z  =  L ( t )  exists, a t  w hich  the 

effective pressures R  =  Rq  +  are  equal.

P aram ete rs  R n and  m  are  physica l constan ts  and  can  be 

determ ined  experim entally . F o r instance, fo r  the  investigated 

soils R 0 =  0 , a n d  values o f  m  a re  given in  T ab le  I. T h e  

layer o f  the  thaw ed soils above boundary  Z  =  L ( l )  has a

3 9 2



coefficient o f  com pressib ility*  «0 and  filtration  k  significantly  

low er th a n  those w hich w ere characte ris tic  fo r the  soil im 

m ediately  a f te r  thaw ing (in  the region below  b oundary  L ( t ) .

T w o possib le app roaches can  be considered  in the  ana ly 

sis o f one-d im ensional consolidation  o f  thaw ing  soils. In  

the  first the  value o f  th e  region [/*(/) — L ( t ) ]  is neglected 

(F ig . 4 a ) .  T h e  second ap p roach  presupposes the  existence 

o f  tw o regions w ith  significantly  d ifferent coefficients o f 

com pressib ility  ïï0 and  filtration  k  w ith in  the thaw ed layer 

(F ig . 4 b ) .

F ir s t  A  p p r o a c h

L et us assum e th e  ex ternal load  affecting the  thaw ing  

bed to  be increasing  linearly  w ith  tim e:

P ( t )  = P 0 +  n t . (2 )

N eglecting  the  value  o f  the  super-m oistened layer and  

assum ing  h ( t )  =  L ( t )  w e should assum e tha t a t the  

b oundary  Z  =  h ( t )  th e  w ate r does n o t receive the  w hole 

ex ternal pressure  b u t a p a r t o f  the  com plete stress <rz. W ith 

Z  =  /? ( /) , th e  p ressures affecting the  skeleton in the  general 

case equal

<rs m o  = R 0 +  m ( y h  +  P ) ,  ( 3 )

w here R 0 an d  m  are  param ete rs, de term ined  from  th e  experi

m en t. T a k in g  in to  consideration  tha t y w - u ( Z ,  t ) =  y ' Z  +  

P ( t )  — <r the  equa tion  fo r de term in ing  the  effective pressures 

in the  thaw ing  layer can  be expressed  as follow s:

cv ( d 2< r / d Z‘ )  =  (dà /dt) y±)
In  th is case the  boundary  cond itions will be expressed as 

follow s:

w ith Z  =  0, œ  =  P ( t )  =  P 0 +  n t  |

w ith  Z  =  h ( t ) ,  a-  =  R  =  R q +  m ( y ' h  +  P 0 +  n t ) .  f
( 5)

T he initia l cond ition  is ev ident /?(/) = 0  w hen t  =  0.

T h e  so lu tion  o f  E qua tion  4 w ith the  boundary  cond i

tions (5 )  can  be ob ta ined  from  the  equation  below:

/ u  i a ( \ — m) P a - R Q f , _ /0 / — v
<j  =  (To +  n t )  — --------------------__—  e r f  ( Z / 2 \ / C v 0

c r f ( a / 2 \ /  cv)

+  m y '  Z  +  n Z 1 / 2 c y —
( 1 — m  +  a ' / 2 c y ) n t  

N ( a / 2 \ /  Cy)

X N ( Z / 2 y / c J ) >  (6 )

Fig . 5, in com pliance w ith  fo rm ula  7 , illustrates the  

cu rves cha racte riz ing  the change in the  pore  p ressure w ith  

m ovem ent o f  the  thaw ing  boundary  depend ing  on the  values 

of the  d im ensionless p aram ete r a / 2 \ A v  T h e  settlem ent o f 

the  bed thaw ing under the load can be easily  expressed as 

follows:

S ( t )  =  « „ ( D j / W *  +  D.,at  +  Z V / 3/ 2) ,  ( 8 )

( a ) ( b )

f i g .  5 .  Charts of reduced values o f pore pressure h\ v / ( l  — 
m )P n — R 0] u ( Z j)  depending on dimensionless param eter 

a / 2 y / c Y; (a )  with a/ 2 \ /cv =  1; (b ) with a  /2\ /cv =  10,

wh e r e  

D 1 =  1 -
(1  — m )  —

er f ( <

m ) - R ^ / P 0 r e r f(a /2v/" )

a / 2  y / c v) L

e x p (  — q ~ / 4 c v) ~|  

7r (a/ '2 \ / c v) J

1 -  i

V  »

wh e r e

N ( Z / 2 s / c y i) =  { Z / 2 y / c wt) e x p (  — Z 2/ 4 c vl)

+  y / - k {\ /2 +  Z\ /4 c vt )  e r f ( Z/ 2  \ /cvt ) m,

a n d  er l ’(. v) =  ( 2 / ' \ / 7r ) j e x p ( — v 2)dv .

In  the  p a rticu la r case, w hen we neglect the  influence o f 

the w eight o f  the  soil and take P =  P0 =  const., the pore  

pressure w ill equal

a ( Z ,  i)  =  ( l / y w) [ ( 1 - m ) P 0 - R 0]

X [ e r f ( Z/ 2 x / c v0 / e r f ( « / 2 Vc vH  ( 7)

* is the compressibility coefficient o f the soil in the process 
of its thawing under the load as compared with («0) used 
earlier which is the compressibility coefficient of the soil in a 
state o f complete thaw.

(■ ( 9)

D- i =  y 'm a / 2 ,

D 3 =  2 n  1 1 /2  -  [(1 -  m ) / 2 ] [ l / 3

\ /  T r(a / 2 \ / c y ) e r f  ( a / 2  \ Z c v )  +  e x p ( — a 2/ 4 c v)  — 1 ~|  

3  ( a / 2  V c~ y ) N ( a / 2  Vc " )  -I

__ \ / 7r ( q" / 4f : v) e r f ^ a / 2 \ / c v)

: ^ V ( a / 2  - \ /cy)

( a / 2 ‘\ / c y  e x p  ( —¿y '/4cv) +  (< * /2 y / c v ) \  

3 N ( a / 2 \ / c l )

T h e  resu lt ob ta ined  show s th a t, neglecting  the  effect o f 

the  w eight o f  the  soils an d  w ith  the  constan t ex ternal load , 

the relative se ttlem ent S ( t ) / h ( t )  does n o t depend upon 

tim e. T h is  conclusion agrees w ell w ith  the  experim en t. T he 

effect o f  the soil w eight and  the  changes in tim e o f  the 

ex ternal load  app lication  greatly  influence the  ch a ra c te r o f 

occurrence  o f  the  settlem ent w ith tim e.

S e c o n d  A p p r o a c h

T h e  prob lem  in com pliance w ith the  second ap p roach  

(F ig . 4 b )  can  be easily  considered  under the  s ta tionary  

cond itions at the  boundaries L ( t )  an d  h ( t ) ,  w hich  equals 

the  consideration  o f  the problem  by neglecting  the  w eight 

o f  the  soil and  hav ing  a  constan t (in  tim e) ex ternal load 

( P  =  P 0 ) .  T h e  regu larity  o f  m ovem ent o f the  in troduced
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b o u n d a r y  o f  d iv is io n  o f  t h e  t w o  r e g io n s  Z  =  L ( t )  s h o u ld  

b e  a s s u m e d  t o  b e  s im ila r  t o  t h e  r e g u la r it y  o f  m o v e m e n t  o f  

t h e  t h a w in g  b o u n d a r y :

L { t )  =  0\ /t ( 10)

C o e f fic ie n t  w ill b e  d e t e r m in e d  la t e r .

T h e  d e t e r m in a t io n  o f  t h e  e ffe c t iv e  p r e s s u r e s  is  r e d u c e d  t o  

t h e  s o lu t io n  o f  t h e  d if fe r e n t ia l e q u a t io n

in  r e g io n  I,

cv (d 2ff l /  dZ~ ) =  ( d a 11 d l) ( i i )

in  r e g io n  I I ,

c , ( d 2d n / d Z 2) =  ( d i u / d t ) .  (1 2 )

T h e  b o u n d a r y  c o n d it io n s  w it h  Z  =  L ( t )  a n d  Z  =  h ( t )  a r e  

e s t a b lis h e d  f r o m  t h e  fa c t  t h a t  t h e  w a t e r  a p p e a r in g  o n  t h e  

s u r fa c e  d u r in g  t h a w in g  Z  =  h ( t )  r e c e iv e s  t h e  w h o le  e x t e r n a l 

lo a d ,  w h ile  a t  t h e  b o u n d a r y  Z  =  L ( t )  t h e  w a t e r  r e c e iv e s  o n ly  

a  c e r t a in  p a r t  o f  t h e  e x t e r n a l p r e s s u r e .  In  o t h e r  w o r d s :

w it h  Z  — 0 ,  a 1 =  P 0;

w i t h Z  =  L ( 0, i I =  K :

w it h  Z  =  h i t ) , * 11 =  0 . (1 3 )

S o lu t io n  o f  E q s  11 a n d  1 2 , t a k in g  in t o  a c c o u n t  t h e  

b o u n d a r y  c o n d it io n s  ( E q  1 3 ) ,  g iv e s  t h e  e x p r e s s io n s  fo r  t h e  

e ffe c t iv e  s t r e s s e s  in  b o t h  r e g io n s :

w it h in  r e g io n  I

- I  r) ( 1  —  T Y l)P0 —  R q c , „
a =  P o — - - - - - - - - - - =- - - e r f ( Z / 2  v c  vO

e r f  ( 0 / 2  \ /  cl)

w i t h in  r e g io n  I I  r .  (1 4 )

,  e r f ( a / 2 v ^ T ) - e r f ( 2 / 2 V ' 5 r 0
a =  (m Po  +  K o ) - - - - - - - - — - - - - - - - - - - -

e r i(a / 2 \ / c v ) — e r i(0 / 2 \ / c v )

F o r  t h e  f in a l s o lu t io n  o f  t h e  p r o b le m  it  is  n e c e s s a r y  t o  

d e t e r m in e  t h e  v a lu e  o f  p a r a m e t e r  /?. T h is  p a r a m e t e r  c a n  b e  

f o u n d  f r o m  t h e  c h a n g e  in  w a t e r  c o n t e n t  w it h in  r e g io n  I I .

W h e n  R 0 =  0  a n d  m  =  0 ,  i.e . ,  w h e n  n o  c o n s o lid a t io n  o c c u r s  

w it h in  r e g io n  I I  a n d  a " =  0  ( F ig .  4 b ,  t?1 — d o t t e d  l in e ) ,  t h is  

c o n d it io n  w ill  h a v e  t h e  fo llo w in g  e x p r e s s io n :

0 8 / 2 - v / c v 1) -  (1  -  ™u><) • (<*/ 2  V c v 1) =

( l / \ / ’ r ) o o I - P o [ e x p ( —  j S V i O / e r f O S ^ - v A v 1 ) ]  ( 1 5 )  

w h e r e  w tot =  w / (  1 +  w ) .

I t  c a n  b e  s a id  in  c o n c lu s io n  t h a t  o n ly  t h e  p r o c e s s  o f  t h e  

f ilt r a t io n  c o n s o lid a t io n  in  t h e  p e r io d  o f  t h a w in g  is  d e s c r ib e d  

h e r e .  I t  is  n e c e s s a r y  t o  a d d  t h e  v a lu e  o f  t h e  t h e r m a l s e t t le 

m e n t ,  S (t) =  0 . 0 9  w tati0h(t)  (w h e r e  i0 =  r e la t iv e  ic e  c o n t e n t )  

o c c u r r in g  d u e  t o  t h e  r e d u c t io n  o f  t h e  ic e  v o lu m e  w it h  t h e  

p h a s e  t r a n s it io n s .
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