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S U M M A R Y

The calculat ions o f  the stab i l i t y o f  a sand bed under a rigid 

rough foot ing rest ing on the surface have been carr ied  out  with 

a view to the f orm at ion  under the p late o f  a com pacted core. 

The lat ter consists o f  an elast ic part  ad join ing the foot ing and a 

lower p last ic part . The stresses and strain in the elast ic part  of  

the core are determ ined by means o f  the theory o f  elast icity. The 

lower  boundary o f  the elast ic part  is established assuming that 

al l three components o f  the stresses at both sides o f  the boundary 

are equal, and that  the lines o f  slid ing are a smooth cont inuat ion 

of  the t rajectories o f  the part icles in the elast ic part  o f  the core. 

Th e stresses in the p last ic part  o f  the com pacted core and in al l 

the rem aining displaced soil are determ ined in accordance wi th  

the theory o f  cr i t ical ly stressed soil. Th e ver t ical  and tangent ial 

react ions o f  the soil to the foot ing at the m oment  when the 

com pacted core is form ed have been established. The results 

agree w i th  ex per im ental data and indicate an increase in the 

value o f  the cr i t ical load.

SO M M A IR E

Le calcu l de stabil i té d’un m assif  de sable supportant  une 

fondat ion rugueuse et r igide est effectué en tenant  compte de la 

form at ion d ’un noyau com pact  sous la semelle. Le noyau est 

const ituté d’une zone élast ique cont iguë à la semelle et d 'une 

zone infér ieure plast ique. Les contraintes et les déform at ions 

dans la zone élast ique du noyau sont déterminées d ’après la 

théorie de l ’élast icité. La f ront ière in fér ieure de la part ie élast ique 

est établie en par tant  de la condit ion que les t rois composantes 

des contraintes des deux côtés de la f ront ière sont égales et que 

les lignes de glissement sont la suite cont inue des t rajectoires 

des part icules de la par t ie élast ique du noyau. Les contraintes 

dans la zone plast ique du noyau com pacté et  dans tout  le reste 

du terrain déplacé sont déterm inées selon la théorie de l ’équil ibre 

l im ite. On  a établi les réact ions norm ales et tangent ielles du 

t errain agissant sur la semelle lors de la form at ion  du noyau 

com pacté. Les résultats sont conform es aux données ex pér i ­

mentales et permet tent  d ’augmenter la valeur  de la charge cr i t ique 

dans les calculs.

i n  a  p r e v i o u s  r e p o r t  (Go rb u n o v- Po ssad o v, 1 9 6 1 ),  the 

p rospect s o p en in g  up  in  the f ield  o f  calcu lat in g  beds and  

f o u n d at io n s w er e co n sid ered  in  co n n ect io n  w i t h  t he so lu t io n  

o f  the m ix ed  p ro b lem  o f  t he t h eo ry  o f  elast ic i t y  an d  the 

t h eo ry  o f  p last ic i t y  o f  soils. Th ese con sid erat io n s h ave served  

as t he basis o f  the so lu t io n  o f  a p ar t i cu lar  t w o- d im en sional 

p ro b lem  reg ard in g  t he st ab i l i t y  o f  a dense sand  bed  u n d er  

a r ig id , ro ug h, cen t r al l y  load ed  sh al lo w  f o u n d at io n . T h e aim  

o f  th is so lu t io n  is to el im in at e t he gap  b et ween  ex p er im en tal  

resu l t s and  t h eo ret ical  d at a on the p rocess o f  loss o f  st ab i l i t y 

an d  the m ag n i t ud e o f  t he cr i t ical  load .

Wh en  f o r m u lat in g  t he p ro b lem , t he f o l l o w in g  ex p er i ­

m en t al  d at a w ere used (Ber ez an t sev, 1952; M al i sh ev,  1953; 

Kan an yan ,  1 9 5 4 ):  (1 )  Reg ist rat io n  w i t h  a f ix ed  cam era o f  

t he m o vem en t s o f  sand  g rains u n d er  a lo ad  close to the 

cr i t ical  one shows t h at  the t raject o r ies are sm oo th  l ines, 

w i t h  no  sharp  chang es in  d i rect io n  (Fi g .  1 ).  (2 )  A f t e r  

r ig id  co n n ect io n  o f  t he cam era to t he f o o t in g  a f ix ed  core 

o f  sand  g rains t hat  do n o t  m o ve in  resp ect  to the f o o t in g  

is f o rm ed  u n d er  i t  (Fi g .  2 a ).  (3 ) A f t e r  p er f o r m in g  ex p er i ­

m en t s w i t h  p ain ted  layers o f  sand  af t er  rem o val  o f  a lo ad  

ap p ro ach in g  t he cr i t ical  one a co re w i l l  also be d isco vered  

in  the b ed ; i t  w i l l  h ave g reater  d im en sions and  b reak s in 

the d isp lacem en ts alon g  its b o u n d ary w i t h  t he rem ain in g  

soi l  (Fi g .  2 b ).  (4 )  T h e react ive p ressures u n d er  the sam e 

load s are d ist r ib u t ed  alon g  the f o o t  o f  t he lo ad in g  p lat e in  

a sadd le- shaped  stress p at tern .

Besid es these dat a, w h ich  w er e lat er  co n f i rm ed  b y Zah arescu  

(1 9 6 1 ) and  Biarez , et al. (1 9 6 1 ),  t he assu m p t ion  w as m ade 

t h at  the t raject o r ies o f  the sand  g rains in  the p last ic zones

f i g . 1. Diagram  showing results o f  record ing sand grain m ove­

ments wi th  f ixed camera.

co in cid e w i t h  the l ines o f  slid ing . ( I t  shou ld  be noted  in 

passing  t hat  t he co n clu sio n  o f  Sh ield  (1 9 5 3 ),  stat ing  that  

the d i rect io n  o f  the m o vem en t s d eviat es f ro m  the l i n e o f  

sl id in g  t h rou gh  the ang le o f  in t ern al  f r i c t i o n  <j>, w as not  

co n f i rm ed  b y  these ex p er im en t s.) Fr o m  the ex p er im en ts it  

f o l lo w s t hat  the t raject o r ies co m e o u t  to the su r f ace at  a 

sharp  an g le close to ( tt/ 4 — <f>/2 ),  as f o l lo w s f ro m  t he t heo ry 

f o r  l ines o f  sl id ing .

On  the basis o f  these p ro p osi t io ns the p rocess o f  f ai lu re
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f i g . 2. D iag ram  showing results o f  ex per im ental 

determ inat ion o f  com pacted core boundaries: A ,  

by means o f  cam era r ig id ly secured to foot ing (t he 

elast ic par t  o f  the com pacted core is photo ­

g raphed); B, with the aid o f  painted layers o f  sand 

(t he com pacted core as a whole is registered).

o f  a b ed  u n d er  an in creasin g  lo ad  m ay be rep resen t ed  as 

f o l lo w s (Go rb u n o v- Po ssad o v, 1 9 5 4 ).

1. A f t e r  a cer t ain  in i t i al  com p ression  o f  the bed  a sm al l  

co r e is f o r m ed  d i r ect l y  u n d er  the f o o t in g  (Fi g .  2a, O A  in  

Fig .  3 ).  A l l  t he g rains o f  t h is co re m o ve d o w n w ar d  t og et her  

w i t h  the f o o t in g . T h is  co re is in  an elast ic state, an d  t he 

co n t act  p ressu re stress p at tern  is u n i f o rm , as f o r  a r ig id  

b od y. T h e elast ic m o vem en t s in  t he sm al l  n u cleus can  be 

d isreg arded  in  co m p ar iso n  w i t h  t he d o w n w ar d  m o vem en t .

2. Up o n  an  in crease in  t he lo ad  u n d er  t he elast ic core, 

a larg e co m p act ed  co re beg ins to f o r m  (Fi g .  2b, O B in  

Fig .  3 ) at  t he ex pense o f  p last ic sh if t s in  the sand  u n d er  t he 

elast ic core. Un d er  a cer t ain  lo ad  Px f o r m at io n  o f  t he co re 

w i l l  be co m p let ed  and  the co re w i l l  beg in  to sin k  as a u n i t  

m o vin g  ap ar t  an d  co m p act in g  the so i l  at  t he sides. Wh e n  

t h is o ccu rs t he m o vem en t s at  the edge o f  t he co re are inter-  

u p t ed  (Fi g .  2 b ) .

3. Un d er  the cr i t ica l  lo ad  o f  Pt >  Px t he so i l  at  t he sides 

o f  the larg e co re becom es su f f icien t ly co m p act ed  to pass 

in t o  t he c r i t i ca l l y  st ressed state an d  h eavin g  t ak es p lace. T h e 

b o u n d ary  o f  t he co m p act ed  core rem ain s t he ru p t u re l ine, 

bu t  t he l ines o f  sl id in g  o f  t he act ive g ro up  (a lo n g  w h ich  

m o vem en t  o f  the so i l  t ak es p lace) ou tside the co re rem ain  

sm oo th  co n t in u at io n s o f  the sam e l ines in  t he co re (Fi g .  1 ).  

I t  is assum ed  t hat  t he f o r m  o f  the co m p act ed  co re does not  

chang e w i t h  an  in crease o f  t he lo ad  f ro m  Px t o P£. A n  

in crease in  t he st ab i l i t y  saf et y f act o r  w o u ld  resu l t  i f  acco un t  

w ere t ak en  o f  the side lo ad  f o r m ed  alo n g  the edges o f  the 

f o o t in g  due to d o w n w ar d  d isp lacem en t  o f  t he com p act ed  

co re at  the t im e h eavin g  occu rs.

T h e f ir st  p ar t  o f  the t h eo r et ical  so lu t io n  consists in  f ind in g  

t he lo w er  b o u n d ary o f  t he elast ic p ar t  o f  t he core. Br i e f  

i n f o rm at io n  on  th is stage is co n t ain ed  in  a p revio u s rep o r t  

(Go rb u n o v- Po ssad o v, 1 9 6 1 ). T h e  p resen t  rep o r t  sets f o r t h  

ex h au st ive in f o rm at io n  o n  t he p r in c ip al  p o in t s o f  t he m at h e­

m at ical  so lu t io n , bu t  the in t erm ed iat e cal cu lat io n s p ub lished  

in  a b o ok  b y t he au t h o r  (Go rb u n o v- Po ssad o v, 19 6 2 ) 

are om it t ed .

T h e st resses an d  st rain  in  the elast ic p ar t  o f  t he co re are 

d et erm in ed  in  acco rd an ce w i t h  t he t h eo ry o f  elast ici t y. I t  is 

assum ed  t hat , alo n g  t he co n t act  o f  t he f o o t in g  w i t h  the 

co re, t here are no  h o r iz o n t al  elast ic m o vem en t s, w h i l e the 

ver t i cal  ones are const an t . W i t h i n  t he elast ic p ar t  o f  t he co re 

t he q u an t i t y A = (<rx — a-2)/(rrx +  a- ,) <  sin  <j>, on  the 

lo w er  b o u n d ary  A = sin 4>. In  t he f ir st  ap p ro x im at io n , i t  is 

assum ed  t h at  t he elast ic p ar t  o f  t he co re reaches t he edge 

o f  the f oo t in g . A l l  t h ree co m p o n en ts o f  t he stresses, at  both 

sides o f  the b o u n d ary  (i n  t he elast ic an d  t he p last ic z o n es),  

ar e co r resp o n d in g ly  equal . T h e  b o u n d ary  o f  the elast ic p ar t  

is n o t  a l i n e o f  sl id in g  o r  an  in t r in sic cu r ve o f  t he l ines o f  

sl id ing ; i t  is l i k e a ret ain in g  w a l l  w i t h  a var iab le  an g le o f  

f r i c t i o n  S b et ween  t he w al l  and  t he p last ic so i l  (S <£). T h e 

ang le S is d et erm in ed  f ro m  t he co n d i t i o n  t hat  the l ines o f  

sl id in g  ap p ro ach  the b o u n d ary  ver t i cal l y ,  as t h ey are a 

sm ooth  co n t in u at io n  o f  t he t raject o r ies o f  t he f o r w ar d  m o t ion  

o f  t he g rains in  t he elast ic p ar t  o f  t he core. In  t he u p p er  

co rn ers o f  the elast ic p ar t  al l  t he com po n en ts o f  t he stresses 

are equal  to zero due to t he absence o f  a side load . In  t he 

lo w er  co r n er  t h ey are also eq u al  t o zero , since t he co re 

wedges ap ar t  t he lo w er  sand, in  w h ich  t h ere can  be no  

t ensi le stresses. T h e  stresses cau sed  b y  the w eig h t  o f  the 

sand  in  t he elast ic p ar t  o f  t he co re are n o t  t ak en  in t o  

acco u n t , as t h ey are in sig n i f ican t  in  co m p ar iso n  w i t h  the 

st resses cau sed  b y  the ex t ern al  load .

O n  t he basis o f  t he t h eo ry  o f  p last ic i t y  (c r i t i c a l l y  st ressed 

st at e) o f  so i l  (So k o lo vsk i ,  1 9 5 4 ) an d  o f  t he co n d i t io n  o f

f i g . 3. Results o f  t heoret ical solut ion o f  problem .

OA— boundary o f  elast ic par t  o f  com pacted core, OB— boundary o f  com pacted core as a 

whole, OBC— transit ion zone, OCD— zone calculated accord ing to Karm an ’s equat ions,

ODE— Rank in e’s zone.
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t he ver t i cal  d i rect io n  o f  t he l ines o f  sl id ing  alon g  the 

b o u n d ary  t here is estab lished  a relat io n sh ip  b et ween  the 

valu es o f  8 an d  t he an g le o f  in c l in at io n  to a h o r i z o n t al  l in e 

a  o f  a t angen t  at  an y p o in t  o f  t he b o u n d ary :

t a n  5 =
sin  0-  co s (2a — <j>)

(1 )
1 — sin  0  * sin  (2a — 0 )

In  acco rd an ce w i t h  t he sam e co n d i t i o n  on  t he ax is o f  sym  

m et r y  t he valu e o f  t he ang le a w i l l  be

37T 0
ao =  - g-  +  2 — i  a r c  cos • (2 )

Assu m in g  in  t he f irst  ap p ro x im at i o n  t hat  t an  a changes 

l i n ear ly  f r o m  t an  a0 at  t he ap ex  to a =  0 at  t he edge o f  

f oo t in g , w e can  o b t ain  t he co r resp o n d in g  in i t ia l  eq u at io n  o f  

t he b o u n d ary  in  t he f o r m  o f  t w o  b ran ches o f  a q u ad rat ic 

p ar ab o la:

=  \  a r c  t an  a 0( l  — [ y ] ) (3)

A  Car t esian  syst em  o f  co- ord inat es red u ced  to h al f  the 

t h ick ness a o f  t he f o o t in g  has been  select ed  w i t h  its o r ig in  

at  t he cen t re o f  t he p lat e, the x  ax is d i rect ed  d o w n w ar d  and  

t h e y ax is t o  t he r igh t . A t  a valu e o f  4> — 4 0 °,  f o r  w h ich  the 

ex am p le g iven  b elo w  has been so lved , Eq  3 leads to a f o rm  

o f  t he elast ic p ar t  o f  t he n u cleus t h at  clo sely  cor resp ond s 

t o ex p er im en t al  data. H o w ever ,  the g iven  b o u n d ary co n ­

d i t ion s are n o t  yet  f u l f i l led  on  cu r ve 3.

In  o r d er  t o  f ind  t he act u al  b o u n d ary  w e sh al l  in t ro d u ce 

a f u n ct io n  o f  the st resses:

1p(x, y ) = \p*(x, y ) +  \p**(x, y )  (4 )

w h ere ^i*(x,y) is a d o ub le ex p o n en t ial  p o lyn o m ial  o f  the 

seven t h  degree w i t h  even  n u m b ers in  respect  to y :

t* (x , y ) = a 2ox2 +  f l023'2 +  . . . +  a i6xy6 (5 )

T h e  relat io n s d ed uced  f r o m  t he b ih arm o n ic p ro p er t y  are 

im posed  u p on  t he coef f icien t s o f  t h is p o lyn o m ial .  Fu r t h er

f* * (x , y )  =  X )  C j r i 2 l n r ( +  “ ¿  r /  In ;
¿= 0  4 j= 1

degrees w e o b t ain  six  equat ions. Six  m o re such  equat ions 

are o b t ain ed  f ro m  t he co n d i t io n s a x  =  cry  —  t x v  =  0 at  

t he ap ex  o f  t he elast ic n u cleus (x — x0, y — 0 ) an d  at  the 

edge o f  t he f o u n d at io n  (x — 0, y =  ±  1 ).  T h e  rem ain in g  

eq uat ions are o b t ain ed  f r o m  Eq  1, w h ich  is used  f o r  several  

po in ts on  t he lo w er  b o u n d ary (y  =  0, 0 .2 , 0 .4 , 0 .6 , 0 .8 ).  

Besid es, on  t he basis o f  t he co n d i t i o n  o f  eq u i l ib r iu m  al l  t he 

ar b i t r ar y  co n st an t  valu es b eing  sought  are ex pressed  

t h ro u g h  t he load .

T h u s w h en  t he lo w er  b o u n d ary has been  p revio u sly  selected  

al l  t he b o u n d ary  co n d i t io n s w i l l  be m et  p recisely  o r  ap p ro x i ­

m at ely  ex cep t  f o r  t he co n d i t io n  A  =  sin 0  on  the lo w er  

b o u n d ary. By  cal cu lat in g  t he act u al  valu e o f  A  at  separate 

po in t s o f  t h is b o u n d ary  an d  b y  an alysin g  t he m ag n i t u d e 

an d  sign o f  t he d if f eren ce b et ween A  and  sin 0  b y  t r i al  and  

er ro r  t he b o u n d ary  is chang ed  to red u ce th is d i f f eren ce as 

m u ch  as possib le. In  th is in st an ce al l  t he rem ain in g  co n ­

d i t ion s f o r  each  f o l lo w in g  t r i al  b o u n d ary shou ld  be co m ­

p l ied  w i t h  in  t he sam e w ay  as f o r  the b o u n d ary  t ak en  f o r  

the f ir st  ap p ro x im at io n .

T h e  co- ord inat es o f  t he elast ic co re b o u n d ary, w h ich  in  

o u r  o p in io n  g ives sat isf act o ry  resu l t s, are co n t ain ed  in  a 

p revio u s rep o r t  (Go rb u n o v- Po ssad o v, 1 9 6 1 ).  In st ead  o f  

the p recise valu e o f  A — sin 4 0 ° =  0.643 the valu es o f  A 
at  separate p o in t s o f  t he b o u n d ary  chang e f ro m  0 .617  to

0 .653 . T h e  stress p at t erns o f  t he co n t act  n o rm al  an d  t an ­

g en t ial  stresses ex pressed  in  p ar t s o f  Px/a  are sho wn  in 

Fig .  4.

(6 )

Bih ar m o n ic  f u n ct io n s o f  t he t yp e r? In  ri h ave t h ei r  po les 

at  p o in t s o n  t he x  ax is, viz . x0 =  0 .75 , x x =  0 .75 , x2 = 1, 
x3 =  1.25, w h i le  o f  t he t yp e r ,2 In  r , at  t he p o in t s x  =

0 .595 , y — ± 0 .0 1 ;  r is t he redu ced  d istan ce f ro m  po in ts 

o n  t he half - p lan e t o  t he po les. In  t he f ir st  ap p ro x im at io n  i t  

is t ak en  t h at  C 0 =  D =  0. I t  shou ld  be u nderst ood  t h at  i t  

w o u ld  h ave been p ossib le to so lve t he p ro b lem  w i t h  t he aid  

o f  o t h er  b ih arm o n ic f u n ct io n s h avin g  sing u lar i t ies ou tside 

the elast ic p ar t  o f  t he core. T h e  quest ion  o f  t he con verg en ce 

o f  the so lu t io n  is no t  con sidered .

T o  ensure f u l f i lm en t  o f  t he co n d i t io n s im p o sed  alo n g  the 

u p p er  b o u n d ary  on  the m o vem en t s:

(d u /d y )x=0 =  0 , (d v /d y )x=0 =  0  (7 )

the co m p o n en t s o f  these valu es, d ep end ing  u p o n  f u n ct io n s 

o f  Eq  6, are ap p ro x im at ed  b y  t he m et ho d  o f  least  squares 

co r resp o n d in g ly w i t h  an  odd  (i n  resp ect  to y )  p o lyn o m ial  

o f  t he f i f t h  degree an d  an  even  p o lyn o m ia l  o f  the f o u r t h  

degree. T h e co m p o n en ts o f  f u n ct io n s o f  Eq  7, dep end ing  

u p on  ex p o n en t ial  f u n ct io n  o f  Eq  5, are d i r ect l y  ex pressed 

b y p o lyn o m ials o f  t he sam e k in d . By  su m m in g  u p  b ot h 

k in d s o f  com po n en ts an d  b y  m ak in g  t h em  eq u al  t o  z ero  on 

t he basis o f  Eq  7 t he coef f icien t s o f  the t erm s o f  y  o f  al l

f i g . 4. Stress pat terns o f  contact  

stresses in parts o f  the value Px/a:
(a) ver t ical stresses, (b) tangent ial 

stresses. The dot ted l ine designates 

the average value o f  the ver t ical 

stresses.

T h e f o r m  o f  the elast ic p ar t  o f  the co re (O A  in  Fig .  3 ) 

was f o u n d  t o be ve r y  close to t hat  p rop osed  b y Lu n d g r en  

an d  M o r t en sen  (1 9 5 3 ) f o r  the en t i re core. T h e d if f eren ce 

consists in  t he f act  t hat  Lu n d g r en  d id  n o t  suppose t h at  t here 

ex ists a p last ic p ar t  o f  t he co m p act ed  core, an d  t heref o re 

he o b t ain ed  a lo w er  valu e o f  the cr i t ical  load .

T h e second  p ar t  o f  t he so lu t io n  consists in  p lo t t in g  the 

l ines o f  sl id in g  an d  d et erm in in g  t he st resses in  t he p last ic 

reg io n  o f  t he bed.

In  acco rd an ce w i t h  t he so lu t io n  o b t ain ed  t he lo w er  

b o u n d ary  o f  the elast ic p ar t  o f  t he co r e t ouches t he base 

o f  t he f o o t in g  at  its edge, w h i l e t he state o f  t he so i l  here 

is close to t he c r i t i ca l l y  st ressed one. Wi t h o u t  al t er in g  the 

f irst  p ar t  o f  t he so lu t io n , t h eref o re, i t  can  be accep ted  t hat  

the b o u n d ary  o f  the co re beg ins no t  at  t he ve r y  edge, bu t  

at  a cer t ain  d ist an ce f ro m  it , as sho wn  in  ex p er im en ts. 

H en ce on  a cer t ain  sm al l  sect ion  n ear  t he edge, t he l ines o f
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slid ing , in  acco rd an ce w i t h  accep t ed  p r in cip les, shou ld  

ap p ro ach  the base o f  the f o o t in g  ver t i cal l y .

T h e st resses o- =  (o- j + cr.2) /2  n ear  the edge on a sect ion  

w i t h  a w id t h  o f  0 .2a in crease in  d i rect  p ro p o r t io n  to the 

d ist ance f ro m  the edge. T o  d et erm ine the sm al l  r eg ion  n ear  

the edge the d i f f eren t ial  eq uat ions o f  Karm an - So k o lo vsk i  

can  t h eref o re be used:

dip I j  _  co s 8 — sin  <j> co s (2 ^  +  8) — .s'- cos- <t> 

dd 2- S- sin <f>- (co s2 i / '  — sin  </>)

(h _  5 - sin  2 ^  — s i n (2 ^  +  6) 

dd co s 2 — sin  cj>

w h ich , as is k n o w n , can  be used i f  t he f o l l o w in g  rat io  is 

o bserved :

cr =  7  rs(8) (9 )

T h e eq u at io n  o f  the l ines o f  sl id ing  in  th is in st an ce w i l l  be

r =  C ex p  (  co t  ±  /j.)d8 (1 0 )
•J o

In  Eq s 8 to 10 r and 8 are p o lar  co- ord inat es w i t h  t h ei r  

p o le u n d er  the edge o f  t he f o u n d at io n , i¡i is t he an g le o f  

in c l in at io n  b et ween the m ajo r  p r in cip al  n o rm al  stress cr1 and  

a rad iu s vect o r  passing  t h roug h the p o in t  u n d er  con sid erat io n  

(Fi g .  5 ),  y  is the u n i t  w eig h t  o f  the soil, fi =  (n /4  — <j>/2 ),  

and  C  is an ar b i t r ar y  const an t .

y

v

X

f i g . 5. Grap h ical  def init ion of  

symbols used.

Pr o ceed in g  f ro m  t he g iven  valu e o f  \ji on  t he y ax is and  

t he valu es o f  <ji an d  s on  t he b o u n d ary  o f  Ra n k i n ’s zone, 

in teg rat io n  is car r ied  ou t  w i t h in  t he f in i t e d if f eren ces o f  

Eq  8. T h e valu e o f  ,y =  ,v0 on  t he y ax is is f o u n d  b y  t r i a l  and  

er ro r . Om it t in g  the det ai ls o f  in teg rat io n , w e no te t hat , w i t h  

4> =  4 0 °,  the eq u at io n  o f  the st resses alon g  t he ax is y', 
w h ich  has the sam e d i rect io n  as the y ax is, b u t  o r ig in ates at  

the edge o f  the f o o t in g  (Fi g .  3 ),  w i l l  be

o- =  - 3 9 6 .4 y  y'a (1 1 )

w h er e a is the h alf - w id t h  o f  t he lo ad ed  area.

Sim u l t an eo u sly  on  the basis o f  t he so lu t io n  o f  the p ro b lem  

f o r  the elast ic p ar t  o f  the co re on  t he sect ion  n ear  t he edge:

o- =  - 2 .1 3 2 5 / Pj / a .  (1 2 )

P,  =  185.9r n- . (1 3 )

T h e n et w o r k  o f  l ines o f  sl id in g  and  the valu e o f  the 

stresses in the p last ic p ar t  o f  the co n so l id at ed  co re are 

d et erm ined  as f o l lo w s: Le t  us assum e t hat  t he co re is set 

b ack  f ro m  the edge o ver  a red uced  valu e equal  to 0 .05. Th is 

valu e ap p ro ach es t he resul ts o f  ex p er im en ts. A  m o re ex act  

est im ate w o u ld  be o f  no im p o r t an ce; i f  0.1 o r  0.01 is t ak en  

inst ead  o f  0 .05 an alm ost  id en t ical  resu l t  is ob t ained .

A lo n g  the w h o le lo w er  b o u n d ary O A  o f  t he elast ic p ar t  

o f  the com pacted  core the stresses and  the d i rect io n  (v e r t i ­

c a l ) o f  t he l ines o f  sl id ing  are k n o w n . T h is  is suf f icien t  to 

p lo t  a n et w o rk  o f  l ines o f  sl id ing  and  d et erm in e the stresses 

in  m ost  o f  the core. Fo r  these p urposes Co ch e’s p ro b lem  is 

so lved  b y em p lo yin g  the ap p ro x im at e m ethods o f  So k o lo vsk i  

(1 9 5 4 ).  T h e so lu t io n  o f  th is p rob lem , h o w ever , does not  

g ive the stresses o r  the p o si t ion  o f  t he n et w o r k  o f  the 

l ines o f  sl id ing  in  t he n ar r o w  reg ion  ad jacen t  to t he ax is 

o f  sym m et ry. A lo n g  th is ax is the l ines o f  sym m et ry  shou ld  

be ver t ical  (Fi g .  1 ),  t hat  is the l ines o f  sl id in g  shou ld  

t ouch th is ax is, w h i l e the ax is i t sel f  shou ld  be the ru p t u re 

l ine. By  em p lo yin g  these con sid erat io n s the p ro b lem  is also 

so lved  f o r  the rem ain in g  reg ion  n ear  t he ax is o f  sym m et ry.

T h e b o u n d ary o f  the co m p act ed  co re as a w h o le is shown 

in  Fig .  3 (l i n e  O B ) .

I t  r em ain s to f ind  the n et w o rk  o f  the l ines o f  sl id in g  and  

the st resses in  the p last ic area ou tsid e the co m p act ed  core.

Fo r  th is p u rpose w e shal l  assum e, in  acco rd an ce w i t h  

t he resu l t s set  f o r t h  ab ove, t hat  w i t h in  t he l im i t s o f  t he 

reg ion  b elo w  the l in e o f  sl id in g  o f  the f ir st  (ac t i v e ) f am i l y  

o r ig in at in g  f ro m  a p o in t  lo cat ed  on  t he y  ax is at  a d istance 

o f  y ' =  —0.2 f ro m  the edge (l i n e  i = 2 in  Fig .  3 ) the co n ­

d i t io n  o f  the so i l  is d et erm ined  b y so lvin g  K a r m a n ’s p ro b lem . 

W e  assum e as p revio u sly  t h at  the b o u n d ary  o f  t he co re O B 

co in cid es w i t h  t he l i n e o f  sl id ing  o f  the second  f am i l y  j =  0. 

T h is  b o u n d ary up  to its in tersect io n  w i t h  t he l in e / =  2 

co in cid es w i t h  the l in e o f  sl id in g  o f  the second  f am i l y  /  =  2, 

d et erm in ed  acco rd in g  to Kar m an  and  o r ig in at in g  f ro m  a 

p o in t  lo cat ed  on  the ax is y ' at  a d ist an ce o f  0 .05  f ro m  the 

edge (Fi g .  3 ).  Beg in n in g  f ro m  th is p o in t  o f  in tersect io n  the 

l in e o f  sl id ing  j = —2 d iverges f ro m  t he b o u n d ary  o f  the 

co re j =  0, w h ich  is an en velo p e o f  the l i n e o f  sl id ing  o f  

t he second  f am i l y .  In  o rd er  to p lo t  t he l i n e j = —2 t he 

valu e o f  C in  Eq  10 shou ld  be d et erm ined . In  acco rd an ce 

w i t h  t he so lu t io n  o f  K a r m an ’s p ro b lem  f o r  C =  1 t he d is­

t an ce f ro m  the p o in t  on t he ax is y ’ w h er e the l i n e o f  sl id ing  

o f  the second  f am i l y  o r ig in ates is equal  to d =  0 .0107 . 

Assu m in g  t hat  al l  t he l i n ear  d im ensions h ave been redu ced  

t o h al f  the w id t h  o f  t he f oo t in g , the valu e o f  C  f o r  the l in e 

j =  —2 is d et erm in ed  acco rd in g  to t he eq u at io n  C =  0 .0 5 /

0 .0 10 7  =  4.67.

T h e so lu t io n  o f  the p ro b lem  f o r  the area ly in g  b et ween  

t he l ines o f  sl id in g  j =  0 and  j =  —2 is o b t ain ed  f ro m  t he 

co n d i t io n  t hat  t he l in e j =  0 is an in t r in s ic cu r ve o f  the 

second  f am i l y ,  an d  t hat  t he l ines o f  the f irst  f am i l y  are a 

sm oo th  co n t in u at io n  o f  t he sam e l ines inside the core. A s  

t he valu e o f  the stresses on t he l in e j =  —2 is k n o w n  b ef o r e ­

hand , the So k o lo vsk i  m ethod s can  be em p lo yed  to est ab l ish  

easi ly the d ist r ib u t io n  o f  the stresses alo ng  t he b o u n d ary o f  

t he co m p act ed  core, w h ich  w i l l  n o w  be d i f f eren t  f ro m  those 

u n d er  a lo ad  o f  P}.
A l l  the rem ain in g  l ines o f  sl id ing  b etween  the l in e j =  —2 

an d  t he b o u n d ary  o f  Ran k i n ’s zone (r eg io n  O C D  in  Fig .  3 ) 

are p lo t t ed  acco rd in g  to the so lu t io n  o f  K a r m an ’s p ro b lem . 

T h e  valu es o f  C in  Eq  10 are est ab l ished  f o r  each  o f  the

From Eqs 1 1 and 12 the values of the load Pj will be
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l ines o f  sl id ing  o f  the f irst  f am i l y  in  such  a w ay  as to ensure 

t h ei r  b eing  a co n t in u at io n  o f  the l ines o f  the sam e f am i l y  

in  the t ran si t io n  reg ion . T h e l ines o f  t he second  f am i l y  are 

p lo t t ed  f o r  an y valu es o f  C less t h an  4 .67 . In  Fig .  3 t hey 

are g iven  f o r  C  =  1 an d  C =  0 .01 .

Calcu lat io n  o f  the c r i t ical  lo ad  as t he in t eg ral  o f  the ver t i ­

cal  co m p o n en ts o f  t he n o rm al  an d  t an gen t ial  st resses t ak en  

alo n g  the lo w er  b o u n d ary  o f  t he co m p act ed  co re g ives the 

valu e o f  the c r i t ical  lo ad  (a t  tj> — 4 0 °)  : P( =  3 8 3 .5ya2. Th is 

valu e o f  Pt is co n sid er ab ly  h ig h er  t h an  t he valu es ob t ained  

acco rd in g  to o t h er  m eth od s o f  cal cu lat io n , in clu d in g  m ethods 

w h ich  ap p ro x im at ely  t ak e in t o  acco u n t  t he ex ist ence o f  a 

co m p act ed  co re as a r ig id  b o d y, t he ver t i cal  sect ion  o f  w h ich  

is u su al ly  t ak en  in  t he f o r m  o f  a t r ian g le:  f o r  ex am p le, 

Ter z ag h i  (1 9 4 3 ),  em p lo yin g  in t erp o lat io n  f o r  <f> =  4 0 °,  

Pt =  26 0ya2; Caq u o t  an d  Kér i se l  (1 9 5 3 ) Pt =  2 2 8 ya2; 

Berez an t sev (1 9 6 0 ) Pf =  200ya2. W i t h  t he co re in  t he f o rm  

o f  t he cu r v i l i n ear  t r ian g le o f  Lu n d g r en  (1 9 5 3 ) Pt =  18 7 ya2 

(ap p r o x im at e ly ),  and  f ro m  the ex p er im en t  o f  Kan an yan

(1 9 5 4 ),  w i t h  m ed iu m - g rain  sand  and  y  =  1.7 t on s/ cu .m ., 

Pf =  3 2 0 ya2.
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