
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


Session 3 — Division 2

Soil Properties—Shear Strength and Consolidation
Propriétés des sols— Résistance au cisaillement et consolidation

Chairman/Président: L . B j e r r u m  ( N o r w a y )

Deputy Chairman/Président adjoint: R. M. H a r d y  (Canada)

General Reporter/Rapporteur général: O. M o r e t t o  

(Argentina)

Chairman: L. B j e r r u m  (Norway)
Ladies and gentlemen, to open the third technical session, 

I would like to introduce Mr. A. Mayer, from the Centre 
d’Etudes et de Recherches de l’lndustrie des Liants Hydrau- 
liques, Paris, France, who will present a special lecture on 
rock mechanics.

{Mr. Mayer’s lecture appears on pp. 104—13.)

C h a i r m a n  B j e r r u m

I am sure I speak on behalf of us all when I express our 
warm thanks to Mr. Mayer for his special lecture on rock 
mechanics. I was especially happy to hear how strongly Mr. 
Mayer emphasized that the mechanical behaviour of a rock 
mass is almost entirely governed by its defects. This fact, 
which also was emphasized yesterday by Dr. Skempton, is 
probably the key to the successful development of rock 
mechanics and rock testing. To neglect it may lead to 
disasters of the type we have experienced in the last decade. 
Mr. Mayer, I am sure we are all extremely grateful to you 
for your fine lecture, and we thank you for your kindness in 
coming here to share your wide experience and knowledge.

We now proceed to the second part of the third session.
I need not introduce our General Reporter, Dr. Moretto, 
who also acted this morning, but I might just introduce the 
panel: Professor Lambe from M.I.T., Mr. Shannon from 
Seattle, Dr. Schultze from Germany, and Dr. Richart from 
the University of Michigan. Dr. Richart is replacing Profes
sor Barkan of the U.S.S.R. who unfortunately could not be 
with us at this meeting. In order to proceed, may I ask Dr. 
Moretto to present a summary of his report.

General Reporter: O. M o r e t t o  (Argentina)
In Session 2 it was stated that practical problems in soil 

mechanics can usually be separated into two kinds, depend
ing on whether they are controlled by failure or by settle
ment. This session is devoted to those papers which refer to 
the theories and soil properties relating to soil deformation 
under static loading and general soil behaviour, shear 
strength, and deformation under dynamic loading.

s o i l  d e f o r m a t i o n  u n d e r  s t a t i c  l o a d i n g

Settlement problems in soil mechanics have proved to be 
some of the most difficult confronting the civil engineer. 
When the deformation parameters are to be obtained by 
laboratory testing, difficulties start with the sampling opera

Panel Members/Membres du Groupe de discussion 
T. W. L a m b e  ( U .S .A .)

F. E. R i c h a r t , Jr . ( U .S .A .)

E. S c h u l t z e  (Germany)
W. L . S h a n n o n  (U.S.A.)

tions. Most soils are very sensitive to these operations and 
while, with good sampling, the shear strength is only slightly 
affected, even the best sampling methods introduce a signi
ficant change in soil deformation characteristics. In addition, 
the oedometer test used in routine laboratory work to obtain 
these parameters is not necessarily suitable for that purpose 
because it is only truly applicable to a very limited range of 
problems where a confined, uniformly loaded, relatively thin 
layer of soft, normally consolidated clay is involved. Further
more, some of the field tests frequently used in practice 
(dynamic penetration tests, etc.) provide results which are, 
at best, only rough images of the soil’s behaviour.

For these reasons, the solutions for problems of deflection 
or settlement are generally much less accurate than those for 
the failure load and, for problems controlled by settlements, 
more uncertain. Moreover, the precision expected and 
sometimes required, in order to meet the design standard of 
the superstructure, is frequently greater.

Other factors are also responsible for this disagreement. 
The most important of these stems from the fact that stress 
conditions developing in the field are very complicated and 
difficult to reproduce in the laboratory in routine practical 
studies of their relation with strains. Since the principle of 
superposition is not applicable, extrapolation from simple 
tests, not reproducing field stress conditions, becomes un
certain.

Of the sixty-one papers assigned to Division 2, twenty-five 
deal with some aspect of soil deformation under static load
ing and cover the following subjects: extensions of Ter- 
zaghi’s theory of consolidation, new theory of consolidation, 
effect of stress condition on settlement, general stress-strain 
relations, pore pressures, primary and secondary consolida
tion, lateral pressures in swelling soils, clay deformation 
under tensile stresses, behaviour of typical soils.

It is generally agreed that the settlement of structures due 
to stress deformation of plastic soils can be assigned to three 
simultaneous, though more or less independent causes:
( 1) settlement due to soil distortion without volume change, 
also called instantaneous or immediate settlement because it 
is usually taken as non-time-dependent; (2 ) primary con
solidation settlement resulting from pore-pressure build-up; 
and (3) secondary consolidation, a settlement of a creep 
nature, whose physical mechanism remains unknown. All of 
these are, in reality, time-dependent phenomena.

When a buried layer of laterally confined, soft, saturated 
clay, of little thickness in relation to the loaded area, is 
responsible for most of the settlement, the contribution of 
primary consolidation is, for certain clays, overwhelming in
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relation to the other causes, and, within the accuracy of the 
problem, the latter frequently can be ignored. However, the 
case of the deep, comparatively thin, confined, soft clay 
layer has lost much of its original importance in building 
foundation practice. Recognition of the influence of such 
buried layers on foundation behaviour and modern construc
tion methods have made it frequently cheaper to bypass such 
layers, when present, by making deeper foundations, thus 
avoiding the problems arising in semi-rigid, framed, rein
forced concrete and steel structures from large settlements 
which increase the cost of the structure due to the greater 
stiffness required and bring unnecessary troubles in building 
operations.

Present problems in settlement computation are much less 
unexpected yet much more difficult. There is a demand for 
methods which will provide, with reasonable accuracy and 
a minimum of guessing, the settlements originating in both 
saturated and unsaturated soils under triaxial states of stress 
inducing volume change and distortion. However, no such 
methods are available. For saturated soils a very valuable 
attempt has been made to meet the situation through a short 
cut which, using the existing knowledge and current methods 
of testing, applies correction factors to the results obtained 
from the unidimensional method of settlement computation. 
It is described by Skempton and Bjerrum (1957) in their 
paper: “A Contribution to the Settlement Analysis of 
Foundations on Clay.” By this method, total settlement is 
taken as the summation of immediate settlement and cor
rected consolidation settlement. It may well be that solutions 
of this type will prove, in the end, to be the most practical 
approach to settlement problems, especially because they 
retain simplicity through the use of oedometer and isotropic 
triaxial tests. However, in its present state of development, 
the method appears to have too many limitations. Almost 
inevitably, it leads in practice to a good deal of guessing 
about the values of the correction factors, which causes a 
corresponding amount of uncertainty in the final results. 
Furthermore, calculated immediate settlements are always 
much higher than measured values and, to obtain adequate 
results, the moduli of deformation derived from undrained 
triaxial tests must also be corrected. Secondary consolidation 
is ignored.

For these reasons, this General Reporter believes that, to 
take a real step forward, a novel approach may be needed 
which, taking into account all the complexities, would reach 
a new stage in settlement analysis. From it, practical simpli
fied solutions could be evolved later. One facet of the re
search required to reach this starting point must be the study 
of the deformation properties of soils under various stress 
conditions and the discrimination of the physical components 
contributing to them; the other facet is the mathematical 
analysis of soil stressing and the development of calculation 
methods with computational aids to supplement the existing 
ones.

In reviewing the specialized technical magazines one is 
struck by the small number of contributions on the subject 
of soil deformation under static loading. The contrast with 
the number of papers published on shear strength is remark
able. Most of the contributions on the subject were reported 
to the European Conference on Soil Mechanics and Founda
tion Engineering (Germany, 1963) and to the Conference 
on the Design of Foundations for the Control of Settlement 
(U.S.A., 1964), conferences that were called to discuss 
settlement problems alone. To express in a few words the 
atmosphere of the European Conference, with which your 
General Reporter agrees, the impression obtained is that

solutions for settlement are making little progress and that 
renewed examination of the problem may be necessary.

In view of this situation, the General Reporter suggests 
that panel discussions be focussed on soil deformation 
properties related to settlement problems with the main 
emphasis placed on a critical analysis of the tests currently 
used to obtain the compressibility of soils and on the possible 
paths to be followed for a complete re-examination of the 
problem, having in view whatever development of new and 
more appropriate methods of testing may be deemed neces
sary. On that basis, the following subjects are proposed.

1. New trends and envisaged future development in 
laboratory testing methods to obtain the stress-strain be
haviour and soil deformation parameters of both saturated 
and unsaturated soils representative of their behaviour in the 
field, with whatever adjustment may be possible to overcome 
or to take into account the large effect of inevitable sample 
disturbance.

2. State of the knowledge and envisaged future develop
ment of rational field methods to obtain the stress-strain 
behaviour and the parameters defining soil deformation.

GENERAL BEHAVIOUR, SHEAR STRENGTH, AND DEFORMATION 

OF SOILS UNDER DYNAMIC LOADING

During the last 10 to 15 years there has been a marked 
increase in the study of soil behaviour under dynamic load
ing. The number of papers referring to the dynamic proper
ties of soils is increasing rapidly and this trend will probably 
continue. Allowing for the language limitations of this 
General Reporter, by far the greatest number of contribu
tions seem to have been made by the U.S.A.; they relate 
particularly to highway engineering. In that country on the 
basis of a recent inventory made by the Soil Mechanics and 
Foundation Division of the American Society of Civil 
Engineers it has become one of the main topics of current 
research. There have been various motivating reasons, the 
following appearing to be the more important.

1. Realization by highway engineers that the development 
of rational methods of pavement design requires considera
tion of the behaviour of the subgrade, the base courses, and 
the wearing surface under the action of transient repeated 
stresses.

2. The appearance of new dynamic problems in connec
tion with the structural requirements of facilities for launch
ing or operating spacecraft, missiles, and heavy weapons.

3. The need to study the effect of nuclear and other very 
powerful blasts.

4. The ever present interest in the behaviour of soils 
under the action of repeated stresses produced by seismic 
action and machine foundations.

Many of these studies have been made by subjecting soil 
samples to transient or repeated stresses in a triaxial device. 
Moreover, triaxial or other similar devices have also been 
used to measure dynamic properties through wave propaga
tion, either at or away from the natural frequency. Earlier 
methods, using loading plates or concrete blocks acted upon 
by vibratory techniques to produce and measure the velocity 
of waves propagated in the ground, are being used more 
extensively. Eight of the papers assigned to Division 2 refer 
to the dynamic behaviour of soils. They deal with the follow
ing subjects: effects of loads of very short duration, repeated 
stress application, wave propagation methods.

Taking into consideration that this is the first time that the 
subject of soil behaviour under dynamic loading has been 
put forward for panel discussion in our international con
ferences, and realizing that the main interest of participants
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is centred on foundation and earthwork engineering, the 
following general topic for discussion is suggested: the state 
of knowledge of the behaviour and testing methods for the 
determination of the mechanical properties of soils when 
subjected to (a) seismic loads, (b ) vibrations induced by 
machine foundations. Even though the dynamic effects of 
seismic loads and those induced by machine foundations are 
essentially of the same nature, sufficient differences appear to 
spring from the amplitude, frequency, acceleration, and 
duration of the vibrations produced to justify a separate 
treatment. Also, earthquake engineering embraces a large 
number of problems related to the stability of earth dams, 
natural slopes, and other large masses of soil which involve 
stress conditions requiring separate attention.

(Dr. Morelto’s General Report appears on pp. 220—41.)

C h a i r m a n  B j e r r u m

Thank you Dr. Moretto. We will now proceed with the 
panel discussion.

Panelist: T. W. L a m b e  (U.S.A.)
One of the most common and difficult problems facing the 

civil engineer working with soil is the prediction of the 
movement of a soil structure in contact with soil or made of 
soil. Deformation problems include lateral movement (e.g., 
yield of a wall), upward movement (e.g., heave of an excava
tion), and downward movement (e.g., settlement of a 
building). Our Reporter has pointed out that accuracy in 
solving settlement problems— the type of deformation prob
lem about which we know most— is generally much worse 
than that in solving stability problems. He states two major 
sources of this inaccuracy. (1) The laboratory tests cur
rently used to determine the soil parameters seldom repre
sent stress conditions which exist in the field. (2) The dis
turbance of the soil structure associated with sampling and 
specimen preparation alters the stress-strain behaviour of 
the soil. Our Reporter has asked me to comment on these 
sources of inaccuracy and, in particular, to discuss “new 
trends and envisaged future development in laboratory test
ing methods” to obtain the parameters for solving deforma
tion problems.

STRESS CONDITIONS IN THE COMMON LABORATORY TEST

The laboratory tests most commonly used to obtain the 
soil parameters for settlement estimates are ( 1) the oedo- 
meter test for the consolidation component of settlement and
(2 ) the unconfined test or triaxial test for the immediate 
component of settlement.

Fig. la  shows the effective stress paths for loading a 
normally consolidated clay from a vertical effective stress of
2 kg/sq.cm. to a stress of 4 kg/sq.cm. (Path AB) and for 
unloading from 4 back to 2 (Path B C ). Both the loading and 
the unloading involve only one-dimensional strain because 
the rigid oedometer ring precludes any lateral strain. The 
ratio of horizontal effective stress to vertical effective stress is 
K 0. As can be determined from Fig. la, K 0 at Point A is 0.5 
and at Point C is 0.7. Fig. lb  shows the total stress path 
(AC) and the effective stress path (AB) for an undrained 
triaxial test starting from an initial isotropic consolidation 
stress of 3 kg/sq.cm. If a back pressure is applied during the 
triaxial test, the line AC is not the total stress path but the 
path for total stress minus back pressure or static pore 
pressure. Fig. lc  shows the total stress path (DC) and the 
effective stress path (AB) for an unconfined compression

a  * £ Oa  in kg/cm 2

a in t y cmz

f i g . 1. Stress paths for common tests: (a) oedometer tests; 
(b) triaxial tests; (c) unconfined compression tests.

test. As noted in the figure, the excess pore pressures during 
the unconfined compression test are negative.

While other types of triaxial tests have been used (for 
example, Simons (1957) had more success with an undrained 
triaxial test starting from a K 0 state of consolidation) the 
three tests noted in Fig. 1 are by far the ones most com
monly used to determine the parameters for solving defor
mation problems.

METHODS OF SETTLEM ENT ANALYSIS

The common methods of estimating settlement are built 
around the three laboratory tests noted in Fig. 1. In a paper 
to the A.S.C.E. Settlement Conference Lambe (1964) pre
sented the stress paths for the common methods and 
proposed a method, the stress path method, in which the 
laboratory test is selected to approximate the stress paths of 
the actual problem at hand.

The appropriateness of any of the common settlement 
methods for a given problem depends on how close the 
stress path inherent in the particular method approximates 
the stress path in the field. Consider, for example, the prob
lem shown in Fig. 2. A uniform surface stress is applied to 
a compressible soil over a loaded area which is very large 
relative to the thickness of the compressible soil. The stress 
paths for a soil element in the middle of the layer and under 
the centre of the load are shown in Fig. 2. The effective stress 
path is AB, the total stress path is DFE, and the stress path 
for total stress minus static pore pressure is ACB. A com
parison of the effective stress path in Fig. 2 with that for the 
oedometer test shown in Fig. 1 shows that they are the same. 
Thus, all three common methods of settlement analysis (the
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Terzaghi method, the Terzaghi method plus the initial settle
ment, and the Skempton-Bjerrum method) and the stress 
path method give identical results.

Consider, however, the three-dimensional settlement prob
lem indicated in Fig. 3. A uniform surface stress is applied 
to a circular loaded area. In the lower part of Fig. 3 are 
shown the paths for total stress minus static pore pressure 
for four points (A, B, C and D) directly under the centre of 
the loaded area. Since these stress paths are not closely 
approximated by those of the standard tests shown in Fig. 1, 
one would question the appropriateness of methods of 
estimating settlement based on the standard laboratory tests.

Let us consider in more detail the stress paths for a point 
under the centre of a uniform stress applied to a circular 
area. Fig. 4 shows the total stress path (AB) and the effec
tive stress path (CDE) for the soil element. The element 
undergoes shear strains along the effective stress path CD 
followed by a volume change as consolidation occurs along 
the path DE.

In Fig. 4c the effective stress paths are shown to a larger 
scale. The effective stress path involved in the Terzaghi 
method for this problem is CG. The stress path for the 
second method is CD plus CG. The stress path involved in 
the Skempton-Bjerrum method is CD plus FG. The stress 
path method would determine the strain for the stress path 
CDE. The Terzaghi method by ignoring the strain during 
the undrained shear tends to underestimate the total settle
ment; by assuming a one-dimensional compression along the 
path CG rather than the three-dimensional strain along the 
path DE, the Terzaghi method tends to overestimate the 
consolidation settlement. Thus, this method involves cancel-

Dia .
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f i g .  4. Tank settlement.

ling effects for the problem. By adding the initial settlement 
along CD to the consolidation settlement along CG, the 
second method tends to overestimate the total strain. The 
Skempton-Bjerrum method adds the initial strain along the 
path CD to the consolidation strain along the path FG. On 
a normally consolidated soil, one would expect that the strain 
along FG would be greater than that along DE and thus the 
Skempton-Bjerrum method should somewhat overestimate 
the consolidation settlement.

By following the actual field stress path, the stress path 
method should give the most accurate estimate of strain in 
the soil element under consideration.

An evaluation of the stress path method involving labora
tory tests along unusual stress paths must await the results 
of its use on a number of fully instrumented field projects. 
Data from such projects are needed to decide whether the 
use of these special tests is sufficiently superior to conven
tional methods to justify the greater sophistication. Regard
less of this evaluation, the stress path method appears to 
constitute an advance in soil mechanics. Via stress paths, the 
engineer can readily establish the fundamentals of a problem 
and organize its solution. This approach enables him to 
determine the appropriateness of conventional laboratory 
tests for the solution of a given problem and furnishes a 
means of modifying the results from such tests.

s o i l  d i s t u r b a n c e  

As has been known for some time, the process of obtain
ing a sample of soil from the field and preparing a test 
specimen involves inevitable changes in the soil structure. 
(See, for example, Hvorslev, 1949; Schmertmann, 1956;
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Ladd and Lambe, 1963; Skempton and Sowa, 1963; and 
Seed, Noorany, and Smith, 1964.)

The loading of the soil element in Fig. 4 involves an 
effective stress path CD. This path is also shown in Fig. 5. 
Had the soil element under the field stresses shown by point 
C been sampled in such a way that only the release of total 
stresses existing in the field occurred, the effective stress path 
for this sampling would have been along CH, and the effec
tive stresses in the trimmed specimen would have been iso
tropic and equal to o-ps. Because of disturbance in excess of 
that associated with merely the release of stresses, the actual 
effective stress path for the sampling operation is more like 
that of Cl where the effective stress existing in the trimmed 
specimen is crs. (Only the points C and I are known—the 
exact location of the path between C and I is unknown.)

If an unconfined compression test were used to estimate 
the strain which occurs during the undrained loading, the 
stress path IJ would have been obtained. On the particular 
soil used to prepare Figs. 4 and 5, the axial strain for the 
path IJ was approximately five times that for the path CD.

I
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)
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f i g . 5. Effect of soil disturbance.

The reduction in the stress-strain modulus of a soil caused 
by disturbance has led to the recommendation that the 
modulus obtained from unconsolidated-undrained laboratory 
tests be increased (for example, Skempton-Bjerrum, 1957, 
and Ladd, 1964). It has also been suggested that the modu
lus be obtained from the second (or later) cycle of loading 
rather than the initial loading.

SUMMARY AND CONCLUSIONS

Among the many sources of inaccuracies in estimating 
deformations in soil mechanics are ( 1) the differences 
between the stress conditions which exist in the field and 
those involved in the common laboratory tests, and (2 ) the 
effects of disturbance on the stress-strain properties of the 
soil. The first inaccuracy can be overcome for certain types 
of problems by running laboratory tests which more closely 
approximate the stress paths for the actual problem at hand. 
To exploit this concept fully will require the development of 
laboratory apparatus and techniques which can stress soils 
along predetermined stress paths. The development of labora
tory equipment for plane strain testing is an important step 
in this direction and should be encouraged.

The sampling and specimen preparation process causes 
disturbance to soil structure. Further research is needed to 
learn more about the magnitude of this disturbance and its 
influence on the stress-strain behaviour of soil. The measure
ment of residual pore pressures in test specimens prior to 
testing (point I in Fig. 5) and comparison of this stress with 
the value which should exist in a good sample (point H, 
Fig. 5) is a useful technique to characterize the magnitude 
of soil disturbance (Ladd and Lambe, 1963).

One way to reduce the influence of soil disturbance on the 
stress-strain properties of soil is to run laboratory tests on 
samples which have been reconsolidated to stresses con
siderably higher than those which existed in the field. The 
merit of this technique depends on how well the stress-strain 
modulus is related to consolidation stress. For some normally 
consolidated soils, the modulus is approximately proportional 
to consolidation stress.

Research is needed in which samples of soil are subjected 
to different stress paths at different levels of stress. Even 
more necessary are integrated studies involving a comparison 
of the prediction of structure deformation with measured 
performance. The results of such studies are needed to guide 
research on deformation analyses.
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Panelist'. E. S c h u l t z e  (Germany)

FIELD METHODS TO DETERM INE SOIL DEFORM ABILITY UNDER 

STATIC LOADING

The General Reporter states correctly in his summary 
“that solutions for settlement are making little progress and 
that a state appears to have been reached where a renewed 
examination of the problem may be necessary.” According to 
his proposal the following problem should therefore also be 
treated in the panel discussion: “The state of the knowledge 
and envisaged future development of rational field methods 
to obtain the stress-strain behaviour and the parameters 
defining soil deformability.” This should take the form of “a 
critical analysis of the tests in current use to obtain the 
compressibility of soils and on the possible paths to be fol
lowed for a complete re-examination of the problem, having 
a view to development of new and more appropriate methods 
of testing.”

Facing these problems one realizes that they involve a 
whole series of questions which are not easy to answer. It 
would be worth looking into these problems more thoroughly 
at another time and place. In my discussion I am essentially 
concerned with the following fundamental points. Firstly, 
the number of parameters necessary for the description of 
the compressibility of the soil in the ideal case, that is on 
condition that a representation be made which is as complete 
and as generally valid as possible. This is the theoretical
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side of the problem. Secondly, the number of parameters 
applicable later, which in the interests of a reasonable range 
of calculation— somewhat to the detriment of the exactness 
— must be smaller and which is usually small for other 
reasons anyway. This is the practical side of the problem. 
Thirdly, the number of the parameters which present field 
methods are capable of supplying, and the question of how 
this number can perhaps be enlarged. This is the experi
mental side of the problem. Fourthly, the theoretical state
ments involved in the calculation of the parameters from the 
quantities measured in the field and their improvement. And 
finally, the assumptions which must be made about those 
parameters which are not determined by field methods or 
whose effect on the result is comparatively small.

For the general case of an isotropic soil the elastic 
behaviour of the subsoil can be described by five parameters 
assuming a constant modulus of compressibility in the hori
zontal and vertical directions (Fig. 6 ). If one extends this

unknown quantities
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therefore are not needed later in practice, or because they 
cannot be obtained at all from the experimental data. The 
problem is thus many sided. Here only a few important 
points can be dealt with.

The test with a rigid circular load plate at a depth D  under 
the surface is a good model for most of these considerations 
(Fig. 6 ). The conditions in almost all other tests can be 
derived from the relationships occurring here. Normally the 
plate bearing test is carried out with the circular plate on 
the surface. The equation for the plate bearing test (Fig. 7)

f i g . 6 . Schematic graph of the boundary conditions in the plate 
bearing test.

statement to a modulus of compressibility dependent on 
pressure, two further parameters occur. To be more accurate, 
one may also make the modulus of compressibility depen
dent on the principal stress ratio, which necessitates further 
information. Finally the effective depth of the test or the 
thickness of the compressible layer is not, in many practical 
cases, known. One therefore requires the effective depth D s 
as a further parameter. Consequently, at least eight para
meters are obtained for a somewhat exact description of the 
present problem. Compared with this, there are normally 
only five quantities given when taking measurements. One 
should, therefore, be able to vary these in such a way that 
eight observation values are obtained from the tests with 
whose help these parameters can be determined.

One can say, as a matter of course, this is not a practical 
possibility as the tests cannot supply so many readings. On 
the other hand it would also be difficult in practice to take 
account of eight parameters when calculating settlements, 
since the time employed in computing would become far 
too great. The question therefore arises of which parameters 
can be ignored or replaced by simplifying assumptions, either 
because they only have a small effect on the results and

compression index of the soil, derivable 
from  the te s t value and not separable 
in E and "V

special cases:

V= 0 : E=1,57 R ks  approx. 2 , 0 R k s

V= 0,2- E= 1,51 R ks » 1,5-R ks

V= 0,5 :E =  1,18-R -ks  11 1 , 0 R k s

f i g . 7. Basic equations for the 
plate bearing test.

can be divided into a measured value, an influence value 
which is obtained from the theory, and a coefficient which 
is determined experimentally. As in all investigations of 
this type one obtains the modulus of subgrade reaction ks 
as the immediate measured quantity. It is important that the 
two quantities E  and v, which here are the only ones describ
ing the soil behaviour, appear as constants of multiplication. 
It is thus impossible to separate them by means of tests. 
Poisson’s ratio is therefore assumed and the modulus of 
compressibility is calculated from this.

Uncertainties in this method also occur due to a large 
amount of scatter when determining the modulus of sub
grade reaction ks for the preliminary loading because of the 
normally strong curvature of the plot.

If one considers the results of the usual method critically, 
seven of the eight unknown quantities, which describe the 
deformation of the soil, must be assumed. Thus the soil layer 
for which the test is valid, for example, is not accurately 
known since the influenced depth of the subsoil is only 
estimated. In any case only the layer near the surface of the 
soil is investigated.

If one carries out the plate bearing test at a depth greater 
than 0.2 to 0.3 m below the surface, the elastic part of the 
pressure settlement curve is extended, especially during the 
preliminary loading. The scatter is thus reduced. By using 
several different diameters in the test, it is true that no new 
soil properties are determined, but the scatter is controlled 
and better average values are obtained.

The determination of further parameters is possible only 
to a limited extent as they can be only calculated in so far as 
they do not disappear in a general expression. One can of 
course try to set up an equation for the settlement of the 
loading plates on a broader basis by introducing generaliza
tions about the elastic behaviour of the subsoil in the form 
of a consideration of further parameters. Once this equation 
stands, one must check, however, how many parameters can

depth of influence 
or thickness 
of layer D s

depth D
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be obtained from it. This theoretical work would still have 
to be done. The determination of the effective depth £>s can, 
on the other hand, be improved practically by comparative 
tests with different types of soil.

At this stage it is necessary to check on the number of 
parameters which may be assumed without great inaccuracy 
in the result and how high they should be set.

All other field tests differ from plate bearing tests only by 
another side ratio and by the significantly larger absolute 
dimensions. Thus the effective depth D s is also greater and 
there is the danger that no more homogeneous soil will be 
encountered. Furthermore, loading tests are time-wasters 
and costly, so that they can lead to an improvement of the 
situation only in exceptional cases.

In order to overcome the disadvantage of the plate bearing 
tests which only give information on layers near the surface, 
there exist investigations on the compressibility of the soil 
in the borehole. Vertical loading of the borehole bottom by 
means of small plates has been known for a long time. It has 
not been widely accepted, however, because it involves 
numerous sources of error. Besides, one can obtain scarcely 
more than one parameter relating to the compressibility of 
the soil from such investigations.

Improvement in the investigations in the borehole has been 
achieved by compression tests using penetrometers and piles. 
Whereas in general no settlements are measured when 
sounding. Haefeli suggests that dynamic and static penetro
meters as well as pile loading tests should be equipped with 
instruments which permit the settlement to be measured as 
a function of loading. The evaluation of such tests is based 
on the statements made for the plate bearing test. Similarly 
only one parameter can be ascertained by this method. 
Since, however, information is obtained regarding the com
pressibility of the soil at various depths, it promises to 
improve our knowledge.

Kogler and later Blatter and Langer and more recently 
Ménard have observed not the vertical but the horizontal 
compressibility in the borehole. If Ex =  E7/ the results would 
be comparable with those of the plate bearing test. The 
number of variables is of course smaller, since normally the 
size of the loaded area is not changed, which in certain 
circumstances could be desirable. The results can be applied 
directly if the relation between Ex and E z is known, but 
normally this is not the case. However, comparative values 
for the properties of the various soil types are obtained, 
which are certainly useful.

Settlement measurements on buildings do not permit any 
further change in the dimensions of the test building and can 
therefore only give limited information. In addition, as a 
result of the large depth effect the properties of one single 
layer cannot usually be measured. Nevertheless the results 
are very valuable for the evaluation of the settlements of 
buildings. Normally the average settlements measured under 
a building are compared with the simultaneous average con
tact pressure. This is readily possible with permeable soils 
with which no later settlement occurs. One usually obtains 
then, a linear relation which supplies the modulus of sub- 
grade reaction under the building (Fig. 8 ). One can deduce 
from the presence of a constant modulus of subgrade reac
tion that an average modulus of compressibility exists, which 
is not a function of the pressure or position in the range of 
loading considered. Even when later settlements do occur, a 
linear relation is obtained at the end when final observations 
last sufficiently long for final settlements to be obtained.

When evaluating one starts again in principle with the 
load plate equation whereby all unknowns with the excep-

f i g . 8. Schematic graph of the results from 
settlement observations as stress-strain curve.

f i g . 9. Schematic graph of the relations between 
the modulus of compressibility of the subsoil 
and the thickness of the compressible layer.

tion of the modulus of compressibility E  are assumed. The 
latter can be calculated from the modulus of subgrade 
reaction, if the thickness of the compressible layer is known. 
In certain circumstances, it can be given by the stratification 
of the soil; otherwise it must be estimated (Fig. 9). With an 
indeterminate boundary of this layer the evaluation of the 
settlement observations on buildings involves a rather signifi
cant inaccuracy, because in general the separation line 
between the soft compressed surface course and the less 
compressed floor must be drawn randomly.

By evaluating the differences in settlement of different 
points no further data about the compressibility of the soil 
is obtained, since the differences in settlement do not usually 
remain steady and their evaluation also presupposes an exact 
knowledge of the actual bending resistance of the building, 
which is not normally available in building constructions.

Not much more can be achieved from the evaluation of 
settlement observations on buildings. One obtains, at most, in 
addition to the modulus of compressibility another piece of 
data regarding Poisson’s ratio, if settlement and inclination 
of a building are measured, for example, with high towers 
as soon as the projection is big enough to produce a notice
able moment.
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Since settlement observations cannot always be evaluated 
in the same way because of various assumptions which have 
to be made, it would be welcome if international standardized 
directions could be worked out for an expedient way of 
carrying out plotting and evaluating settlement observations.

In all stress-strain tests one must for the most part do 
without an increase in the parameters which describe the 
compression behaviour of the soil since these cannot be 
realized according to the nature of things by any of the 
present available experimental methods. Neither the normal 
static nor the normal dynamic penetration tests produce 
stress-strain relations but rather only failure values, which 
are a function of the shear strength of the soil but not of its 
compressibility. Nevertheless, these methods are used to 
determine the compressibility of the soil, whereby one 
assumes that all the properties of a soil can be correlated 
with one another.

There are also several theoretical statements, which take 
as their starting point the relation of the penetration of the 
penetrometer to the vertical compression of the soil. Thus 
relations are set up between the modulus of compressibility 
of the soil and the cone resistance of the penetrometer. The 
methods of evaluation are overwhelmingly statistical in 
nature. The correlation coefficients achieved are in part quite 
high. In the static penetrometer tests such relationships are 
set up between the modulus of compressibility and the cone 
resistance; in the dynamic penetrometer tests between the 
modulus of compressibility and the number of blows. The 
equations which have been set up are valid only for the types 
of soil investigated.

Special difficulties arise when determining the modulus of 
compressibility in sand, since a direct in-situ measurement 
of sand, into which the correlations must be introduced, is 
not generally successful. Recently, therefore, indirect 
methods have been introduced, in which correlations be
tween the number of blows and the relative density are 
obtained for the penetrometers and independent of these 
from test relationships between the relative density and the 
modulus of compressibility.

The General Reporter has suggested that the customary 
instruments with thick-walled tubes should not be used for 
the penetrometer tests, but should be replaced by more 
modern ones with which undisturbed soil samples can be 
taken more easily. This is correct when the penetrometers 
are also used to obtain such samples from the subsoil. Since 
the standard penetration tests are carried out in the borehole 
anyway it appears to be more appropriate to use them only 
for the execution of penetration tests and not for taking 
samples of undisturbed soil. For the latter there are special 
instruments available, which permit these samples to be 
obtained as satisfactorily as possible. The thick-walled tubes 
are an advantage in that the penetrometer is significantly less 
sensitive to the dynamic stressing. Even these tubes do not 
always prevent destruction and with coarse-grained sands 
and gravels a metal cone must be attached to the tube as 
well.

Generally, penetrometers can only be applied for soils 
without pore water pressure, that is mainly for non-cohesive 
soils and for cohesive soils which are not saturated. Most of 
the results are derived from sand box tests under artificial 
conditions. Here the experimental arrangement is not always 
correct in that the covering pressure is often replaced by a 
surcharge in the form of steel plates or other weights, over
looking the fact that the static and kinematic conditions with 
covering pressure from the natural weight of the soil are 
quite different from those with the surcharge.

This summary of the problems encountered in the im
provement of our knowledge of the compressibility of the 
soil only touches on a few points. I hope, however, that they 
suffice to show the amount of work still to be done in this 
direction, and where it could be done.

SOIL DEFORM ABILITY UNDER STATIC LOADING

In Professor Lambe’s paper the influence of the stress path 
during extraction of the soil sample for the laboratory test 
and on-site cases on the settlement has been illustrated. By 
this means the influence, established in the last few years, of 
the size of the load increment on the results of a compression 
test is taken into account.

Further causes for deviations occurring between deforma
tions of the soil in the laboratory and in nature are con
nected with the following occurrences. With strongly over- 
consolidated clays settlements are generally calculated too 
large. This is best seen from the correction coefficients which 
have been put forward by various workers for the calculated 
settlements for overconsolidated soils. This problem lies in 
the nature of the soil and probably cannot be solved by 
considering the stress path. With non-cohesive soils it also 
makes a great difference whether a definite porosity has 
arisen through static or dynamic compression since the 
settlements turn out to be different. With dynamic com
pression the question arises as to which quantity should be 
termed the pre-loading one.

The measurement of settlement curves beneath buildings 
usually shows an uneven curve for an even load distribution. 
This can be attributed to the non-homogeneity of the soil 
which is not evident in a laboratory test. Also, settlements 
are usually calculated without taking into account the in
fluence of the neighbouring foundation loads. This depends, 
both for single foundations and foundation rafts, on the 
rigidity of the superstructure usually unknown. This rigidity 
is variable with time as a result of the creep of the concrete. 
A better evaluation of observed settlement curves under 
buildings of the most varied nature is therefore appropriate 
for comparison with deformations of the soil obtained from 
laboratory tests.

Further errors from laboratory tests used in the calcula
tion of the deformation of the building are due to the usual 
method for calculating the stresses and settlements. Although 
statements exist for the effect of the depth of foundation and 
the thickness of the compressible layer on the stress distribu
tion in the subsoil, they have not come into general use and 
are only considered in exceptional circumstances. Also, the 
stress distribution in the half-space as given by Boussinesq 
does not normally agree with the facts. The use of the con
centration factors introduced by Fröhlich and others for 
just this effect is also the exception rather than the rule.

a. error (compression test)

~ C5z . . . , -  <5z 1 - v - 2 v J
E s - instead of E - g j — ^ —

b. error (one-dimensional state of stress)

£z= s '= g  instead of S'_-fo -» « » + g y )

f i g . 10. (a) Error (compression test);
(b) error (one-dimensional state of stress).

A further inaccuracy in the calculation of the deformation 
of the soil can be attributed to the two following circum
stances (Fig. 10). If the modulus of compressibility is 
determined from the compression test it cannot simply be

360



applied to the three-dimensional stress and deformation state, 
but rather the expression E, which depends on Poisson’s 
ratio for the soil, must appear in place of £ s. Normally, 
however, only Es is used (Fig. 10a). In addition, not only 
the compression under vertical stresses but also the effect of 
the horizontal stresses must be taken into consideration when 
calculating the deformation of the soil. A further inaccuracy 
arises as a result of this (Fig. 10b). Both of them together 
produce an error which depends on the usually unknown 
Poisson’s ratio of the soil. This is shown for the case of a 
strip load and a layer thickness equal to twice the strip width 
(Fig. 11). As a result for soils with Poisson’s ratios between

f i g .  11. Error o f  the normal settlement calculation related t o  the 
exact settlement calculation.

0.2 and 0.4, errors arise of the order of 6-75 per cent. They 
become significantly larger when Poisson’s ratio increases 
to more than 0.4. Similarly, larger errors can occur with 
other types of loads. With a decreasing Poisson’s ratio the 
errors approach zero so that the normal methods for cal
culating settlements are only valid when Poisson’s ratio v is 
zero. Here the principal difficulty is that it is generally not 
possible to determine Poisson’s ratio for a soil.

COMMENTS BY DR. MORETTO ON PAPER BY SCHULTZE AND 

HORN (2 /46)
The General Reporter considers that several explana

tions are required in our paper for the zero cohesion inter
cept with overconsolidated samples. In contrast to the 
undrained test on Rhine silt no cohesion was obtained in the 
drained test even with large overconsolidation. The reason 
for this was that the sample could expand under conditions 
of sufficiently slow shear, as it reaches dilatation, to loosen 
the shear surface, the size of which depends on the applied 
normal stress (Fig. 12). Here the critical void ratio appears. 
Such a test is illustrated by test path 4 in the three- 
dimensional co-ordinate system in Fig. 3 of the paper. It 
is seen that the tests paths of both the normally consolidated 
and the overconsolidated soil finish on the <f>' line.

In the undrained test however a small cohesion c’ is 
obtained as the void ratio of the overconsolidated samples 
cannot change during shearing.

It is not clear from Dr. Moretto’s statement which type 
of test he used. It has been proved that with silts of small 
dilatation a cohesion also occurs in the drained test. Experi
ments in Aachen have confirmed this.

error -  (%)

error of the normal 
settlement calculation 
related to the exact 
settlement calculation

£z  1 -V * 6z (V v)-6xV
Cz W-2V* crz

f i g . 12. Results of drained tests with overconsolidated silt samples.
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P a n e l i s t  L a m b e  (U.S.A.)
Our Reporter assigned Professor Schultze the topic
. . field methods to obtain the stress-strain behaviour and 

the parameters defining soil deformability.” I agree with 
Professor Schultze that “settlement measurements on build
ings do not permit any further change in the dimensions of 
the test building and can therefore only give limited informa
tion.” That is, performance data on a completed structure 
usually come too late to help in the design and construction 
of that structure.

However, the results of thoroughly instrumented field 
structures are critically needed. In fact, the most promising 
avenue for improvement in the accuracy of predicted 
deformations lies in the evaluation of the performance of 
field structures. Situations are needed in which a prediction 
is made of field performance and this prediction is compared 
with the actual performance. The prediction must be based 
on good theory, known boundary conditions and loads, and 
reliable soil stress-strain data. The field case must be instru
mented in sufficient detail to permit the evaluation of per
formance, not only generally but also for individual com
ponents. For example, we need to know not only the total 
settlement of a structure, but also the locations in the subsoil 
in which the vertical strains occurred which yielded this total 
settlement and the magnitude of lateral deformations. At the 
present state of knowledge of analytical methods and tech
niques for measuring field performance, a great deal can be 
accomplished in evaluating analyses. A breakthrough in this 
study will occur when we have available techniques to 
measure both increments in total stress and strains in the 
three perpendicular directions at a number of locations in 
the soil under a foundation.

Panelist-. W . L . S h a n n o n  (U .S .A .)

It has been suggested by the General Reporter, Dr. 
Moretto, that I discuss the state of knowledge on the be
haviour and testing methods for determining soil properties 
when subjected to seismic loads and vibrations induced by 
machine foundations. In this discussion I will concentrate 
on the first part of the question. Seismic loads may be 
divided into two general categories: a single shock load such 
as results from the detonation of an explosive charge and a 
limited number of repeated shock loads such as occur during 
a great earthquake.

Testing to evaluate the effect of a single shock load on 
the strength deformation properties of soil was pioneered by 
Casagrande in 1948 (Casagrande and Shannon, 1948) and 
subsequently expanded by other investigators, one of the 
more important projects being the work at M.I.T. by Whit
man and Healy (1962), still in progress. The strain-con
trolled loading devices utilized by Whitman and Healy will 
test triaxial specimens to failure with constant loading 
velocities as fast as 20 in./sec. Evaluation of ground dis
placements resulting from a single shock load such as an 
explosion has been studied extensively by Wilson and 
Sibley (1962) who considered the influence of confining 
pressure on the modulus of deformation and developed a 
method for evaluating ground displacement at a point close 
to the detonation.

With the results of these studies well documented in the 
literature, I believe it will be of greater interest to spend 
most of the remaining portion of my time on repeated shock 
loadings and their application to happenings during great 
earthquakes.

Testing of soils to study the influence of a limited number 
of repeated shock loadings has been accomplished by Seed

in connection with studies by the Corps of Engineers 
(Anchorage studies, 1964) of the 1964 Alaska earthquake 
utilizing both a triaxial device and a direct shear device 
developed by Bjerrum. In both devices pulsating loads were 
applied to soil specimens until failure was induced. The 
following discussion pertains to the triaxial tests as the direct 
shear test results have not been made available.

It was found that specimens of sand, dilated during static 
loading and in undrained tests, developed negative pore 
water pressures and high strengths. In pulsating load tests 
under undrained conditions the pore water pressure increased 
throughout the test sometimes to the point of causing com
plete collapse and liquefaction. Subsequent static stress 
application caused dilatation and increase in strength.

Two types of pulsating load tests in triaxial compression 
were performed— one in which deviator stresses were 
increased and decreased axially and another in which the 
direction of the deviator stress was changed from vertical to 
horizontal during each stress cycle, thereby producing a 
reversal in direction of shear stresses in the specimen. For 
isotropically consolidated specimens the difference in strength 
determined by those two types of tests was large, with stress 
reversing conditions giving much lower strengths. However 
for anisotropically consolidated specimens the difference 
between the two methods of testing did not appear to be 
significant.

Under stress reversing conditions, specimens showed neg
ligible strains but progressive increases in pore pressures with 
increasing numbers of stress cycles. Failure occurred 
abruptly, after a number of cycles depending on the mag
nitude of the deviator stress, by a sudden increase in pore 
water pressure to a magnitude equal to the applied con
fining pressure accompanied by large strains and complete 
liquefaction of the specimen.

Under stress reversing conditions it was found that failure 
by liquefaction occurred after 50 cycles of stress application 
with a maximum deviator stress of about 0.5 kg/sq.cm. This 
stress level is about 10  per cent of the strength of an identical 
specimen in a test conducted with static loading conditions. 
However, increasing magnitudes of pulsating deviator stress 
were required to induce failure for anisotropically con
solidated samples in which the magnitude of stress pulses 
was insufficient to induce a reversal in direction of the shear 
stresses in the soil.

In connection with these studies of the 1964 Alaska earth
quake, Seed also performed pulsating load tests upon undis
turbed specimens of sensitive clay which clearly demon
strated the susceptibility of these soils to substantial loss 
in strength under this type of loading.

At Anchorage several large landslides occurred during 
the final two minutes of the 1964 Alaska earthquake. With 
one exception these slides consisted of the movement in a 
nearly undisturbed condition of a large soil mass along a 
horizontal plane. At the leading edge of the horizontal slide 
plane a pressure ridge developed while above the trailing 
edge a graben formed. The slide plane occurred at the 
upper boundary of a sensitive soft clay layer containing 
layers and lenses of sand. Overlying the soft sensitive clay 
are layers of stiff clay and dense sand and gravel for a total 
thickness of the order of 60 feet. The three major slides 
ranged in width between a few hundred to more than 1000 

ft, and in length from 2000  ft to more than one mile.
It may be reasoned that if vibrations, having a lateral 

motion, are imparted to the soft clay through a firm base, a 
shear wave will be generated in the clay, and at resonance 
a standing wave will develop having maximum amplitudes
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in the sand and gravel. The computed period, based on tested 
values, reasonably agrees with the indicated value of 1 to 2 

seconds based on observations. As the soil column oscillates 
back and forth, reversing shear strains are developed between 
adjacent soil layers. The relative magnitude of these shear 
strains throughout the soil column is not known; however, 
it is inferred, from the fact that failure developed at the top 
of the soft clay stratum, that the strains were a maximum at 
this elevation. This hypothesis for the development of maxi
mum strains at the top of the soft sensitive clay coupled with 
the tests performed by Seed as summarized in the preceding 
section of this discussion form a basis for understanding 
these landslides.

Portions of the city of Niigata, built upon recent alluvial 
deposits of loose sand, suffered intense damage due to 
liquefaction during or immediately following the June, 1964, 
earthquake. It is understood that large quantities of water 
flowed out of the ground immediately after the earthquake. 
The most spectacular damage was the tilting and sub
sidence of buildings founded at shallow depth on spread 
footings resting on the alluvial sands having a high ground
water table. The results of investigations by Japanese govern
mental agencies are just now becoming available and should 
contribute to our knowledge of the phenomenon of liquefac
tion of sands under dynamic conditions.

At Niigata there are two possible variations in the explana
tion for the foundation failures which occurred. ( 1) the 
sand immediately below the foundation experienced a sub
stantial increase in pore water pressure and a resulting loss 
of strength. (2 ) the sand immediately below the foundation 
was subjected to upward flow of water which was ejected 
from underlying soil. This upward flow caused the develop
ment of a quick condition particularly at the edges of founda
tions where upward flow was concentrated.

Within the past few years there have been significant 
developments in the understanding of the action of founda
tions to recurring loads of small magnitude which induce 
elastic strains. Some foundations are so loaded that small 
angular displacements result primarily because of the elastic 
characteristics of the foundation soil. Horn (1964) presents 
rather a complete summary of the methods for testing and 
analysis of the resulting angular displacements for such a 
condition. It is concluded that the laboratory vibration test 
provides the best single approach presently available; how
ever, there are other methods, principally field tests, which 
will provide valuable supplemental information.
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Panelist: F. E. R i c h a r t , Jr . (U.S.A.)

Vibrations developed by operating machinery produce 
several effects which must be considered in the design of 
machine foundations. The motion of the foundation and the

machine it supports must be of sufficiently low magnitude 
that no structural damage occurs to the machine and its 
various connections. The vibration of the foundation must 
also be of such a magnitude and frequency that the resulting 
motion of the machinery supported on the foundation does 
not interefere with the prescribed function of the machine 
itself. As an example, the foundation of a radar tracking 
tower must be extremely stable for the mechanical and 
electronic tracking system to function satisfactorily. Finally, 
the vibrating machinery transmits energy through the foun
dation into the soil. This vibratory energy is then transmitted 
to adjacent machinery or buildings. In the process of trans
mitting energy, the soil structure may be altered resulting in 
a progressive loss of strength, the foundations of adjacent 
machinery may be set into oscillations which aggravate their 
motions, or the transmitted energy may set buildings or other 
personnel enclosures into oscillations which may be notice
able, uncomfortable, or intolerable to the occupants.

The design criteria, varying from a consideration of 
damage of the machine itself to annoyance of adjacent 
people, must include both amplitude of motion and the 
frequency. Generally, to avoid damage to machines or 
machine foundations, the maximum velocity of the vibra
tion should not exceed 1 in./sec, or the maximum accelera
tion should not exceed 0.5 times the acceleration of gravity. 
Vibrations begin to be troublesome to persons when the 
maximum velocity exceeds about 0 .1 in./sec and they are 
not noticeable to persons when the velocity exceeds 0.01 

in./sec. At a frequency of 1000 cycles/min, these limits 
correspond to amplitudes of motion of about 0 .0 1, 0 .0 0 1, 
and 0.0001 in., respectively. It should be noted that the 
motion which may be noticed by persons is of the order of 
1/10 0  of that which is likely to cause damage to machines.

Because of the wide range of problems associated with 
designing foundations for dynamically loaded machines there 
has been an appreciable number of theoretical, research, and 
field investigations of the problem. A considerable amount of 
information is available in the literature, in particular, the 
recent books by Rausch (1959), Lorenz (1960), Barkan 
(1962), and Major (1962).

If we direct our attention primarily to massive concrete 
foundations supported directly upon the soil which behave 
essentially as rigid bodies, such foundations have six degrees 
of freedom. The six degrees of freedom may be described as 
linear translation in the horizontal, vertical, or lateral direc
tions, and rotations about a horizontal, lateral, or vertical 
axis. In terms of the types of motion of ships or aircraft, 
these rotational motions are generally described as roll, pitch, 
and yaw. As might be expected, an analysis of the dynamic 
behaviour of a foundation becomes difficult if more than 
two degrees of freedom are to be considered at any one time. 
However, there are procedures readily available, for example 
in Jacobsen and Ayre (1958), if the parameters representing 
the response of a soil support can be evaluated for the 
various degrees of motion. A number of methods of evaluat
ing the soil response coefficients have been suggested in the 
past, including the concept of a dynamic subgrade reaction.

However, within the past 15 years significant progress has 
been made using the theory of a footing resting on a semi
infinite elastic body. This approach has particular value when 
applied to the footing vibration problem. For the particular 
conditions of a circular footing vibrating vertically on an 
elastic half-space, the basic solution was presented by Reiss- 
ner (1936) wherein he represented the footing by a uniform 
distribution of pressure acting over a circular area. A signifi
cant improvement in this earlier solution was developed by
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Sung (1953) and Quinlan (1953) wherein the effect of 
different distributions of pressure applied over this circular 
loading area was studied. A relatively significant difference 
between the behaviour of a footing represented by uniformly 
distributed load and that represented by the approximation 
to the rigid base pressure distribution was pointed out by 
Sung and the rigid footing appears to correspond more 
closely with actual situations. The extension of the elastic 
half-space theory to the case of rocking about a horizontal 
axis or rotation about a vertical axis through the centre of 
the loading area was given by Arnold, Bycroft, and Warbur- 
ton (1955), to give an indication of the behaviour of a 
footing under other modes of vibration. The application of 
the elastic half-space theories and a general discussion of the 
problem of vibrations of foundations were given by Richart
(1962), Hsieh (1962), and Whitman (1965). A further 
development in the theory for a rigid circular footing under
going vertical oscillation was developed by Lysmer (1965) 
in an analysis based on the uniform displacement of the 
loading area. An important result of Lysmer’s study was the 
development of a simple analog in the form of a mass-spring- 
dashpot system which closely approximated the behaviour of 
a rigid footing on the elastic half-space. The equation of 
equilibrium for this analog is given by

m z + [ 3 . 4 / ( l - /4)]r„VpGz+ [4Gr0/ ( l - M) ] z = e ( 0  (1)

where m  =  mass of the footing, ) 0 =  radius of the circular 
footing, p =  mass density of the soil, G =  modulus of elas
ticity in shear of the soil, /x =  Poisson’s ratio for the soil z, 
z, z =  vertical displacement, velocity, and acceleration of 
the footing, Q(t) =  time-dependent vertical force applied to 
the footing. Eq (1) may be used to evaluate the behaviour 
of a footing under steady-state oscillations or under transient 
impulsive loadings.

Through the study of the motion of a footing, by con
sidering it to rest on an elastic half-space, it has been shown 
that the effect of radiating energy from the footing through
out the semi-infinite region is similar to that from damping. 
This loss of energy by elastic waves spreading throughout a 
semi-infinite medium has been described as geometrical 
damping and occurs for footings resting on elastic layers of 
infinite horizontal dimensions as well as in an elastic half
space. This geometrical damping occurs even though the 
material itself is considered to be completely elastic and 
permits no loss of energy by internal or hysteresis damping. 
Generally the translational modes of vibration for footings of 
conventional size correspond to a highly damped system (this 
may be demonstrated by substituting typical values into the 
second term of Eq (1). For a first approximation, the 
internal damping or hysteresis damping of the material may 
be neglected.

It is necessary to obtain an estimate of the modulus of 
elasticity of the soil beneath a rigid footing as well as an 
estimate of Poisson’s ratio. It has been found that Poisson’s 
ratio has relatively little effect within the range of 0.25 to 
0.40 which is reasonable for actual soils, and may be taken 
as 0.33 for sands and 0.4 for clays with little loss of accu
racy. It is more of a problem to evaluate a shear modulus of 
the soil which corresponds to the same magnitude of defor
mation anticipated in the soil vibrating beneath the footing. 
Since the amplitudes of motion are generally in the order of
0.0001 strain or less, we may use laboratory tests to 
evaluate the pseudo-elastic characteristics of different soils. 
A laboratory method whereby a column of soil is set into 
either longitudinal or torsional oscillation has been found 
useful to estimate the wave velocity in the soils. By adjust

ing the frequency of input oscillation the frequency corre
sponding to resonant vibrations can be detected and from 
this the wave velocity and modulus of elasticity can be 
computed. This “resonant column” technique has been used 
successfully by Wilson and Dietrich (1960), Shannon, 
Yamane, and Dietrich (1959), and Hardin and Richart
(1963), all using amplitudes of motion that corresponded to 
less than 0.0001 strain in longitudinal oscillation or less than
0 .001 radians in torsional oscillation.

Studies of the influence of increased amplitudes of oscilla
tion were made by Wilson and Sibley (1962) and Hall and 
Richart (1963). It is also possible to measure the behaviour 
of dynamic properties of soils in-situ by seismic or vibratory 
methods. The standard seismic methods permit evaluation of 
the compression wave velocity through soils, but for satu
rated soils it is sometimes difficult to establish the difference 
between the velocity of the wave propagated through the 
fluid and that propagated through the soil structure. A sup
plemental method has been developed using steady-state 
oscillation provided by a vertical oscillator at the soil surface. 
Through measurement of the wave length on the soil surface 
corresponding to various input frequencies, an estimate can 
be made of the soil characteristics at different depths. A 
description of this method is given by Fry (1963) and Bal
lard (1964).

As a result of crosschecking between the various methods 
and types of testing equipment to evaluate the dynamic 
behaviour of several granular soils under small-amplitude 
vibratory loadings it has been established that the shear wave 
velocity (and from this the shear modulus) is a function of 
the average confining pressure o-0 and the void ratio e for 
clean granular materials. Empirical equations for the shear 
modulus of clean granular soils were developed by Hardin as

G (lb/sq.in.) =  [(32.17 -  14.80 e )2/ ( l  +  e)] o-0%
(for o-0 ^  2000  lb/sq.ft.)

and
G (lb/sq.in.) =  [(2 2 .5 2 - 10.60 e )2/ ( l  + e ) ]  <r03/3 

(for o-q <  2000  lb/sq.ft.).

The resonant column technique may also be used for evaluat
ing the shear modulus of silts and cohesive materials. How
ever, there are many testing difficulties involved at any but 
the preconsolidation pressure of the material. The time 
required for the consolidation of a sample must be carefully 
considered in the sequence of conducting the vibration tests 
at different confining pressures.

In addition to the theoretical and laboratory studies com
pleted recently, a very extensive field study was undertaken 
by the U.S. Army Waterways Experiment Station and is 
described in the report by Fry (1963). Vibration tests were 
made on footings from 5 to 16 feet in diameter which were 
excited in the vertical, torsional, and rocking modes of vibra
tion. All of the footings were circular in plan form and 
rested on the surface of the Vicksburg loess or the Eglin 
Field sand which existed at the two testing sites. Both soil 
deposits were uniform and homogeneous for a depth 
corresponding to several diameters of the footings. Several 
evaluations of these test results have been made (for 
example, Whitman, 1965), and at least for vertical oscilla
tion it appears that the elastic half-space theory gives 
acceptable correlation with the test results. The predicted 
amplitudes of oscillation are generally within a factor of 2 

of those determined from tests, and at the present stage of 
knowledge of dynamically loaded footings this appears to be 
quite acceptable.
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This discussion has been primarily concerned with the 
dynamic behaviour of footings. It appears at the present time 
that use of solutions from the theory of elasticity for dyna
mic response of the footings, along with field or laboratory 
evaluations of the elastic constants, gives a reasonable 
approach to the study of this problem. Important problems 
which need further consideration are evaluations of the 
coupled modes of oscillation, effect of different shapes of 
footings, and the effect of embedment depth.

For the effects of vibratory loads on soil properties there 
is still much to be learned about the behaviour of silts and 
clays when subjected to low-amplitude, long-duration re
peated loadings with regard to the effect of changes in wave 
propagation velocities through the soils and possible break
down of the soil structure. There are also time effects which 
may influence the wave propagation velocities. There is a 
need for more information on the problem of vibration 
isolation of footings or platforms which require extreme 
stability. Some work in this direction is described by Barkan
(1962) and Lorenz (1960), but to the writer’s knowledge, 
there is little in the technical literature concerning field 
observations of soil vibrations which also includes a com
prehensive description of the soil characteristics.
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Panelist-. D. B a r k a n  (U.S.S.R.)
(Although Dr. Barkan wöi unable to attend the Conference, 
the panel discussion prepared by him is published herein, in 

accordance with the request of the General Reporter.)

In many branches of engineering ever increasing attention 
is devoted to the problem of the behaviour of materials 
under dynamic loads. Soils as the foundations of buildings 
and other construction are not an exception in this respect. 
On the contrary, for many reasons the significance of soil 
dynamics has gained increasing recognition in recent years. 
Four of the reasons, the most important ones, have been 
dealt with in Professor Moretto’s extremely thorough report. 
One could add that the rapid evolution of soil dynamics in 
the past few years has also been due to the need for a theory 
of the development of irreversible processes in soils, when 
carrying out operations involving the presence of pulse and 
vibration loads, e.g. compacting or loosening of soils by 
means of rammers or vibrators, driving piles, casing, etc. 
Another testimony to the growing significance of soil 
dynamics is that this is the first time that the International 
Conference has directed its attention to the problem.

m a i n  r h e o l o g i c a l  p r o p e r t i e s  o f  s o i l  a t  d y n a m i c

PROCESSES

Soil, like any other material, cannot be successfully 
modelled by a single rheological model. But, depending on 
the specific features of the mechanical process developing in 
the soil and on the character of the external force, a particu
lar model can be chosen. For instance, when investigating the 
soil in close proximity to the point of explosion, with ex
tremely high stresses, the rheological model of the soil may 
acquire the form of so-called “plastic gas,” whereas in cases 
where the distance from the point of explosion is greater, 
and the stresses are relatively low, an elastically plastic or 
even elastically viscous body may be chosen as the model. 
When studying the compacting of soil by shock or vibration, 
or by the driving of piles or similar structures into the soil, 
the most appropriate rheological model of the soil would be 
an elastic-viscous-plastic one. Apparently, the same rheo-
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logical model may be used in the estimation of the displace
ment of a machine foundation under the action of dynamic 
loads.

However, the determination of free or forced vibrations 
of a foundation is of great practical interest in the dynamics 
of foundations whereas the computation of its plastic dis
placements is of a limited and more specific interest because 
the plastic settling of the foundations of machines and build
ings subjected to vibrations is comparatively small on clay 
soils of medium strength and is therefore of minor impor
tance to the engineer. The foundations of forge hammers 
installed on water-saturated sand are an exception. Practical 
experience in operation of forging shops has shown that the 
shocks and vibration produced by the hammers in such cases 
may result in considerable plastic settling not only of the 
hammer foundations, but also of the foundations of the 
columns adjacent to the hammers and of sections of the walls 
of the forging shops. It should be noted that, as a rule, the 
rate of the plastic settling in these cases slowly decreases 
with time; the foundations seem to be sinking into the soil.

If such special cases are excluded, the practical interest of 
the engineer lies mainly in computing the vibration of the 
foundation. The solution of this problem may be based on 
the assumption that the soil is an ideal elastic medium of the 
type of a semi-infinite elastic body, or Winkler’s base.

INFLUENCE OF THE VIBRATIONS OF THE FOUNDATIONS OF 

MACHINES AND BUILDINGS ON THE ELASTIC CHARACTERISTICS 

OF THEIR BASES

The amplitude values of the displacement, velocity, and 
acceleration of the vibrations of machine foundations should 
not exceed comparatively small predetermined values chosen 
for some particular reason. For example, in the U.S.S.R., 
according to the acting Technical Rules for Computations 
and Design of Foundations of Machinery with Dynamic 
Loads, the amplitudes of vibrations of foundations under 
machines with crank mechanisms having angular speeds up 
to 400 rpm should not exceed 0.20 to 0.25 mm; the ampli
tudes of vibrations of foundations under hammers— 1.0  to 
1.2 mm, with the foundations under machines having parts 
rotating at 1000  rpm and more should not have amplitudes 
of vibration in excess of some hundredths and even thou
sandths of a millimeter.

The velocities of vibrations of the foundations under 
machines and, consequently, the velocities of dynamic loads 
acting from the foundations upon the soil are likewise low 
and do not exceed 10  cm/sec even for foundations under 
forge hammers. The velocities of vibrations of foundations 
under other types of machinery are considerably lower than 
the figure given above, e.g. in the case of piston-type com
pressors the velocities are about one cm/sec. Finally, it 
should be noted that when a foundation is under the action 
of pulse loads of short duration, as compared to the period 
of natural vibrations of the foundation, the soil will be acted 
upon not by pulse loads but by loads varying with time and 
having sharply decreasing amplitudes.

Taking into consideration the comparatively small dyna
mic effect of the foundations under machines (probably also 
true for foundations under buildings not subjected to very 
strong seismic action), one may assume that the influence 
of the vibrations of these foundations on the mechanical 
properties of the soil and, most important, on the elastic 
properties thereof would be negligible and in many cases 
might be completely ignored. This assumption is verified by 
experiments in silu. Model foundations on different soils 
(loessial clay, sandy clay, water-saturated sands) were sub

jected to static tests in order to determine the rigidity coeffi
cients of the bases, according to the Winkler model. The 
values obtained were found to be quite close to the dynamic 
coefficients established on the basis of free and forced 
vibrations of the foundations. Similar results have been 
obtained when carrying out tests with model pile foundations 
having different base areas (up to 16 sq.m.).

METHODS OF DETERMINING THE ELASTIC CHARACTERISTICS OF

BASES OF FOUNDATIONS UNDER MACHINES AND BUILDINGS 

SUBJECTED TO VIBRATION

Within the range of the comparatively small displacements 
of the foundations under machines the relationship between 
the reaction of the soil and the elastic displacement of the 
foundations is near to linear. This has been proved not only 
by direct experimental investigation of the relationship under 
the action of static load, but also by comparing the main data 
obtained from the theory of foundation vibrations, based on 
the assumption that the relationship between the reaction of 
soil and the displacement (or rotation) of a foundation is 
linear, with data obtained experimentally. If the amplitude of 
vibrations of a foundation is smaller than the elastic static 
settlement thereof, the linear theory of foundation vibrations 
on soil (or on a pile base) is comparatively well confirmed 
by the experimental data. This conclusion is of fundamental 
value from the point of view of developing methods of 
determining the mechanical characteristics of the elastic 
properties of the base, such data being essential for the 
computation of forced or free vibration of foundations.

Apparently, the most reliable and convenient method will 
be the one of determining the elastic constants not in a direct 
way (for example, by means of a static load) but by measur
ing the vibrations of the foundations of operating machines 
already in existence. For example, by measuring the fre
quency of natural vertical vibrations of the foundation 
under a forge hammer, the coefficient of elastic rigidity of 
its base can be determined with adequate accuracy.

Considering that the theory of vibrations of foundations is 
based on the assumption that the base corresponds to the 
Winkler model, the said coefficient will be the “coefficient of 
elastic uniform compression.” By investigating the form of 
the vibrations of the foundation under a reciprocating piston- 
type machine one can compute the coefficients of elastic 
rigidity of the base corresponding to the vertical, rotary, and 
horizontal displacements of the foundation respectively. The 
method of determining the elastic constants of a foundation 
base by measurement of the vibrations of the foundations 
under machines should be based, of course, on a sufficiently 
well established and verified theory of foundation vibrations.

At present there are elements of a theory of vertical forced 
and free vibrations of a rigid body on a base modelled by an 
ideal semi-infinite elastic body. More developed and ade
quately confirmed by experimental data is the theory of 
vibrations of rigid bodies on a base modelled on Winkler’s 
system. This rather simple theory provides for the computa
tion not only of vertical vibrations, but also of other types 
of vibrations of foundations. Yet, contrary to the theory 
which models a base as a semi-infinite elastic body, the 
theory of vibrations based on Winkler’s hypothesis does not 
allow evaluation of the effect of the inertia properties of 
soil and of the dissipation of the energy of a vibrating foun
dation on its vibration (due to the propagation of waves in 
the soil by the vibrating foundation). However, the com
parison of the two theories as applied to vertical vibrations 
shows that the influence of the inertia properties of a base is 
evidently slight. Even for foundations with a highly de
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veloped base the accompanying mass of soil with vertical 
vibrations of the foundation does not exceed 30 per cent of 
the mass of foundation. Thus, when the rigidity coefficient of 
a base is determined from the frequency of natural vertical 
vibrations of the foundation, the inertia of soil not being 
taken into account, the error would amount to no more than 
15 per cent, that is would be within the range of test error. 
Apparently, the influence of the inertia properties of the base 
on foundation vibration differing from pure vertical vibra
tion would be even less than in the case described.

In cases where the rigidity coefficients of a base cannot be 
determined by measuring the vibrations of the foundations 
under operating machines, it is advisable to determine them 
by measuring the vibrations of test models of the founda
tions.

When this is done, two important considerations should 
be taken into account. First, vibrations of a foundation with 
its base leaving the soil should not be tolerated. It should be 
remembered that the base might leave the soil not only 
during vertical vibrations, but also during rotary (rocking) 
vibrations of a foundation. Such leaving may be prevented 
by setting enough pressure upon the soil by means of the 
foundation’s weight as would make it impossible; the magni
tude of such pressure should probably be not less than 0.5 

to 0.7 kg/sq.cm. Second, one should bear in mind that the 
rigidity coefficient of the foundation base (according to 
Winkler’s meaning), determined by experimental investiga
tion of the relationship between the elastic displacement of 
the foundation and the load or by measuring the magnitudes 
of the frequency or amplitudes of foundation vibration, 
depends not only on the modulus of elasticity of the base and 
Poisson’s ratio, but also on the size and shape of the founda
tion’s floor, the effect of the shape and area of the base being 
particularly important. It is known that the theory of model
ling foundation bases by an elastic semi-infinite body sug
gests that the elastic rigidity coefficients of Winkler’s base 
(at vertical, horizontal, and rotary elastic displacements of 
a foundation) would decrease in inverse proportion to the 
square root of the base area. This is not confirmed by tests. 
In reality though the coefficients do decrease with increasing 
base area, but at a much slower rate than suggested by the 
theory. With bases of large area the coefficients approach 
definite values differing from zero.

This disagreement between theory and experimental data 
complicates the extrapolation of the results of tests carried 
out on model foundations with small base areas onto the 
foundations of operating machines which may have far 
greater base areas. The Technical Rules for Design of 
Foundations under Machinery, now valid in the U.S.S.R., 
justify the assumption that the values of the elastic rigidity 
coefficients of a base vary in inverse proportion to the square 
root of the base area only for foundations having base areas 
of less than 10  sq.m.; for foundations with larger base areas 
these coefficients are not to be considered dependent upon 
base areas.

A better agreement between the data obtained theoretically 
and the experimental data, as far as the relationship between 
the coefficients of elastic rigidity of a base and the base area 
is concerned, is reached if the base is modelled by an ideally 
elastic layer of a finite thickness. When this last-mentioned 
theory is applied to foundations having different base areas 
(by tests carried out on several construction sites), it 
becomes evident that the calculated thickness of the afore
mentioned layer should be taken to be substantially greater 
than the thickness of the bearing layer, the latter usually 
being established by the test results, taking into account the

plastic settlement of the foundation (net only the elastic 
one).

The methods of laboratory investigation of the elastic 
properties of soil may vary. Besides tests carried out by 
means of one-dimensional and three-dimensional apparatus, 
where a sample is subjected to the direct action of a load, 
the modulus of elasticity of the soil can be established by 
measuring the natural longitudinal vibrations of a cylinder
shaped sample, or by measuring the velocity of propagation 
of longitudinal waves therein; by observing the frequency of 
torsional vibrations of the sample the shear modulus of the 
soil can be established.

Although the methods of dynamic laboratory tests of soils 
are comparatively simple, the experimental data are charac
terized by considerable deviation of the values obtained, and 
therefore the establishment of the computation values of 
elastic constants of soils often presents considerable diffi
culty. Also, one might be faced with a disagreement between 
the results of tests carried out to establish the frequencies of 
the longitudinal and torsional free vibrations of the same 
sample of a soil, which, in turn, leads to contradictory values 
of Poisson’s ratio.

Apparently, laboratory investigations of the elastic proper
ties of a soil are of purely scientific interest as a method 
providing for comparatively easy establishment of the effect 
of one or another factor (such as moisture content, minero- 
logical composition, etc.) on the elastic properties of soil.

ON THE DETERMINATION OF THE DISSIPATIVE PROPERTIES 

OF SOIL

Unlike the methods of determining the elastic properties 
of soils by vibrations of actual or test foundations, the dissi
pative properties of bases cannot be found by measuring 
foundation vibrations, because dissipation of the energy of 
a foundation depends not on the dissipative properties of the 
base but mainly on the energy of the waves propagated by 
the foundation and carrying away the energy of its vibra
tions. Therefore, even if the base were ideally elastic, 
dissipation of the energy of the vibrating foundation would 
take place.

More often than not this fact is not taken into considera
tion and the dissipative properties of soils constituting the 
base of a foundation are evaluated by measuring the free 
vibrations of the foundation or by measuring the amplitudes 
under resonance conditions. Quite obviously, this should not 
be done because the dissipation of foundation energy depends 
not only on the dissipative properties of soils but also, and 
that to a greater extent, on the base area, the depth in the 
soil, the static pressure upon the soil, and other factors not 
related to the mechanical properties of soils.

Evidently, the most efficient method of determining the 
dissipative properties of soils is to establish the hysteresis 
loops during testing by static loads without plastic deforma
tions, the latter being excluded by repeated loading. The 
relative area of the hysteresis loop can easily be used for 
computing the dissipative properties of the material.

Laboratory investigations of these properties of various 
soils, carried out according to the last-mentioned methods, 
led to the establishment of exceptionally stable values of the 
coefficients of energy dissipation, affected only slightly by 
such physico-mechanical properties of soils as moisture 
content and density. It was also established that with the soil 
vibrating intensively the dissipation coefficients decrease. 
However, within the range of vibration typical of actual 
machine foundations the effect of vibrations on the dissipa
tive properties of soil would be slight.

367



The dissipative properties of a base have comparatively 
little effect upon the magnitudes of natural vibrations and 
the amplitudes of forced vibrations outside resonance condi
tions (i.e., when the frequency of forced vibrations differs 
from that of natural vibrations by at least 30 per cent). 
Consequently, the establishment of the dissipative properties 
of a base is of comparatively limited interest and only then 
in determining the amplitudes of free vibrations (for in
stance, of forge hammer foundations) or forced vibrations 
within the resonance zone. It should be noted, however, that 
an engineer is rarely concerned with estimating the ampli
tudes of forced vibrations under resonance conditions.

C h a i r m a n  B j e r r u m

Thank you. This concludes the discussions by the members 
of the panel. We will now have a break of 15 minutes.

(There followed a brief intermission.)

C h a i r m a n  B j e r r u m

The session is open to discussions from the floor.

N . A . T s y t o v i c h , Z. G . T e r -M a r t i r o s y a n , and  M . Yu. 
A b e l e v  (U .S .S .R .)

Many papers (for instance, by N. N. Verigin (2/57) and 
M. Goldstein, et al. (6/11)) submitted to this Conference are 
dedicated to problems of soil consolidation, because of the 
necessity of perfecting the theories involved in view of the 
major discrepancies in the design and experimental values of 
settlements.

On the strength of experimental and theoretical considera
tions this discussion shows that the theory of filtration 
(seepage) consolidation can only describe a special case of 
soil compaction with no allowance for the skeleton creep 
and pore water compressibility.

The authors propose a solution to a unidimensional 
problem of secondary consolidation taking into account pore 
water compressibility, and to a three-dimensional symmetric 
problem with an allowance for the structure of clayey soils. 
It is demonstrated that the increment in the pore pressure at 
the initial stage of compaction of visco-plastic clayey soils 
is due to secondary time effects in the soil skeleton and pore 
water compressibility, while the peak value of pore pressure 
in the case of compacted soils is always less than the external 
pressure applied.

f i g . 14. Curves of Saratov clay 
(paste) consolidation. 1, according 
to seepage consolidation theory; 2, 
according to theory of secondary 
consolidation taking into account 
only soil skeleton creep; 3, accord
ing to theory of secondary consoli
dation taking into account soil skele
ton creep and pore liquid compres
sibility; 4, according to experiment: 
a =  0.0775 sq.cm/kg; k  =  2 x  
10-7 cm/min; r w =  0.98; -n =

0.007 min- 1 ; q =  2 kg/sq.cm.; h =
4 cm.

Whereas the seepage consolidation offers a fairly good 
measure of agreement for soft saturated clayey soils (Ter- 
zaghi, 1948; Gersevanov, 1948; and Florin, 1959) it fails to 
do so in respect of compacted clayey soils. Thus, experimen
tal data (Pavilonsky, 1959; Kogan, 1960; Ter-Martirosyan 
and Tsytovich, 1965) indicate that the time changes of pore 
pressure in compacted clayey soils differ substantially from 
those determined from the theory of seepage consolidation. 
It has been established that in the case of these soils external 
pressure is imparted to water gradually rather than all at 
once at the first moment of the application of the load, and 
its maximum value does not reach that of external pressure 
(see Fig. 13); the more compacted the soil, the larger the 
gap. It was also shown experimentally that the duration of 
settlements in clayey soil is greatly affected by secondary 
consolidation.

We believe that the wide divergence observed between the 
curves based on the theory of seepage consolidation and
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those showing the changes of pore pressure and the rate of 
consolidation of compacted clayey soils is due to the fact 
that the seepage consolidation theory fails to take into 
account the creep of the soil skeleton, pore water compressi
bility, and soil structure. The foregoing considerations neces
sitated detailed experimental research into the consolidation 
of visco-plastic clayey soils using them as a basis for a more 
comprehensive solution of the problem of soil consolidation 
theory: ( 1) unidimensional, taking into account simul
taneously secondary consolidation of the soil skeleton and 
the compressibility of gas filled pore water; and (2 ) axisym- 
metric allowing for the structure of soft clayey soils.

The analytical solution of the first problem is based on the 
following assumptions. (1) The soil skeleton is an elastic 
creep pore medium which obeys Maslov and Arutunyan’s 
hereditary creep theory (Florin, 1961; Arutunyan, 1952). 
(2) Soil pores are filled with a compressible liquid (water, 
entrapped air bubbles, dissolved air). And (3) the move
ment of the compressible liquid follows Darcy’s law of 
laminar seepage.

According to Florin, the equation of state of the soil 
skeleton can be written:

X
t Q

<t (t ) (1)

where a(t, r )  =  aMl. +  abT ( 1  — e- ’(!_7)); o - ( t )  =  stresses 
in the soil skeleton; aMr, ahT =  coefficients of instantaneous 
and secondary consolidation of the soil skeleton; r¡ =  creep 
parameter of the soil skeleton; e(t) =  void ratio.

The differential equation of compaction covering pore 
liquid compressibility for a unidimensional problem may be 
written:

de , dp 1 +  e
"77  T "  £cp a w 
at at yw

d2p 
’dz 2

(2)

where aw =  the coefficient of volumetric compression of pore 
liquid; p =  pore pressure; yw =  volumetric weight of pore 
liquid; kcp =  mean seepage factor.

The solution of Eq (2), taking into account Eq (1) for 
the case of a unidimensional problem, has been obtained in 
the form:
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2 (íÍMr +  ĉp^w) V (C?m -^m)

VabT 1 r +  +  r¡abT

1 +  0,
+

Dm = Tw
■̂cp̂ zn Wo
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In a special case when soil skeleton creep alone is taken 
into consideration, the solution coincides with that obtained 
by Florin (Gerseyanov, 1948), and in the absence of creep 
with that of Terzaghi’s theory of consolidation.

The settlement S  of a soil layer h, with due regard for 
Eqs (4) and (1), is defined by:

~7~ [ « M r  - Ul(t) +  A b T  - Ui(t)] 
i  T  «0

where

U,{t) =  1 -  4  É  A  -  D m -e N " - ! )
71* 771=1, 3 , . .

(7)

U2(t) =  1 -  e~v‘ -  -2  £  A
7T

Cm

X  (e~ -  e~") -
Djr

— N m +  7)
-  e -”t) (8)

For the purpose of experimental research into the regulari
ties of the consolidation of compacted clayey soils and with 
the aim of checking the solutions obtained, a series of labora
tory experiments was staged with three types of clay having 
plasticity numbers 45, 32, and 18, in the form of paste, and 
with an intact structure. Fig. 13 shows the results of experi
menting with Saratov clay (paste) by stepwise loading, 
while Fig. 14 compares experimental (4) and theoretical 
curves (1, 2, 3). The above theoretical solution, which 
simultaneously covers pore liquid compressibility and soil 
skeleton creep, agrees well with experimental results, at any 
rate, for the soils of over 0.9 saturation. It is also noteworthy 
that for the clays studied, the value of secondary consolida
tion resulting from a lengthy compaction test was in the 
area of 5 to 170 per cent of seepage consolidation.

To pave the way for solving the second, axisymmetric 
problem in compaction of soft clayey soils taking into 
account their structure (Abelev and Tsytovich, 1964) both 
laboratory and field experiments were conducted which 
showed that, when the pressure exceeds a certain limit 
(structural compressive strength qcTv) with slow loading, 
the pore pressure value (p) is equal to the difference be
tween the applied external pressure (q ) and the structural 
strength of soil compression, that is, at the initial moment of 
time (f =  0): Pt=0 =  q -  ?cTp.

It was found in the course of studying the seepage proper
ties of soft clayey soils, even those with a porosity factor of 
over 1.4, that in the process of consolidation, when a certain 
porosity, definite for the given type of soil, is achieved, the 
phenomenon of initial head gradient is observed, and soil 
water movement will obey the equation: V  =  k [(1 /  yw) 
(dp /  dz) =  in] where V =  rate of water seepage in clay, 
k =  seepage factor, i0 =  initial head gradient at which water 
seepage in soil commences, yw =  volumetric weight of water.

The phenomenon of initial head gradient in clays is 
determined by the structural properties of the water at the 
clay particle-water contact and by the processes of the 
microcolmatage of soil pores by clay particles.

The established new boundary conditions were used in
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solving some problems of plane and three-dimensional theory 
of seepage consolidation. Thus, for instance, the initial 
equation of the axisymmetric problem in consolidation takes 
the following form:

dp r  
d i

c f p  1 d p  _

dz~ t] dr

VyclQ

V
( 9 )

With Pt=0 =  q — q,-To and the other boundary conditions 
adopted in the theory of seepage consolidation, the solution 
of Eq (9 ) for the calculation of vertical drains was obtained 
analytically. Observation of actual functioning of drains in 
soft clayey soils gives a fairly good agreement between cal
culations and experiment.
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L. Z e e v a e r t  (Mexico)

Following the suggestion of the General Reporter I wish 
to talk briefly about my experience on problems in connec
tion with the behaviour of soft soil deposits subjected to 
earthquake forces. I have had the opportunity to study these 
phenomena for several years in Mexico City, where one finds 
thick volcanic silty clay deposits.

The earthquakes that excite the soil mass in the valley of 
Mexico usually have their origin in the Pacific Ocean along 
the Mexican coast (Fig. 15). At the hipocenter, that is the 
zone within the earth at a depth of about 20 or 30 km where 
the seismic energy is liberated, shear and compressional

NODTH 7914' Z

f i g .  16. Accelerograms of two earthquakes i n  May, 1962.
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waves are generated that travel at different velocities and 
approach the basin of the valley of Mexico, as shown in 
Fig. 15, inducing the soft soil mass to vibrate. Because of the 
mechanical characteristics of the saturated lacustrine clay 
deposits, the amplitude of the ground motion in them is large 
compared with the same motion in the firm ground sur
rounding the valley and important shear waves are induced.

In May 1962, it was possible to register the response of 
the surface of the ground during two large earthquakes 
(Fig. 16) by means of special strong ground motion instru
ments installed in the central part of Mexico City. From the 
accelerograms shown in these records, the order of magni
tude of the maximum acceleration recorded is 50 gals and 
the largest period on the order of 2.5 sec. The information 
thus obtained may be processed to find the spectrum of 
maximum response for structures of one degree of freedom 
founded at the ground surface.

The acceleration spectrum shows a maximum peak when 
the period of the structure is coincident with the dominant

f i g . 17. Apparatus for evaluation of the shear modulus of elasticity.

UNCONFINED 
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f i g . 18. Torsional vibration curves for sand and 
Mexico City clay.

period of the ground. When this is the case, large magnifica
tion of stresses takes place and the structures with these 
periods of vibration will suffer more than other structures 
with free periods of vibration away from the resonant 
periods of the ground.

In order to investigate the response of the soil during 
earthquakes it is necessary to obtain the values of the dyna
mic shear modulus of elasticity. With this information and 
the stratigraphical conditions of the deposit one is able to 
calculate the resonant periods, displacements, and shearing 
stresses in the soil mass.

I have evaluated the shear modulus of elasticity by means 
of the response of undisturbed soil samples subjected to free 
torsional vibration. The simple instrument designed specially 
for this purpose is shown in Fig. 17. The confined material is 
placed in a chamber similar to that used for triaxial shearing 
tests. The sample in the chamber is connected to an arm that 
can vibrate freely; the mass of inertia of this arm may be 
changed to accommodate the vibration to that consistent with 
the elastic properties of the material. During the tests care 
must be taken not to cause large disortion in the sample that 
may cause damage to the structure of the soil. Fig. 18 shows 
an example of the response of soil samples subjected to free 
torsional vibration for sand and for Mexico City’s clay in the 
unconfined and confined states, respectively.

From the results of these tests, I was able to obtain the 
shear modulus of elasticity or rigidity for the different soil 
layers encountered in the area where the two earthquakes of 
May, 1962, were measured (Fig. 19). It was then possible 
to investigate and compute the free periods of vibration of 
the ground, the maximum relative displacements, and the 
maximum shear stresses induced in the subsoil during the 
earthquake. Good agreement was obtained between the 
observed and the computed values. The results of these 
investigations have been reported to the Seismological Society 
of America (Vol. 54, No. 1, pp. 209-31, Feb., 1964).

The general conclusions obtained apply to a uniform 
deposit of soft clay or silty clay resting on firm ground and 
may be stated as follows: “The dominant periods of the 
ground are directly proportional to the thickness of the soil 
deposits and inversely proportional to the square root of 
their rigidities.”

For practical engineering applications these investigations 
have been very valuable in the design of structures and deep 
foundations, and in foreseeing the probable behaviour of a 
soil mass during earthquakes, since one is able to calculate 
approximately the following:

1. The resonance period of the ground that will help the 
designer of a building to select the proper flexibility for the 
structure.

2. The relative displacement of the soil in the full depth 
of the soil deposit. This information is very valuable for 
establishing the probable behaviour of piles or piers, or any 
other deep-seated structure that may be subject to these 
displacements.

3. From the maximum relative displacement of the ground 
one is able to compute the order of magnitude of the maxi
mum shearing stresses induced in the ground, in order to 
investigate the behaviour of foundations, when the static 
shearing stresses are increased by the earthquake movement.

The behaviour of buildings on piles or on surface founda
tions in Mexico City has been altered after an earthquake. 
Already stabilized foundations have shown the start of a new 
consolidation process that undoubtedly is due to damage 
produced in the clay structure because of additional large 
shearing stresses induced by this phenomenon.
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f i g .  19. Displacement and shear curves induced by two earthquakes in  May, 1962.
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Piles have shown damage at their heads if connected 
rigidly to the structure. Also buildings on point bearing piles 
and friction piles for which the earthquake effect was not 
properly considered have shown penetration of the piles in 
the subsoil inducing such large differential settlements that 
in some cases it was necessary to reinforce their foundations 
by underpinning.

G. P. R a y m o n d  (Canada)
I would like to comment on the rate of consolidation of 

fine-grained soils with particular reference to the rate of 
dissipation of pore water pressure. At Queen’s University we 
have been conducting consolidation tests in oedometers 
similar to that shown in Fig. 20, in which the specimen is 
confined within a fixed ring and an upper membrane which 
is attached to a top cap. The apparatus works in a manner 
similar to a triaxial cell from which top and bottom drainage 
is permitted. Fig. 21 shows the drainage outlets of four of 
these cells connected in series. By permitting only one-way 
drainage and measuring the settlements and the boundary

f ig . 2 1 . A r r a n g e m e n t  o f  o e d o m e te r  c e lls  f o r  s im u l ta n e o u s  o n e 

d im e n s io n a l  c o n s o l id a t io n  te s ts  o n  f o u r  s im i la r  u n d is tu r b e d  

s p e c im e n s .

pore water pressures of the specimens in each cell it was 
possible to study the dissipation of pore water pressure at the 
quarter (approximately) points within a consolidating soil 
and the settlements of each quarter (approximately). All 
tests performed have been conducted by keeping the main 
chamber pressure constant and varying the back pressure.

Several soils have been tested in this manner. Fig. 22 
shows the results obtained on a lake marl using a load 
increment duration of one week. The end of primary consoli
dation was obtained by means of the semi-logarithmic 
method. In Fig. 22 the primary settlement of each layer (or 
quarter) has been plotted to an arithmetic scale against the 
boundary effective stress ratio to a logarithmic scale. The 
results clearly show that a quasi-preconsolidation pressure is 
induced within the sample. Furthermore, the quasi-precon- 
solidation pressure appears to vary with the distance from the 
permeable boundary during the previous load increment, as 
is clearly seen for the last load increment shown in Fig. 22 
where the direction of flow has been reversed.f i g . 20. Oedometer cell.
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f i g .  22. Per cent primary settlement-boundary effective stress ratio for simultaneous consolidation o f  four similar specimens of lake marl.

As a mathematical approximation to our observed results, 
I have assumed that the quasi-preconsolidation pressure is 
constant and that the void ratio-effective stress relationship 
may be represented by two straight lines as shown in Fig. 23. 
Also shown in Fig. 23 are three plots for a typical theoretical 
solution. The rate of settlement may be seen to be approxi
mately that of a soil wholly within the normally consolidated 
range. The pore water pressures, however, dissipate very 
rapidly until the quasi-preconsolidation pressure is reached 
after which they dissipate more slowly. In oedometer tests 
where the load is increased this rapid drop in pore water 
pressure combined with the effects of gauge flexibility will 
affect the initial pore water pressure measurements quite 
drastically. The type of pore water pressure-settlement rela
tionship obtained may be seen to be in reasonable agreement 
with results presented by Christie (2/13).

J. K é r i s e l  (France)
A cette conférence, Akai and Adachi (2/2), et aussi Ladd 

(2/31), ont montré les grandes différences de déformation 
relative verticale après une consolidation isotropique ou

anisotropique; d’autres auteurs ont insisté aussi sur les 
grandes différences de déformation relative verticale qui 
adviennent après une consolidation donnée, suivant le carac
tère isotropique ou non du tenseur additionnel. Dans ces 
conditions, je ne vois pas pourquoi nous n’utiliserions pas 
systématiquement le triaxial pour le calcul des tassements, 
d’abord avec une reconsolidation appropriée, puis en appli
quant un tenseur additionnel égal au tenseur additionnel 
in situ.

Une pression donnée q (fig. 24), sur une surface donnée 
flexible, donne en un point donné de l’axe vertical de cette 
surface, non seulement une contrainte verticale additionnelle 
Acrj, mais aussi des contraintes additionnelles horizontales 
A<r2 et (tA3; Acr2 est égal à Acr3 exceptionnellement si la 
surface est circulaire ou carrée.

Partant des formules de Boussinesq, j’ai calculé des tables 
pour Acro /  q et A<r3 /  q, et pour différents types de surface 
flexible ou rigide; ces tables seront envoyées ces prochains 
mois à la revue Géotechnique. Le fig. 25 vous montre les 
résultats pour une surface circulaire. Acr3 /  q dépend de v 
(coefficient de Poisson), non par 1 — v- mais par v linéaire
ment. Ceci est un fait que nous ne devons pas négliger. C’est
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S = PERCENTAGE SETTLEMENT 
T„=TIME FACTOR FOR OVERCONSOLIDATED STATE 
U -  MID-PLANE PORE-WATER PRESSURE 
UNCRITICAL PORE-WATER PRESSURE

f i g .  23. Typical theoretical relationships for slightly overcon
solidated soils.

pour cela que nous ne pouvons éviter d ’essayer d ’avoir une 
bonne approxim ation de v en m esurant en même temps ej et 
A v /F  au triaxial et ensuite nous corrigerons le tenseur addi-
tionnel si nous voulons une meilleure approximation. Dans 
l’oedomètre, nous ne pouvons pratiquer aucune reconsolida
tion et nous ne connaissons pas le rapport Ao-j / Acr3. C’est 
pourquoi nous nécessitons souvent des facteurs de corrections 
importants.

L
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f i g . 24. Effet d’une pression sur une surface flexible.

Le triaxial évite ces difficultés et de plus nous libère de 
toute distinction arbitraire entre les déformations immé
diates primaires et secondaires, la méthode nous donnant 
c1 soit avant, soit après la dissipation de la pression intersti
tielle pour un déviateur donné constant, ce qui est fonda
mental dans la recherche des tassements.
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I. F. Ch r is t ie  (Great Britain)
The work described in my paper (2 /13) is related to 

several other papers to this Division, notably 2/40, 2/43, 
and 2/51.

In a recent paper in Geotechnique (Christie, 1964), I 
compared some theories of one-dimensional consolidation 
and showed that the Theological model, for an element of the 
soil skeleton, of a Hookean spring in series with a Kelvin 
body is applicable not only to the theory of Gibson and Lo
(1961) but also to that of Taylor and Merchant (1940). 
I also published some settlement-time curves obtained from 
this theory and it is apparent that, with a suitable choice of 
parameters, the shape of laboratory settlement-time curves 
can be defined more accurately by this theory than by that 
of Terzaghi.

However, surface settlement is simply a measure of the 
average strain throughout the sample and, before we can use
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this theory to predict full-scale behaviour from the results of 
laboratory tests, we need further evidence of its validity, 
from measurements of pore pressure dissipation, for example.

Such measurements can be seriously affected by flexibility 
of the measuring system, and possibly this has occurred in 
some of Thompson’s experiments (Fig. 3, 2 /5 1 ). The theo
retical analysis of this effect given in paper 2/43 coincides 
with my own for the special case when the initial pressure in 
the measuring system (pmo) is zero. The solution given by 
my Eq (4) can also be used for other values of pmo, which 
can arise in practice if the measuring system is prestressed. 
As shown in Fig. 1 of paper 2/13, such prestressing does not 
eliminate the need for a measuring system which is effectively 
rigid, that is one which is designed to ensure that the para
meter C ( =  A H m v /  x) exceeds 1000.

Reverting to the case of pm„ =  0, and plotting pore pres
sure at the base of the sample against average degree of 
consolidation, as shown in Fig. 3 of my paper, the effect of 
measuring system flexibility is small after the peak pore 
pressure has been developed. This result is useful in inter
preting some of the published experimental data.

My experiments indicate that large deviations from Ter- 
zaghi’s theory can occur in laboratory consolidation tests, 
especially in tests of long duration or if the pressure incre
ment ratio is small. The shape of laboratory settlement-time 
curves can be defined more accurately in terms of Gibson 
and Lo’s theory than by that of Terzaghi, but the parameters 
required to do this do not fit the measurements of pore 
pressure dissipation (Fig. 6 , paper 2 /1 3 ). This suggests that 
a more complicated rheological model is needed to describe 
the soil behaviour properly, but further experimental results 
are required before such a model can be satisfactorily 
established.

A provisional interpretation of my experimental results 
in relation to clay structure is as follows. The clay particles 
are effectively in contact with one another and form inter- 
particle bonds. Some of these are temporarily broken during 
the consolidation process and a rearrangement of particles 
occurs until quasi-equilibrium is established again with the 
development of stronger forces of repulsion between par
ticles (similar to Bolt’s “osmotic pressure” effect, but smaller 
in magnitude because the “cardhouse” structure has a higher 
void ratio than would be obtained with parallel orientation of 
particles) and stronger contact bonds. If a small pressure 
increment ratio is used these bonds are less easily broken. 
Furthermore, their strength increases with time if the effec
tive stress remains approximately constant. Hence, in a long 
duration test, bonds are formed which are difficult to break 
in the next pressure increment. These ideas are consistent 
with the views of Leonards and Altschaeffl (1964).
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N. Ja n b u  (Norway)

I would like to comment on the General Reporter’s excel

lent suggestion that we discuss new trends in future develop
ment to obtain stress-strain behaviour and deformation para
meters of soils and to add to those remarks already made by 
our panellists, Professors Lambe and Schultze.

I feel certain that future investigations of the stress-strain 
behaviour of soils will continue to be initiated for two pri
mary purposes— theoretical and practical. Both are needed, 
but I will limit my comments to what I believe to be the 
practical aspect of the problem.

As I see it, the present situation in practical settlement 
analysis is very confusing, at least when seen in an inter
national perspective. Why is this so? Simply because the 
entire field lacks a unified, commonly agreed upon basis for 
settlement analysis. Let us say we lack an equivalent to 
Coulomb’s equation in stability investigations. Today, with 
our experimental background, we realize, of course, that 
we may never be able to reach one single unified working 
hypothesis that will govern all the complex deformation 
problems encountered in practice. Such an utopian aim 
would be quite unrealistic. There are, however, a number 
of things we can do to improve the situation. Let me men
tion just two examples.

For the very special case of oedometer tests on normally 
consolidated, saturated clays we all know that for decades 
the slope of the “e — log p curve” has been used extensively 
as the basis for settlement calculation formulae, of which 
there exist quite a few with only minor variations. I dare 
say, however, that the e — log p plot gives us no mechanical 
understanding of this observation whatsoever. We can 
swallow it, but understand it— no! Yet, in a consistent 
terminology, the mechanical explanation of a straight e — 
log p curve is extremely simple: the tangent modulus is a 
linear function of effective stress (above preconsolidation 
load).

In other words, we are once more faced with one of 
those linear working hypotheses, but now expressed in 
familiar engineering concepts actually needed for the prob
lem at hand, namely stress and strain directly. Having made 
this observation the corresponding settlement formula be
comes very simple, and what is more important, the interpre
tation procedures of laboratory tests are substantially simpli
fied, both in method and in time spent, which means a more 
economical procedure.

Let me add another example. For clean sands of variable 
porosity tested under given principal stress conditions both 
theoretical and experimental evidence has for decades given 
effective stress (cr)-strain (c) relationships of the following 
form

e =  C<r°, (1)

where e and o- are measured in the major principal stress 
direction, a is an exponent, say, of the magnitude 0.3 to 0.7, 
and C is “a constant.” However, both from a practical and 
a mathematical point of view Eq (1) is very awkward 
indeed, since the “constant” C depends both on the applied 
unit system as well as on the magnitude of the exponent a. 
However, when transferring all observations governed by 
Eq (1) into the tangent modulus concept, M  =  do-/de, for 
practical purposes one can formulate the tangent modulus 
as a function of stress by two dimensionless parameters and 
a reference stress (say, one atmosphere).

Then one will readily discover that the tangent modulus 
formula thus expressed as a function of stress will cor
rectly approach the two well-known boundary conditions: 
for elastic materials (solid rock), on the one hand, a =  1; 
and the purely plastic formula (for normally consolidated
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clay) on the other hand, a — 0. This latter boundary con
dition cannot be discovered at all from the incomplete 
Eq (1 ). Moreover, in the terminology used a value for clean 
sand of a =  0 .3- 0.7 should correspond to an elastic-plastic 
state, which I believe is also correct.

These examples are given only to show that by using more 
consistently familiar engineering concepts one can, at least 
for some cases, arrive at a greater unification in our basis for 
settlement analysis. The advantages for teaching purposes 
should be obvious, and I believe that the advantages for 
practical purposes may be even greater. Even so, much 
remains to be done within the field covered by the two 
examples given.

I will therefore conclude my remarks by expressing the 
hope that more efforts will be made to look seriously into 
our very shaky basis for practical settlement analysis. We 
should so very much like to obtain a more consistent frame
work for our experiences and case records. For that reason 
alone it would really be worth a try. We are all aware that 
much important work in this field is being carried out all 
around the world, and I feel convinced that the progress 
taking place will lead to the emergence of engineering tools 
which will help us more effectively in future settlement 
estimates.

P. W . R o w e  (Great Britain)
{Oral discussion not subsequently submitted for publication.)

D. H. T r o l l o p e  (Australia)
(Oral discussion not subsequently submitted for publication.)

R. V. W h i t m a n  (U.S.A.)
This discussion is concerned with the validity and implica

tions of the elastic half-space theory for the vibration of 
machine foundations, and with the use of wave velocities to 
determine the dynamic modulus of soil.

v a l i d i t y  o f  e l a s t i c  h a l f -s p a c e  t h e o r y

In his panel presentation, Richart mentioned the excellent 
field tests conducted by the U.S. Army Engineer Waterways 
Experiment Station. Fig. 26 shows one comparison between

b = M. / f RS

f i g . 26. Comparison of theory with results of field tests; vertical 
motion: clayey silt foundation. A =  amplitude of motion, Mf — 
mass of foundation plus machine, Mc =  eccentric mass within 
machine, I — eccentricity of eccentric mass, p =  mass density of 

soil, R  =  radius of foundation, p, =  Poisson’s ratio.

the results of these tests and the predictions of the theory. 
Here the amplitude of motion at resonance is plotted versus 
mass ratio for the case of vertical excitation and a clay 
foundation. This comparison is an extremely severe test of 
the theory, since theoretically the amplitude at resonance is 
dependent primarily upon the geometry of the foundation 
and the characteristics of the machinery and is independent 
of the stiffness of the soil. All quantities needed to permit 
the comparison are thus known closely, and there are no 
poorly known factors which may be manipulated to achieve 
apparent agreement. As may be seen in Fig. 26, theory and 
observation agree well, both with regard to trend and 
magnitude.

f i g . 27. M .I.T . ultrasonic shear wave 
device: A, specimen inside mem
brane; B, wire to crystal in top cap;

C, triaxial cell.

Other such comparisons have also been made (Whitman, 
1965), involving both sand and clay foundations and for 
vertical, rocking, and torsional excitation. The agreement 
between theory and observation was generally good although 
not always as good as that shown in Fig. 26. Where dis
crepancies appeared, they could readily be explained by 
certain details of the situation which were not specifically 
covered by the theory. Thus, these field test results support 
the conclusion that the elastic half-space theory does cor
rectly predict the general nature of the response of actual 
foundation soil systems, and does give reasonable estimates 
for two aspects of the problem which cannot satisfactorily 
be deduced from simpler theories: the importance of the 
mass of the soil and the importance of energy loss via geo
metrical damping.

i m p l i c a t i o n s  o f  t h e o r y  

The main conclusion yielded by the elastic half-space 
theory is one which will gladden the hearts of all engineers: 
the response of a machine foundation can be predicted quite 
accurately using a simple mass-spring-dashpot system. More
over, the mass to be used in the simple equivalent system is 
just that of the foundation block plus machine; the engineer 
does not need to guess at that elusive quantity called effective 
mass. A reasonable estimate for the damping constant is pro-

376



f i g .  28. Dilatational wave velocities through partially satur
ated compacted specimens consolidated to 40 lb/sq.in.

f ig . 29. Shear wave velocities through partially saturated 
compacted specimens consolidated to 40 lb/sq.in.

vided by the theory, once and for all and in simple form. 
Thus it only remains for the engineer to estimate the spring 
constant, and here he will feel that he is upon reasonably 

familiar ground.
The results of the elastic half-space theory have thus 

helped to remove much of the mystery from foundation 
dynamics. Here is a good example of the use of a complex 
theory to aid in understanding the applicability of a simpler 
theory.

WAVE VELOCITY MEASUREMENTS

Professor Richart has described the use of the resonant 
technique to measure wave velocity through laboratory speci
mens. The pulse technique can also be used for this purpose 
(see paper 2 /3  by Bamert, Schnitter, and Weber). Fig. 27 
shows the device used at M.I.T. (Lawrence, 1965; Bala- 
krishna Rao, 1965). The apparatus is a standard triaxial 
cell with piezoelectric crystals in the top and bottom caps. 
The crystals may be arranged to produce either compressive 
or torsional waves, so as to measure either dilatational or 
shear waves. The pulse technique is much simpler to use 
than the resonant technique, but does not permit measure
ments of damping.

Shear wave velocities, rather than dilatational wave veloci
ties, should be measured in order to assess the modulus of 
soil applicable to foundation vibration problems. To illustrate 
this point, consider the results for four soils having visibly 
different strengths and stiffnesses when compacted at a given

water content. As shown in Fig. 28, the dilatational wave 
velocities through the four soils were the same at any given 
water content. Moreover, the dilatational velocities increased 
with increasing water content even though the strength and 
stiffness of all four soils decreased. On the other hand, as 
shown in Fig. 29, the shear wave velocities reflected the 
visible differences between the four soils, and moreover the 
shear wave velocities decreased with increasing water con
tent.

r e f e r e n c e s
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ing. London, Butterworth.

J. R. H a l l  (U.S.A.)
Bamert, et al. (2 /3 )  have done an excellent job of 

constructing an apparatus capable of conducting triaxial and 
seismic tests simultaneously. Since accurate measurements 
of static moduli require a much more elaborate arrangement 
than that used in the standard triaxial test, it would be of 
interest if the authors would describe their method of 
measuring longitudinal strain. Problems such as piston fric
tion, elastic strain of the apparatus, and hysteresis effects, 
must be eliminated or accounted for in such testing. The 
authors appear to have overcome these problems as evidenced 
by their results for the determination of the static hysteresis 
loops.

When evaluating the results for the seismic tests, the 
authors have used the relationship between modulus and 
velocity which applies to the case of a compression wave 
travelling along a slender rod, that is, E =  pc2. However 
owing to the dimensions of the specimen and the design of

A L L - R OUN D  P R E S S U R E ,  K G /C M 2

f ig .  30. Relationship between all-round pressure and confined 
modulus.
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the dynamic load sensing devices the authors have measured 
the wave travelling along the axis of the specimen which 

travels at a velocity equal to that of a compression wave 
travelling through an infinite medium. Thus, instead of 
measuring the modulus of elasticity E, the confined modulus, 

\  +  2G, has been measured. This conclusion by the writer 
is supported by test results reported by Hardin and Richart 
(1963) which show that for clean sands with rounded grains 
at confining pressures above 2000  lb/sq.ft., the shear modu
lus can be expressed as a function of void ratio and con
fining pressure by

G =  [(32.17 -  14.80e)2/  (1 +  e)] <x00S0,

where e is the void ratio and cr0 is the confining pressure. 
When this equation is used along with an assumed value of 
Poisson’s ratio of 0.25 in order to calculate the quantity 
X +  2G, a curve shown in Fig. 30 is obtained. It can be seen 
that the results agree quite well when compared on this 
basis.

When dynamic measurements are made for fine-grained 
materials such as the loamy loess reported by the authors, 
the time effects become important in the results obtained. 
The authors did not report any information regarding such 
effects. This might explain why they did not report any 
change of modulus due to changes in axial load applied to 
the loamy loess. It would be helpful if the authors would 
report the time required to make the measurements on the 
loamy loess. The writer is at the present time studying the 
time effects associated with the measurement of the dynamic 
shear modulus of dry soils using a resonant column tech
nique. Preliminary results indicate an increase of modulus 
of approximately 5 per cent over a period of 4 days for a 
material such as Ottawa sand and silt-sized materials show 
increases of shear modulus as high as 30 per cent over 
periods of several months.

REFERENCE
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velocities in granular soils. J. Soil Mechanics and Founda
tion Divisions, Proc. A.S.C.E., Vol. 89, SM 1, Feb., pp. 33- 
65.

C h a i r m a n  B j e r r u m

We have now concluded the oral discussion and I will 
ask our Reporter to give us his impressions of what we have 
heard.

G e n e r a l  R e p o r t e r  M o r e t t o

To summarize the results of Sessions 2 and 3, at which the 
shear strength of soils under static loading, soil deformation 
under static loading, and soil behaviour under dynamic 
loading were discussed, is difficult but the following points 
seem the most important.

s h e a r  s t r e n g t h  o f  s o i l s  u n d e r  s t a t i c  l o a d i n g

1. The study of the behaviour of soils in shear has gone 
far in the development of dependable methods for testing, 
both in the laboratory and in the field, and the equipment to 
perform them has become very sophisticated. In the labora
tory, apparatus is available that allows control of nearly 
every facet of the phenomena evolved during testing up to 
and past the peak load to any desired deformation. It is 
comforting that many of these testing procedures have gone 
beyond the limits of research and entered usefully into the 
everyday life of the practising engineer. This event by itself 
is a real achievement.

2. The improvement of methods of testing will no doubt 
continue in the future and refinements will lessen the hazard 
of errors still so frequent in today’s procedures. The main 
effort, however, will be directed toward the thorough study 
of typical soils and the analysis of soil behaviour in general 
under the various conditions of stress developing in nature. 
Though the triaxial test with a cylindrical stress distribution 
will continue for some time to be the basic stress condition 
for routine studies, the shear strength of soils under other 
stress conditions will be fully investigated with much atten
tion devoted to plain strain and to the effect of rotating 
stresses in soil failure. While in the field only single points 
and single lines are really subjected to a cylindrical state of 
stress, plain strain, rotation of stresses, and other anisotropic 
states of stress prevail.

3. Many of the structures built today subject soils to very 
high stresses. The most simple and evident examples are piles 
and high dams. In non-cohesive and hard cohesive soils a 
state of stress develops near the pile points that can only be 
approached by studying the shear strength of these soils 
under high confining pressures. Many of the anomalies 
encountered in today’s studies of the behaviour of piles 
driven into such soils will possibly disappear the day that 
the behaviour of these soils under high confining pressures 
is rightly taken into account. Field tests alone will never 
solve the problem, and this applies to all aspects of soil 
mechanics.

4. Reasons of safety make it imperative that high dams be 
designed taking into consideration the now evident curved 
nature of the Mohr envelope, the large deformations neces
sary to obtain failure, and the real values of pore pressures 
developed under such pressures. The resulting decrease in 
strength may be significant and its oversight dangerous.

5. The study of the behaviour in shear of non-saturated 
soils needs, and will no doubt receive, the attention of many 
soil mechanics workers in the near future. It constitutes 
possibly the weakest point in our present knowledge about 
the shear strength of soils. The complicated nature of the 
problems involved, together with a challenge for an under
standing at the level existing for saturated soils, appear to 
have hidden the way to a solution until now. Yet a solution 
is needed immediately. Furthermore, engineers working with 
non-saturated soils are currently using some type of solution. 
These solutions are all of an approximate nature and many 
probably far from right. Let these solutions be known, and 
through discussion we will surely find a way to a better 
approximation, and so initiate some progress in this matter.

6 . The final purpose of all soil testing is to obtain para
meters that will represent the soil behaviour in nature. 
Planned field observation of the shear strength of soils is 
seldom possible because to obtain it requires producing 
failure. Therefore, field observations are often limited to the 
recording of deformations without failure ensuing. One has 
to rely on accidents, like slides of natural or artificial slopes, 
and on occasional failures due to faulty design to be able to 
compare laboratory testing with real soil behaviour. For these 
reasons, studies in which the representativeness of laboratory 
soil testing in relation to field soil behaviour is analysed are 
of the utmost importance, and every occasion should be 
used to make these studies. Pile loading tests provide one 
such possibility and in my opinion no chance should be lost 
to carry these tests to soil failure and to publish the results.

s o i l  d e f o r m a t i o n  u n d e r  s t a t i c  l o a d i n g

7. While an optimistic view can be taken of the achieve
ment of recent studies on the shear strength of soils, it is
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difficult to share these feelings when the studies of soil 
deformability are analysed. These studies appear to have 
reached a stage in which a complete re-examination of the 
problem is needed because neither the laboratory nor the 
field tests in use are reliable. Novel approaches will be 
evolved in which new testing methods to measure soil 
deformability under various stress conditions are developed. 
To be of any use these studies must be followed by field 
observations of full-scale structures to compare predictions 
with real behaviour. Only when the complete cycle of 
laboratory and field testing plus field measurement is com
pleted will new methods now being evolved be of real 
practical use. There appears to be little doubt that this cycle 
will still require a long period of time.

8 . In the meantime the practising engineer will be com
pelled to continue to use the existing tools, testing pro
cedures, and methods of computation. However, having 
realized fully their limitations, he will utilize the existing 
tools with great caution and mature judgment and remain 
fully alert to observe the discrepancies that will develop in 
the field. This in itself will be a major and immediate 
improvement.

s o i l  b e h a v i o u r  u n d e r  d y n a m i c  l o a d i n g

9. Our knowledge of the dynamic properties of soils has 
been significantly increased by studies of the landslides, 
subsidence, and lateral displacements resulting from recent 
earthquakes in Chile, Mexico, Japan, and the United States. 
Because of the large potential damage which may occur in 
populated areas during future great earthquakes it is inevi
table that there will be continued effort toward further 
understanding of this problem of soil dynamics.

10. Recent requirements for stable foundations for radar 
towers, missile tracking stations, and machine foundations 
have also led to increased research on the behaviour of 
foundations under dynamic loading. Field and laboratory 
methods have been developed for evaluating a modulus of 
elasticity for soils in the range of strains anticipated beneath 
vibrating footings. Correlations exist for this modulus for 
granular materials as obtained from laboratory devices and 
from field tests on the basis of the elastic half-space theory. 
The correlations between different methods of obtaining a

modulus for cohesive soils also appear to be reasonably 
adequate but subject to more possible differences.

11. Highway engineers also have contributed and are 
contributing to a great extent. Much progress will come 
from their studies of the behaviour of pavements under 
repeated loadings.

12. Soil behaviour under dynamic loading appears to 
require treatment in a separate division or subdivision. Much 
of the work on soil dynamics has in the past been directed 
toward mechanical engineering and earthquake engineering 
meetings. Having been raised for the first time as a subject 
for discussion in our International Conferences, thought 
should be given as to whether the time has come when it 
should be permanently introduced as a separate subject. 
Being of direct concern to them, I think our Mexican col
leagues may want to include it in the next conference.

a c k n o w l e d g m e n t s  

In closing, I must say a few words of thanks to the two 
panels that shared my work. They were most co-operative 
at all times, and their discussion was highly valuable. I feel 
that no better men could have been selected for that purpose. 
Special thanks are due to Professor Richart, who substituted 
for Dr. Barkan of the U.S.S.R. on such short notice. Having 
written a fine contribution and circulated it among the other 
panel members, Dr. Barkan unfortunately could not attend 
this conference. I have asked the Canadian Organizing Com
mittee to publish it as part of our panel discussion and you 
will be able to read it in Volume III.

(The remarks o f the General Reporter for Session 3 pre
sented to the Closing Session appear on pp. 592—3.)

C h a i r m a n  B j e r r u m

Thank you Dr. Moretto. It only remains for me to thank 
the various people who have contributed to this afternoon’s 
session. Special thanks are due to the panel members and 
the deputy chairman, and to all those who have contributed 
to the oral discussions. I think we owe special thanks to our 
General Reporter, who I know has put a tremendous amount 
of work into the preparation of the report which has con
tributed so much to making this session so successful. Thank 
you. I close the meeting.

W RITTEN CONTRIBUTIONS CONTRIBUTIONS ECRITES

R. A l p e r s t e i n  (U.S.A.)

Schmid and Kitago (2/45) have reported the relatively 
well-known, but often overlooked fact that the shear strength 
of cohesive soils is not a unique function of water content 
and effective pressure. However, the suggestion that the time 
dependency of the shearing strength, as purely a strain-rate 
effect, is the controlling factor in long-term failures appears 
to be an oversimplification. Of particular importance in this 
respect is the development of negative excess pore pressures 
during shear and the residual effective stress parameters

(Skempton, 1964). The development of excess pore pres
sures during shear (both positive and negative) is a function 
of the soil properties (A  parameter, which is a function of 
stress history) and the stress path to failure (Lambe, 1961, 
1964), whereas the residual effective stress parameters are 
solely soil properties.

As an illustration of the effects of negative excess pore 
pressures, consider the simple case of an ideal frictionless 
wall constructed to retain a cut in submerged normally 
consolidated soil, where the hydrostatic water pressures are 
prevented from acting upon the wall bv a system of weep 
holes (Fig. 31).

The active pressure immediately after construction, pan, 
at any depth, z, may be computed by the expression

Pau YbZ —Su (1)

where yb =  buoyant unit weight of the soil and Su =  un
drained shear strength of the soil. The undrained shear
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strength of normally consolidated soils may be represented 
by the following equation (modified after Skempton & 

Bishop, 1954)

S,, =  7bZ
sin 4>

Therefore
1 +  (2.4, -  1)

sin <t>

Pa  u =  7l>Z 1 ■ sin (j>

(2)

(3)
1  +  ( 2 , 4  t  -  1 )

where <£' =  effective angle of shearing resistance; A t =  ( A i i r 

— <rs f ) /  (A o-] (  — cr:ir ) =  A parameter at failure.
The long-term active pressure, p.uh at any depth, z, is given 
by

Paa =  7bZ [(1 — sin <£')/( 1 +  sin <£')]. (4)

The ratio of the long-term active pressure to the short-term 
active pressure may now be expressed as

P :id

Pau

1 — sin
1 +  sin 4> _

1 -

'2 sin <fi'

1 +  (2.4 r -  1)
sin 4>' (5)

This relationship is plotted in Fig. 32 for the normal range 
of soil properties of normally consolidated soils. It may 
readily be seen that if the A parameter is less than unity the 
long-term condition is the most critical. The converse is true 
for values of the A parameter greater than unity. For a

FIG.

A PARAMETER AT FA ILU R E , A,

32. Pressure ratio versus A para
meter at failure.

f i g . 33. Typical stress paths for active pressures.

normally consolidated soil with an f t  value of 30° and an A 
parameter of 0.8 the use of the undrained shear strength to 
calculate the active pressures will underestimate the pres
sures by as much as 44 per cent. One may visualize the loss 
of strength (increase in pressure) with time by considering 
the stress paths to failure shown in Fig. 33. IC' represents 
the effective stress path, and IC the total stress path, imme
diately after construction for a normally consolidated soil 
with A f less than unity for the type of loading considered 
above. With the passage of time both effective and total 
stress paths coincide at point F. The reduction in strength is 
represented by the difference of the length of the lines AC' 
and BF. AC' is the shear strength after construction and BF 
is the shear strength under long-term conditions. The dif
ferences in short-term and long-term strengths are more 
marked in overconsolidated soils where the A parameter 
may be less than zero.

The introduction of the concept of the residual effective 
stress parameters (Skempton, 1964) has led to another 
promising explanation of long-term failures. However, 
Skempton’s data indicate that the residual parameters are a 
function of movement, not of load duration as suggested by 
Schmid and Kitago. The choice of the residual factor de
pends upon the judgment of the designer in determining if 
movement has occurred. It is important to note that the 
bulge in the water content profile near the failure surface, 
as presented by Skempton in the Fourth Rankine Lecture, 
indicates that the failures did not occur at constant water 
content but that the soil imbibed water during the long-term 
shearing process. This would be the case if negative excess 
pore pressures had developed during the undrained portion 
of the application of shear stresses.

The writer disagrees with the authors’ contention that the 
measurement of pore pressures is not suitable for routine 
application in construction. All that is required is the proper 
training of personnel in the installation of the equipment and 
qualified soils engineers to interpret the data. The writer has 
had success in training non-professional technicians to per
form the laboratory tests to determine the effective stress 
parameters and the pore pressure parameters. In addition, 
considerably more testing would be required to determine 
the coefficients A and D introduced by the authors than is 
now necessary for effective stress analyses. Also, the pro
posed method places great reliance on the knowledge of the 
in-situ water content and its uniform distribution with depth, 
whereas in practice there is usually an erratic distribution of 
natural water content with depth that evidences a general 
trend from which design decisions may be formulated.
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Y . S. C h a e  (U.S.A.)
The following is a discussion of the paper by Makhlouf 

and Stewart (2/35).
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The modulus of elasticity of dry sand is dependent upon 
the density, the confining pressure, and the magnitude of the 
static and dynamic loads as well as the frequency of excita
tion. The dependence of the modulus of elasticity on con
fining pressure has been the topic for extensive research in 
the recent past, and it is now well known that the modulus 
of elasticity varies exponentially with confining pressure as 

expressed in the following equation: E  or G =  />,.1/", where 
E  is the modulus of elasticity, G the shear modulus, P,. the 
confining pressure, and n a constant.

Several methods are available to determine the elastic 
constants of soils, but the most reliable will be, as in any 
other tests, to conduct the test at the actual site employing 
a small oscillator and measuring the dynamic response of 

the oscillator-soil system. However, in the past the “resonant 
column” method has been widely adopted to evaluate the 
elastic constants by measuring the wave (either compressive, 
or shear, or both) velocities and using the relations vs =  
\ / ( G  ./ p) or v,. =  \ / ( \  +  2G) /  p in which vs =  shear velo
city, v(. =  compressive wave velocity, p =  mass density, X =  
Lame’s constants. For the unconfined condition v,. becomes 
v,. =  \ / ( E  /  p ) . The results obtained by Hardin on Ottawa 
sand, as shown in Fig. 34, were based on this resonant 
column method.

CONFINING PRESSURE (PSF)

f i g . 34. Effect of confining pressure cn shear modulus.

The elastic constants can also be determined in the labora
tory from the measurement of the dynamic response of a 
footing placed on soil. This method is based on the work of 
Reissner-Sung (Richart, 1962) in which the resonant fre
quency (or the maximum amplitude) in a footing-soil 
system on a semi-infinite elastic medium (half-space) is 
shown to depend on the weight and size of the footing, the 
properties of soil, such as density, shear modulus, and 
Poisson’s ratio p., and the type of pressure distribution at the 
contact zone as shown by:

f 0 — aa /  2wr0\ / ( p  /  G ),

where f t) =  resonant frequency, ;'() =  radius of footing, a() =  
frequency factor, which is a function of the mass ratio b, b =  
in0 /  pr„:l in which m 0 is the mass of footing.

The writer conducted a series of tests employing small 
footings placed on an Ottawa sand bin (Chae, 1964). As was 
the case with the tests of Hardin (1962) the void ratio of 
the sand was 0.51, indicating a very dense condition. The 
results obtained on the basis of p — 0.25 and a rigid base 
pressure distribution are shown in Fig. 34. The results

obtained by the writer and those by Hardin indicate a good 
continuity, despite the different methods used, in the test 
results, and clearly demonstrate the dependence of the shear 
modulus on confining pressure in the range from about 50 to
10.000 lb/sq.ft. It may be observed in this figure that the 
shear modulus varies with approximately one-half power of 
confining pressure. The unpublished test results obtained by 
the Army Cold Regions Research and Engineering Labora
tory (C.R.R.E.L.) using the “amplitude ratio” method also 
agreed reasonably well with Hardin’s results for the range of 
confining pressure shown.

In order to compare these results with those of Makhlouf 
and Stewart, their results for the modulus E  are converted to 
the shear modulus G through the relation G — E /  2(1 +  p), 
with the assumed value of p =  0.25, and are shown in Fig. 
34. The p value of 0.25 is assumed on the basis of previous 
investigations on Ottawa sand. It may be noted that the 
authors’ results are much smaller in actual magnitude as well 
as in rate of change with confining pressure. For the pressure 
range of 0.5 to 4.0 kg/sq.cm., the results of Hardin and the 
C.R.R.E.L. showed a variation of E  from about 31,000 to
87.000 lb/sq.in. as compared to the authors’ values which 
varied from about 20,000 to 33,000 lb/sq.in. This shows a 
discrepancy of about 50 to 270 per cent. Although the soil 
is a complex material and a great deal of difficulty is usually 
involved in the dynamic measurements, this discrepancy is 
too large to be ignored. It is not too clear in the paper what 
method the authors used to determine the modulus of elas
ticity. In any event, more research is needed to develop a 
standard method of evaluating the elastic constants of soils. 
As it stands today, however, the method based on “a half
space” theory seems to be most reliable when conducted at 
the actual site.
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T. K. C h a p l i n  (Great Britain)
The paper by M akhlouf and Stewart (2 /35) on the 

modulus of elasticity of dry sand contains interesting 
information. The significance of their work lies in the 
demonstration (from their Fig. 5) that even when a con
stant minor principal stress is applied, the rebound curve 
on unloading of a fully “elastic” sample shows that axial 
deformation can change in an almost linear curve with the 
square root of the principal stress difference, except at the 
highest stress when some creep may be still occurring.

It is difficult to see why the reloading stress-strain curves 
are so nearly linear, when simple reasoning would suggest 
that the reloading curve should have a parabolic shape like 
the unloading curve. This must be connected in some way 
with the reversed friction acting at slipping contacts, but 
the mechanism is not clear.

The data in Fig. 6 show that, for the loose sand, the 
reloading modulus of elasticity varies linearly with the square 
root of the cell pressure, but unexpectedly shows a large 
intercept on the modulus axis. Within experimental error, 
the value of Young’s modulus is about 5750 +  3290 \/cr:! 
where o-:! is measured in lb/sq.in. One may speculate that
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for crs might be applied. Much more information on this 
type of property of sand is needed.

J. D r n o v s e k  (Yugoslavia)
In the paper presented to this Conference by Suklje and 

Drnovlek, the stress-strain relationship has been supposed 
to be linear in the stress interval treated. When using the 
hollow cylinder specimens for the investigation of strength 
characteristics in the domain of stress states with one positive 
(tensile) principal stress, a suitable failure criterion has to 
be taken as the basis of the computation. If the strength is 
assumed to be governed by the Coulomb-Mohr envelope of 
stress circles, the yield criterion and the condition of 
equilibrium lead to the following solution (Suklje, 1964):

l_?0W

with the condition:

2c
V K ,

1 —
1 (i )

(2)

Tensile stresses have to be positive, p0 denotes the out
side and pi the inside pressure (negative normal stress) 
acting on the outside or inside periphery of a cylinder with 
the radii r0 and i-¡, K a =  tan2(77/4 — <j>/2), <f> being the shear 
angle, that is the slope of the envelope, and c the cohesion, 
that is the intercept of the envelope on the t  axis. For certain 
inside pressures pit the corresponding outside pressures p0,

flj, Ib/sq in

f ig .  35. Elasticity of dry sand (data from M a k h lo u f and 
Stew art (2 /35).

the roundness of the edges and corners of the particles is 
sufficient to cause contacts at low cell pressures to be mainly 
between very small asperities. On larger pressures those 
small asperities are nearly completely “blunted,” and there 
is significant distortion on a major scale under the normal 
load at that contact. This also involves tangential displace
ment of grain material at the contact. In other words, at 
higher pressures the contacts effectively approach the “con
stant geometry” type despite their initial “blunting” during 
placing of the sample.

The upper curve of Fig. 35 shows a rebound curve from 
Makhlouf and Stewart’s paper replotted against the square 
root of the principal stress difference. This suggests that the 
combination of creep under load and some initial flattening 
of the particle contacts has resulted in an equivalent initial 
value of stress difference amounting to about 3 to 4 lb/sq.in. 
It is interesting that the value of E  measured for reloading 
(lower diagram) has an intercept of 5,750 lb/sq.in., which 
again suggests that an equivalent initial value of 3 lb/sq.in.

f ig .  36. Bending tests. Top, testing arrangement; bottom , Load 
increment systems.
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f i g .  37. Trnovo lacustrine clay—  
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to govern the stress-strain relationship in the tensile and 
compression domains of the stress diagram.

If E t denotes the deformation modulus corresponding, at 
a given load, to the deflection of the beam when assumed to 
be of homogeneous deformability, the tension deformation 
modulus E x can be obtained from the equation (Suklje, 
1964):

= 2V [2V C E 2/ £ r) - l ] 2. (3)

Thereby E 2 denotes the compression deformation modulus 
which can be obtained by the unconfined compression test. 
The Coulomb-Mohr failure criterion applied for the assump
tion of simultaneous plastification in the compression and 
tension domain of stresses yields

and
sin 4> = 1 — (4M JQ ib a ") (4)

2c =  (4 .1 V (/A  cos 4>)) (5)

where h is the height and b the width of the beam, o-" the 
unconfined compression strength, and M t the bending 
moment at failure, that is when the first tensile fissure 
appears at the lower border of the specimen.

An alternative simple solution can be obtained by assum
ing again a sudden transition of the elastic stress-strain 
relationship, with different compression (E2) and tension 
(£ x) moduli, into the plastic state governed by the Coulomb- 
Mohr envelope (Suklje, 1964):

2c tanVi 2
M_

W

1 +  V  (E \/E i)  
2 (6)

where W =  bh2/6 . The second equation enabling the com
putation of both strength characteristics, c and <j>, can be 
deduced from the unconfined compression test:

2c tan(7r/4 +  <j>/2) = (7)

f i g .  38. Trnovo lacustrine clay— 
dry density and tensile strain versus 

water content.

at which tensile fissures appear, have to be ascertained. For 
pairs of corresponding pressures pi and p0 the cohesion c may 
be computed from Eq (1) for various values of (j> and plotted 
versus pressures p .̂ The horizontal plot c =  c (p,) =  const, 
yields the right values of c and <j>.

In many practical cases tensile stresses appear in combina
tion with compression stresses governed by bending moments. 
In the Soil Mechanics Laboratory of the University of Ljub
ljana, under the supervision of Professor Suklje, bending 
tests have been made on specimens having a cross-section 
area of 4 X 4 cm, a length of 22 cm, and a support distance 
of 16 cm. The interpretation of deformability characteristics 
has been based on Navier’s hypothesis and the different but 
constant deformation moduli E x and E 2 have been allowed

The direct relation of tension fissures to linear strains 
and bending curvature is of special interest for the safety 
criterion of constructions like the clay cores of earth dams. 
To obtain data about the influence of moisture content and 
of compaction energy on the ductibility of the clay core, 
the vertical and horizontal displacements of pins lying 
initially in horizonal lines of bending beams have been 
measured with all possible precision. A precise theodolite has 
been used for this purpose, enabling readings with an 
accuracy of 0 .0 1 mm.

Fig. 36A shows the testing arrangement with three rows 
of measuring pins (the plate support in the midspan serving 
to eliminate the dead weight before testing) and Fig. 36B 
the load increment system (a continuous load layer). In 
Figs. 37 and 38 an example is given of the results obtained 
for a chalk (Trnovo lacustrine clay) to be built into the 
core of the Trnovo earth dam in the Soca valley (Slovenia). 
The subsoil of this dam (height 80 m) consists of lens
shaped lake deposits (chalk) with a maximum thickness of 
about 200 m. As non-uniform settlements of the subsoil up 
to about 150 cm are to be expected, attention must be paid 
to tension fissures especially in the contact surface between 
the core and the subsoil. The creep effects are taken into 
account when computing the displacements to be foreseen 
in the contact surface. Thus the critical strains and curva
tures ascertained by bending tests can immediately be com
pared with the strains and curvatures corresponding to the 
computed displacements in the contact surface. The probable
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strengthening effect appearing at a slower development of 
deformations increases the safety of the construction.
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B. O. H a r d i n  (U.S.A.)
Bamert, et al. (2/3) have designed an apparatus with which 

soil stiffness or wave velocity can be measured for a soil 
specimen while the specimen is subjected to various triaxial 
states of stress. The cylindrical specimen was subjected to an 
isotropic confining pressure and an axial load, after which a 
transient excitation was produced at one end of the specimen 
and the response measured at the opposite end. From the 
measured travel time the wave velocity and stiffness of the 
specimen were determined for anisotropic as well as iso
tropic initial static states of stress.

general states of stress on the stiffness of dry round-grained 
sand as well as a saturated remoulded clay. The tests on dry 
sand by Hardin and Black (1965) have shown that the stiff
ness determined by small amplitude vibration is independent 
of the deviatoric component of the initial static triaxial state 
of stress. Further, the shear modulus, G, can be calculated 
from the following equations based on the results by Hardin 
and Richart (1963):

i

Round grains J 
(Ottawa sand)|

G =

G =

(32.17 -  14.80e)2 1/2 
( 1 +  e)

for ao >  2000 lbs/sq. ft. 
(22.52 -  10.60e)2 3/5

<T0 i

I
( 1 +  e)

for (T0 <  2000 lbs/sq. ft

where <t 0 =  /i(cr1 +  cr2 +  cr3), the isotropic component of the 
general state of stress in lb/sq.ft., replaces the isotropic con
fining pressure, e is the void ratio, and G is in lb/sq.in. The 
maximum pressure used by Hardin and Richart was 8000 
lb/sq.ft.

In Fig. 40 the ranges of results for E<n and £ d2 found by 
the authors for isotropic states of stress on the quartz gravel 
are shown. Also the values of £ (U and E,u  for anisotropic 
initial states of stress shown by the authors in Fig. 8a have
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f i g . 40. Modulus of elasticity versus isotropic 
components of stress for quartz gravel.

been plotted on Fig. 40 using the isotropic component of 
the anisotropic state of stress as abscissa. These results con
firm the writer’s conclusions that the stiffness of dry sand 
depends on the isotropic component of initial state of stress 
and is independent of the deviatoric component.

f i g . 39. Apparatus for vibration during 
the triaxial test.

The apparatus shown in Fig. 39 was designed and built 
by Hardin and Music (1965) who have given a detailed 
description of the apparatus and its use elsewhere. The 
apparatus, which is compact and fits into an ordinary tri
axial cell, subjects the cylindrical specimen to small amplitude 
steady state, torsional vibration and measures the response 
during or after the application of triaxial states of stress. 
The shear stiffness or shear wave velocity is determined from 
the resonant frequency of the specimen-apparatus system.

This apparatus has been used to study the effect of various
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K. H. H e a d  (Great Britain)
The application of residual strengths of clays to the ana

lysis of long-term stability of clay slopes was described by 
Skempton in the Fourth Rankine Lecture (1964). In the
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design of the Mangla Dam Project in West Pakistan we have 
been aware of the significance of residual strengths of over
consolidated clays and have applied them to the stability 
analysis of the slopes of the enormous excavations. During 

the past five years we have been trying to measure residual 
strengths by triaxial tests in the site laboratory at Mangla as 
a routine procedure, and this contribution outlines some of 
our procedures and findings.

MANGLA CLAYS

The Mangla Dam Project on the River Jhelum lies on 
sedimentary deposits of the Siwalik system of middle to late 
Tertiary age. These deposits consist of heavily overconsoli

dated, stiff-fissured, silty clays, interbedded with sandstones 
and gravels. The effective shear strength of the clay bedrock 
was the controlling factor in stability analysis.

(b)

(c)

f i g .  4 1 . O r ie n ta t io n  o f  s a m p le s :  (a)  d ip  s e c t io n ;  ( b ) b lo c k  

s a m p le s ;  ( c )  t r i a x ia l  s p e c im e n s .

TEST PROCEDURE

Specimens for triaxial tests were generally \)i in. in 
diameter and were hand-trimmed either from NX-size cores 
from drill holes, or from block samples hand cut from bed
rock exposures. Samples were saturated under back pressure 
in the triaxial cell and consolidated. Effective shear strengths 
were measured from drained tests in which the rate of strain 
was slower than that calculated from the cv value derived 
from the consolidation curve. Typically, the rate of strain 
was 0 .2 per cent per hour, which ensured virtually no pore 
pressure change during shear. Tests were extended beyond 
the peak point on the stress-strain curve until the measured 
deviator stress fell to a steady value, or until the practical 
limit of the test was reached.

Triaxial tests were carried out on the following five types 
of bedrock material. (1) Intact clay (i.e. clay with no visible 
fissures or other surfaces of discontinuity). (2) Remoulded 
intact clay. (3) Sheared clays, that is clay from shear zones 
which were a feature of the bedrock lying parallel to bedding 
planes, oriented so that the surface of failure in the test 
would be parallel to the direction of tectonic shear (Fig. 
41a). (Shear zones are described in greater detail in a con
tribution to Division 6 .) (4) “Split” samples which were 
trimmed from either side of a natural joint surface (such as 
a thrust shear joint) and fitted together so that the joint 
became a predetermined failure surface. (Fig. 41b). 
(5) “Sliced” samples, that is intact samples which were hand 
cut at about 30° to the axis to produce an artificial surface 
of discontinuity along which failure occurred in the test.

GENERALIZED TEST RESULTS

Some typical stress-strain curves are shown in Fig. 42. 
Curve 1 is for a typical intact unsheared clay and shows 
pronounced peak at small strain, followed by a decrease in 
strength to a much lower value (typically two-thirds to 
one-third of the peak value) represented by point X. This 
is the practical limit of the triaxial test at which the “ulti
mate” residual value (denoted by Y) has probably not been 
reached. Curve 2 is typical of a sheared clay, with a slight 
peak and an apparently slightly lower residual strength than 
Curve 1. Curve 3 is obtained from a test on a “split” of a

S T R A IN  (P E R  C E N T )

f i g . 42. Typical stress-strain curves.
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“sliced” sample which fails along an existing surface of 
discontinuity. It has no peak strength. Curve 4 represents a 
remoulded sample of the same material as Curve 1. It seems 
likely that if all tests could be extended far enough, all four 
curves would give the same residual strength for a given type 

of clay.

SHEAR SURFACES 

Almost without exception, the failure surfaces of intact 
clay bedrock samples had a somewhat polished appearance 
with striations parallel to the direction of relative movement 
during shear. Surfaces were not necessarily plane; they were 
frequently conchoidal and undulating. Samples from shear 
zones had failure surfaces which were highly polished (Fig. 
43) and very similar in appearance to the natural shear 
surfaces observed in situ.

confined compressive strength in situ. Four different types of 
field compressometers (Fig. 44) have been constructed and 
tested by the Soil Mechanics Laboratories of the Finland 
Institute of Technology and the State Institute for Technical 
Research in Helsinki.

f i g . 43. Failure surfaces in triaxial test samples.

CONCLUSIONS

Some of the significant mechanical properties derived from 
the investigation of the clay bedrock at Mangla can be 
summarized as follows.

1. Intact clays possess a peak strength which is typically 
IM to 3 times the measured residual strength.

2. Clays from shear zones possess little or no peak 
strength but their “ultimate” strength is of the same order as 
the residual strength of an intact clay of similar index 
properties.

3. Tests on artificially sliced samples, on “split” samples 
taken from either side of a surface of discontinuity, and on 
remoulded samples, all gave shear strength results similar to 
the residual strength.

4. These factors indicate that the shear strength of joints 
and zones of discontinuity within overconsolidated clay 
bedrock cannot be greater than the residual strength of 
intact material. The attitude of bedding, joints, and other 
geological features is therefore of fundamental importance in 
stability analysis.

K. V. H e l e n e l u n d  (Finland)

The General Reporter has proposed that special attention 
be given to problems concerned with in-situ investigation of 
soil compressibility. Following this proposal I should like to 
present some new instruments recently developed for 
measuring compressibility and elasticity characteristics and f i g . 44. Types of field compressometers.
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Field compressometer H I (Fig. 44a) resembles a sampler 
with a square cross-section in which the soil specimen is 
subjected to compression between two horizontal pistons. In 
this type the soil specimen can only expand in a vertical 
direction, whereas in type H2 (Fig. 44b) lateral displace
ment can take place during compression in both the horizon
tal and the vertical direction. The pore water can escape 
through porous plates of filter-bronze on the surface of the 
horizontal pistons. The load is transferred to the pistons from 
a vertical loading rod through a wedge, and the compression 
is calculated from observation of the vertical penetration of 
the loading rod (Fig. 45).

an undrained test for measuring the modulus of elasticity 
(for calculation of the immediate settlement) and confined 
compressive strength. So far all tests have been made with 
controlled stress, but rapid tests may be performed with 
controlled strain, too. A detailed report on the construction 
of the new instruments and the results of tests carried out 
will be published at the end of 1965.
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F. K a w a k a m i  and S. O g a w a  (Japan)
In connection with our paper (2 /2 7 ), we should like to 

present a short comment on the relation between the moduli 
of resilient deformation and the number of stress applica
tions in the repeated loading test carried out on a compacted 
soil.

The relation between the axial deformation and the num
ber of repeated stress applications differ according to the 
intensity of repeated stress and confined stress and the type 
of specimen. An example of these relations for silty loam 
is shown in Fig. 46. In general, the axial strain increases 
and the variation of axial strain due to the number of 
repeated loadings is significant when the water content of the

f ig .  45. Arrangement of field compressometer.

In type H3 (Fig. 44c) the horizontal pistons are displaced 
by a flexible membrane. The load is produced by pumping 
water or air behind the membrane; the pressure is read from 
a manometer at the ground surface, and the amount of 
compression is calculated from the measurement of water or 
air volume changes. A similar method is applied in the type 
of compressometer shown in Fig. 44d, which consists of a 
“ring-vane” with two outside membranes forming a central 
pressure cell. At the end of each test the pressure cell has a 
spherical shape.

The compressometer is pushed down under the bottom of 
a cased borehole. In hard soils it may be difficult to press 
down the instrument in the subsoil. A compressometer of the 
type shown in Fig. 44d has an advantage in that its cross- 
section is small and consequently the penetration resistance is 
also small. Moreover, a large cross-section causes distur
bance of the surrounding soil mass which may change the 
properties to be measured.

The test is generally performed as a drained (slow) test 
for determining compressibility and consolidation charac
teristics of the subsoil. However, it can also be performed as

f ig .  47. Relationship between modulus of resilient de
formation, confining stress, and number of repeated 

stress applications.

Sample Silty lo avi

It} =21.3 7.
6d= /. 45 q/cm3 
Or = 0.Z6-I.28 Kg/Cm*

f ig .  46. Relationship between axial strain, confining stress, and 
number of repeated stress applications.
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specimens is high or the intensity of repeated stress is large. 
However, the opposite tendency is developed when the water 
content of the specimen is lower or the intensity of repeated 
stress is small.

It is found, furthermore, that the moduli of resilient 
deformation increase and their variation with the number 
of stress applications is significant with the intensity of con
fined stress (Fig. 47). It is considered that the hardening 
effect of soil will increase not only from the repeated stress 
application, but also from the long-term application of con
fined stress.

n o t e : In Fig. 10 of paper 2/27, the figure “50” on the 
ordinate should be “5000.”

J. G. L a n g e r  (Canada)

Après la conférence spéciale sur la Mécanique des 
roches tenue par M ayer et à propos de la conférence 
spéciale de Haefeli concernant le Fluage et rupture 
progressive dans la neige, le sol, le roc et la glace et 
avec l’étude Aisenstein (6/1), il nie semble être utile 
de participer dans la discussion avec les remarques 
suivantes.

Pour q u ’il y ait glissement dans une roche, il faut et 
il suffit que l’on puisse trouver un plan à faible résis
tance dans lequel il n ’y ait plus équilibre des tensions 
appliquées et du frottem ent. Ainsi dans le cas du roc 
obliquement stratifié, il faudra assurer la fondation 
contre un glissement éventuel dû aux forces existantes. 
L ’assurance est d ’im portance particulière, si entre les 
couches se trouve une in terstrate prédisposée au glisse
ment, par exemple si un rocher est divisé par des 
diaclases de schiste argileux. Alors, en plus que le plan 
inférieur de la base doit être considéré comme un plan 
de glissement, cette in terstrate oblique devra être 
pareillement mise en analyse, parce que sous l’effet des 
forces appliquées, un glissement pourrait être produit 
sur cette pente. Talobre (1957) donne une formule, 
comme une extension de la loi Coulomb. Il déclare q u ’il 
y aura équilibre, si

<rz cos /3 sin((p — /3) +  <Ty sin /3 cos(tp — 13)
+  c cos ip — il sin <p >  0 (1)

où (7Z =  résistance verticale du sol, <ry = résistance 
horizontale du sol, ß = angle du pendage, <p = angle de 
friction interne de l’in terstrate faible, c = cohésion, 
u = pression interstitielle. L ’angle ß doit être déter
miné sur la base d 'une méthode statistique. Nous nous 
référons par exemple à la méthode du canevas Wulf 
(Talobre, 1957) ou à la méthode de W alter Schmidt 
(Mueller, 1963).

0

f i g .  50 . Cas o ù  (p =  0.

Quant à l’interprétation de Talobre, L. Mueller 
(1963) l’estime pratique et convenable pour utiliser 
dans la mécanique des roches. Je voudrais compléter 
cette formule, établie sur la base des considérations 
théoriques et vérifiée par l’expérience, avec quelques 
théorèmes.

1. La formule 1 se rapporte au cas où <p >  /3. Mais 
dans la pratique il arrive souvent que /3 >  <p. Alors les 
fonctions trigonométriques s'appliqueront selon une 
valeur négative de (<p — /3). Ce cas est illustré dans la 
Fig. 48. (a) <rz est en équilibre statique avec les con.

f i g .  4 9 . Cas o ù  ß = 0.
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trahîtes tg.,, et n$Jy. La contrainte / , n ’est pas en équilibre 
contre glissement sur la pente ¡3, par contre est 
équilibrée sur la pente /3 mais n ’est pas équilibrée sur 
la pente <p à cause de son obliquité, (b) npz est partiel
lement équilibrée sur la pente <p jusqu’à la limite de 
l’angle <p mais non équilibrée correspondant à la valeur 
(¡3 — ip). La contrainte est en équilibre avec les 
contraintes t(p~V)z e t n ^ - V)7, mais, tandis que n (p-v)z est 
équilibrée, parce q u ’elle est une contrainte normale, la 
contrainte de glissement t ^ - V)z reste non équilibrée, (c) ay 
est en équilibre statique avec les contraintes t$y et n$y. 
La contrainte tgy est équilibrée contre glissement par la 
composante <ry sur la pente /3. La contrainte nÿy est en

FIG. 51. Disposition du jeu des contraintes dans le cas de stratifica
tion en pendage opposé à la traction principale.

équilibre sur la pente /3 mais non équilibrée sur la pente 
<p à cause de son obliquité, (d) La contrainte n$z est en 
équilibre avec t ^ - V)y et »({_,)y. La contrainte y est 
contrebalancée par la composante try. Or la contrainte 
B(j_f)y sera la contrainte normale, qui, avec la résistance 
au glissement t(p~V)Z déterminera la stabilité de Coulomb:

^  ^(0—<p)y t3-tl <p (2)

2. Si <p =  ;8, toute valeur de c z conduit à l’équilibre 
e t il suffit que uy ne soit pas une traction supérieure à 
c cot ip.

3. Si /3 =  0, la disposition sera déterminée par la fig. 
49. Pour q u ’il y ait équilibre, il sera suffisant que

az sin ¡p >  0 (3)
et

tan  <p >  a j a y. (4)

4. Si <p =  0, la condition de l’équilibre est démontrée 
par la Fig. 50. Dans ce cas la condition de l’équilibre 
sera déterm inée par l’équation

— az cos 13 sin /3 +  c’y sin /3 cos /3 >  0, (5)

c’est-à-dire les contraintes finales de l’équilibre seront 
opposées aux composantes originales horizontale et 
verticale.

f>. En cas de stratification en pendage opposé à la 
traction principale, la Fig. ôl m ontrera la disposition 
du jeu des contraintes. S'il s’agit d ’un rocher sain, 
même en cas des interstrates faibles, nous aurons la 
stabilité contre glissement.

Il faut noter que dans le groupement 1 à 5 à cause de 
la simplification nous avons fait abstraction de la 
cohésion et de la pression interstitielle. L ’établissement 
de l’équilibre ainsi examinée devra être suivi d ’une 
analyse de la stabilité avec l’application d 'un facteur de 
sécurité convenable.
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M . M a t e o s  (Spain)
The paper by Wissa, et al. (2/60) presents a new approach 

to the analysis of stabilized soils. Unfortunately, it presents 
mostly testing procedures and results, with very little discus
sion. It is our opinion that the paper will be of more value if 
a general discussion or conclusions could be written by the 
authors.

E. T. M i s i a s z e k  (U.S.A.)
A set of very carefully taken hand-carved samples of 

sensitive Massena clay were obtained approximately 1200 
ft downstream from the east end of the Bertrand H. Snell 
Lock, at the base of the north bank of the St. Lawrence 
Seaway channel located near Massena, New York. Table I 
indicates the magnitude of various index values for the clay 
sampled and subsequently utilized for consolidation testing.

The main object of the laboratory testing programme was 
to ascertain whether or not the size of the consolidation 
sample had a significant effect on the e-log P curve. It was 
decided to utilize consolidometer rings which all possessed a 
height of 0.75 in. and had diameters of 1.0, 1.5, and 2.0 in. 
All rings were machined from the same brass block and the 
smoothness of all ring interiors was established as essentially 
the same through the use of a surface roughness indicator.

T A B L E  I. IN D E X  V A L U E S  F O R  CL A Y  U S E D  FO R  C O N S O L ID A T IO N  T E S T IN G

High Low Average

Number
of

deter
mina
tions

Liquid limit, % ,  w l 50.70 49.75 50.25 30
Plastic limit, %, u ’p 23.6 23.0 23.4 30
Plastic index, % ,  I p — — 26.85 30
Shrinkage limit, % ,  i»s 27.16 25.10 26.14 30
Specific gravity, G 2.77 2.73 2.75 30
Natural water content, % , w 66.53 57.10 61.45 60
Degree of saturation, % , S r 105.23 97.22 101.11 60
Void ratio, e 1.82 1.53 1.67 60
Sensitivity, St 28 16 22 12

Based on the data contained in Table I and the fact that 
all hand-carved samples were obtained from the same ground 
elevation and within a radius of four ft of one another, it 
was felt the clay utilized for testing could be assumed to be 
from the same geologic deposit and of a similar nature. The 
loading sequence followed during the consolidation tests was
0.4, 0.8, 1.2, 1.6, 2.0, 2.4, 2.8, 3.2, 6.4, 12.8, and 25.6 
tons/sq.ft., with increased loads being applied once every 
24 hr. Consolidation dial readings were taken for each load 
at time intervals of 0.10, 0.25, 0.30, 1.0, 2.0, 4.0, 8.0, 15.0,
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f i g .  52. Ae versus log P curves for sensitive Massena clay—each curve represents the average of
5 tests.

30.0, 60.0, 120.0, 240.0, 480.0, and 1440 min. e-log P 
curves were plotted using the void ratio change computed by 
utilizing consolidometer dial readings of zero and 1440 min.

It was felt that the two most important ratios which might 
be related to variations in e-log P curve plots were the ratio 
of circumferential consolidometer ring area to the consolida
tion sample cross-sectional area for the same consolidometer 
ring (see Table II) and the ratio of the consolidation test

T A B L E  I I .  R A T IO  O F  C IR C U M F E R E N T IA L  

C O N S O L ID O M E T E R  R IN G  A R E A  TO 

C O N S O L ID A T IO N  S A M P L E  C R O S S -S E C T IO N A L  

A R E A  F O R  V A R IO U S R IN G  D IA M E T E R S

Ring circumferential area _  C
diameter consolidation sample A

(in.) cross-section

1.0 4.0
1.5 2.7
2.0 2.0

sample cross-sectional area to the total consolidation sample 
volume for the same ring.

Since the height of all consolidometer rings for this 
investigation was held constant at %, in., the ratio of A  (con
solidation sample, cross-section area) /  V  (total consolida
tion, test sample volume) would be a constant value of 8/3. 
Hence, it would appear, if one employed a relatively consis
tent technique of sample preparation, that any differences in 
the e-log P curves could be attributed to the respective C /A  
ratios for the consolidometer rings utilized.

The results of the testing programme in the form of e-log

P curves are illustrated in Fig. 52. It is to be noted that each 
of the curves shown in Fig. 52 is the average curve, plotted 
from the e-log P results obtained from five separate consoli
dation tests. Furthermore, these average curves have been 
corrected for consolidation machine deflections. It is appa
rent from Fig. 52 that the results obtained from the five
2.0-in. and five 1.5-in.-diameter samples are almost identical. 
In contrast the e-log P curve plotted using the data from the 
five 1.0 -in.-diameter samples falls significantly above the 
other two curves.

If one assumes that the effect of ring friction is constant 
per unit length of ring circumference, and further that the 
lateral disturbance caused by the ring friction is constant, 
regardless of ring diameter (see Fig. 52), then one is forced 
to look for another cause for the difference in e-log P curves.

Furthermore, in accordance with the relative position of 
the 1.0-in., e-log P curve and the other two e-log P curves, 
it is apparent that at the same consolidation pressure (p ), the
1.0 -in.-diameter sample underwent a smaller change in void 
ratio increment. Hence, whatever the cause, the effect 
appears to be smaller when a smaller diameter ring is used. 
As an explanation for the lesser void ratio change in the
1.0 -in.-diameter sample, it is suggested that the sample 
cross-sectional surface disturbance caused by horizontal 
trimming of the smaller diameter sample is less than for the 
larger diameter samples. Hence, it might be concluded that 
sample size does have a significant effect on consolidation 
test e-log P curves. However, whether a larger sample gives 
a more reliable curve is at least questionable, since a larger 
cross-sectional area for a sensitive clay may result in a higher 
degree of surface disturbance while preparing consolidation 
test samples.
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A. S. P a t w a r d h a n  an d  N. A. T s y t o v i c h  (U.S.S.R.)

An investigation of the influence of effective normal stress 
on the viscosity, limiting shear stress for initiating flow, and 
gain in strength of clayey soils during simple shear was 
conducted with the aid of samples prepared of kaolinite paste 
(wL =  56.6 per cent, wr =  38 per cent). The investigation 
consisted of a series of simple shear tests during which 
samples, prepared by compacting kaolinite paste under a 
load of 5.0 kg/sq.cm., were subjected to a given shear stress 
( t )  of constant magnitude under different normal stresses 
(o-n) (w =  38-38.5 per cent, e =  1.0-1.05, coefficient of 
saturation 0.95-0.98). The samples tested had practically 
identical physical properties. As shown by Lomize, et al.
(1963) under the action of the stresses mentioned above 
the sample undergoes simple shear strains. Loading was 
carried out by a regulated flow of water at a constant rate 
(0.020 kg/sq .cm ./m in). During the process of loading as 
well as while the sample was subjected to constant shear 
stress the total shear strain (y), the shear strain rate (7 ), 
and the pore pressure (h) were measured at different points 
of the sample and at specific time intervals.

During the simple shear tests on saturated clayey soils it 
was observed that during loading, and in the process of shear, 
pore pressures of considerable magnitude developed. The 
magnitude and the nature of rise and dissipation of pore 
pressure in clayey soils during simple shear depends upon a 
number of factors, especially the rate of loading (f), the 
applied normal and tangential stresses (o-„, t ) ,  and the void 
ratio (e ). In addition, considerable influence on the nature 
of the pore pressure arising during the process of simple 
shear in clayey soils is exerted by their mineralogical com
position and the structural properties (Patwardhan, 1965). 
It may be emphasized here that the pore pressure which 
develops during the process of creep under constant stresses 
is positive for normally consolidated soils and negative for 
overconsolidated soils. Experiments have shown that during 
loading, as well as after the termination of the process of 
loading, a definite relationship exists between the rate of

shear strain (7 ) and the pore pressure (u) (Fig. 53). In a 
drained shear test the pore pressure generally dissipates with 
time. However, in a number of cases it was found that the 
pore pressure did not dissipate fully but that a residual 
pressure of a certain magnitude was developed, especially 
under the action of comparatively higher values of < rn and t . 

It is also interesting to note that the strain, on the attainment 
of which the pore pressure reaches a constant residual value 
or equals zero, also corresponds to the value of strain at 
which the creep proceeds at a constant rate. In view of this, 
while studying the relationship between the coefficient of 
plastic viscosity (17) and limiting shear stress (r t ) on one 
side and the normal stress on the other, it is advisable to 
express them in terms of the effective normal stress (o-t,£) 
rather than in terms of the total normal stress O n).

As shown by Lomize, et al. (1963), the relationship be
tween shear strain (y) attained at the end of a given interval 
of time and the normal stress (<rn) is non-linear.

Our investigations have shown that the relationship be
tween the limiting shear stress (t j ) and the effective normal 
stress (crei) during simple shear may be expressed as

Ti =  ro  \b +  c(o-ot)m] ( 1 — n log <re(), ( 1)

where y0, a, b, m  and n are parameters which may be deter
mined experimentally. Moreover, it has been established that 
the relationship between plastic viscosity and the effective 
normal stress during creep may be expressed as

vPi =  Vo ( 1 +  41 log o'er)» (2 )

where y0 — plastic viscosity when cr,.f — 1 and <f> is a para
meter to be determined experimentally.

With a view to analysing the nature of different types due 
to long-term shear deformation, experiments to determine 
the long-term equivalent cohesion were carried out. For this, 
various undisturbed as well as remoulded samples of 
normally consolidated and overconsolidated clayey soils at 
different densities were tested with the help of the spherical 
plunger method of Tsytovich (1957). For every sample, the

U i* !0
-6

cm‘Jiao Unite cm1 const  ̂i SKlj/c

W"3a.3jf. ; WL = t t , 6 / ;

f i g . 53. Relationship between rate of shear strain and pore pressure.
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f i g . 54. Influence of deformation on long-term strength of clayey soils.

long-term equivalent cohesion was determined before sub
jecting it to shear and after creep at a practically constant 
rate of strain was established. The difference between the 
curves of long-term equivalent cohesion (c in kg/sq.cm.) 
obtained by tests before subjecting the sample to simple 
shear strains and after shearing until the establishment of 
flow at a practically constant rate reflects the influence of 
the process of deformation on the long-term strength of 
clayey soils (Fig. 54).

It has been shown that, in general, the long-term strength 
of remoulded, normally consolidated soils increases during 
the process of simple shear. In the case of undisturbed clayey 
soils the long-term strength decreases if the stresses acting on 
them are less than the structural strength, but increases if 
the stresses are greater than the structural strength. In the 
case of heavily overconsolidated soils (degree of overcon
solidation >  10 ) a certain decrease in strength may result 
during the process of shear.
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E . B . S o u t o  S i l v e i r a  (B r a z il)

In my paper (2 /49)  presented to this Conference, the 
modulus of linear deformation of a typical compacted soil 
was computed, assuming a Poisson’s ratio, v, of 0.5. I wish to 
indicate briefly some new results obtained as a continuation 
of our work, in which we have tried to establish a new way 
to compute simultaneously both “elastic” parameters, a 
modulus of linear deformation, E, and a practical Poisson’s 
ratio. (We call it a practical Poisson’s ratio because it 
includes factors such as dilatancy and scattered displace
ments of particles in unknown localized zones.) The two 
parameters are determined through the statistical interpreta
tion of triaxial tests, independent of the measurement of 
volume changes. Applying to the specimens the same equa
tions that will govern further applications when the elastic
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theories are applied to soil masses, the two parameters can 
be computed, as well as their accuracies, which furnish an 
appropriate means for judging the possibility of applying the 
elastic theories to the soil, not only in the phase of deter

mining its characteristics, but also in the later phase of 
applying the same theories to the masses of soils. This 
provides a certain condition of compatibility between the 
tests and the further application of their results.

The elasticity equation e =  1 /E  (cr, — 2ra-:i), for o-L, =  

o-3, can be written as cr1 — bxe + b2cr3, for b1 =  E  and b2 — 
2v; E  and v will then be given by the results of the statistical 
computation through the individual readings ( e, <rlt cr8) of 
triaxial tests performed under different chamber pressures 
(Souto Silveira, 1965). The points to be considered in this 
analysis, assumed as belonging to the linear initial portion of 
the stress-strain curves, may be chosen through the criterium 
proposed in our previous work, described in paper 2 /49. The 
confidence limits of E  and v can also be computed.

It should be pointed out that the same elasticity equation 
may be written o-, ~  E t + 2w ;! or, subtracting 0-3 from both 
sides, crl — 0-3 =  Ee +  0-3 (2i> — 1). This last equation shows 
why, if we assume a straight line through the initial points 
of the stress-strain curves of triaxial tests (0-3 =̂= 0 ), this 
straight line does not necessarily pass through the (0 ,0 ) 
point, unless v =  0.5, as experimentally observed in some 
soils by other authors and in our previous work.

Computations were made upon two typical soils, a sandy 
soil and a clayey soil, compacted under different moulding 
conditions (several levels of water content and dry density), 
the results of which are summarized in Figs. 55-57. The 
two parameters, E  and v, proved to be valid for the first 
66 per cent (for the higher water content) to 94 per cent 
(for the lower water content) of the total range of varia
tions of the stresses, for the sandy soil, and for 60 to 82 per 
cent analogous values, for the clayey soil. A general agree
ment between the determined values of the practical

393



^  Term in  /Jj s ta t is t ic a l ly  n o n s ig n ifica tive

W a te r  c o n te n t w (% )

f i g . 56. Standard Proctor curves and variation of E and v with w 
and yd for two soils.
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f i g . 57. Variation of EL with w and <r3 for two soils (statis
tically significant).

Poisson’s ratio and general information concerning the 
volume increase of very dense soils and volume decrease of 
soft clays and loose sands was also observed.

The 80 per cent confidence limits were found to be within 
approximately ±3  per cent of the average values, for the

modulus of linear deformation, and ± 8  per cent, for the 

practical Poisson’s ratio.
It should be pointed out that these results are only the 

initial steps of a research programme, within which, for 
convenience, only Q tests have been considered so far. It is 
being extended to the more fundamental applications of soil 
mechanics, in view of its gratifying indications.

r e f e r e n c e
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R. L. S c h i f f m a n  ( U .S .A .)

The General Reporter has made mention of the papers in 
this division which have contributed to an analysis of the 
theory of consolidation beyond the assumptions of the 

Terzaghi-Rendulic theory.
For purposes of discussion one might make a distinction 

between the Terzaghi-Rendulic (Terzaghi, 1923; Rendulic, 
1936) and the Biot (1956) theories of consolidation. Both 
theories have the same physical basis, in that the assumptions 
with regard to governing physical properties are the same: 
that is, the soil system is a poro-elastic continuum. The 
difference between the two lies in the geometrical restraints 
placed upon the deformations and the flow of pore water. 
Whereas Biot’s theory has no inherent geometrical con
straints, the Terzaghi-Rendulic theory is limited to a one
dimensional deformation, and the time independence of total 
stress components. Recently the differences between these 
two theories have been analysed (Mandel, 1950; Gibson, 
1963; Gibson, et al., 1963; de Josselin de Jong, 1963a, 
1963b, 1964; Cryer, 1963; de Leeuw, 1964). The phenomena 
concerned in these differences have been the subject of two 
papers to this conference (2/25, 2 /3 2 ).

The differences between the Terzaghi-Rendulic and the 
Biot theories manifest themselves in two interdependent 
phenomena— the excess pore pressure and the total stress 
progress with time. Using the Terzaghi-Rendulic theory as 
in paper 2 /57  the excess pore pressure follows the heat 
conduction equation and the effective stresses are derived 
from the theory of elasticity. A graph of excess pore pres
sure versus time would show a continual decrease of the 
excess pore pressure starting with its initial value at zero 
time. Following the Biot theory, however, a considerably 
different behaviour would occur. An analysis of the Biot 
theory for a strip loading, that is plane strain, has been made 
(McNamee and Gibson, 1960a, 1960b; Jordan, et al., 1965). 
Fig. 58 presents the volumetric stress-time relationships at a 
point beneath the centre of the strip loading. It is seen that 
the early time behaviour of the excess pore pressure (cr/p) 
shows an increase, over the initial excess pore pressure, fol
lowed by a dissipation. Also the total volumetric stress 
(crj +  (To) /2p , far from being constant in time, has a sub
stantial time variation. The time variation of the total and 
effective stress components is shown in Fig. 59. It is seen 
that both the vertical (<r7J p ) and lateral (<rXK/p )  total stress 
components will vary in time, although the variation of the 
vertical stress is somewhat less than the variation of the 
lateral stress component. Neither of these total stress varia
tions occurs in the Terzaghi-Rendulic theory.

The initial condition of negative lateral effective stress 
results from the imposed initial condition of zero volume 
change. A t the instant of loading the imposed excess pore 
pressure is that of an incompressible material. The total 
lateral and vertical stress components are the elastic stresses.
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f i g .  58. Time-volumetric stress relationships.

f i g .  59. Time-normal stress relationships.

In this plane strain problem the elastic stresses are indepen
dent of Poisson’s ratio v. Since the imposed total lateral stress 
component is less than the initial excess pore pressure, the 
effective lateral stress component is negative.

The time variation of excess pore pressure and total stress 
can be explained by invoking the argument of Gibson, et al. 
(1963). During the early stages of consolidation the state of 
effective stress remains relatively constant due to the delay

in drainage. One might consider that there is a queueing 
of the drainage process with the vapour layers draining first. 
As drainage progresses in the upper layers the effective com
pressibility of these layers will decrease. Thus one can 
imagine a material with a non-uniform compressibility 
increasing from top to bottom and dependent on the pro
gress of drainage (tim e). This “non-homogeneity” will 
require, for compatibility of strains, that the total stresses
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f i g . 60. Effect of Poisson’s ratio on fime-excess pore pressure relationships.

for the element in question increase with time. Since the 
element in question is draining at a very much slower rate, 
the effective stresses will remain relatively constant. The net 
effect, according to the effective stress principle, is an in
crease in the excess pore pressure for the point in question.

At later times the phenomena described above will apply 
to an element at a lower depth. The element in question will 
then be contributing to the total stress increase at lower 
levels and will therefore decrease. The drainage of the 
element in question will cause an increase in effective stress. 
As a consequence the excess pore pressure will decrease, but 
at a faster rate than predicted by the Terzaghi-Rendulic 
theory.

Fig. 60 presents a further example of the differences 
between the Biot theory and the usual theories of consolida
tion and elasticity. The theory assumes an elastic soil 
skeleton, a plane strain geometry, and stress boundary 
conditions. Were the Terzaghi-Rendulic theory used, as in 
paper 2/57, the excess pore pressure would be independent 
of the value of Poisson’s ratio, v, of the soil skeleton. Using 
the Biot theory, as in Fig. 60, quite the contrary is true. In 
fact, as shown, changes in Poisson’s ratio can substantially 
affect the time scale.

This effect has been noted in studies of thermo-elasticity. 
Whereas plane strain elastic problems, with stress boundary 
conditions, are independent of Poisson’s ratio, the equivalent 
uncoupled thermo-elasticity problem has a dependence upon 
Poisson’s ratio. In theories of thermo-elasticity this is 
explained by the Duhamel analogy. In this analogy the 
Poisson’s ratio dependent thermal modulus is shown to 
affect both the boundary conditions and an equivalent distri
bution of body force.

The same form of analogy can be applied to consolidation 
problems. We start with a weightless poro-elastic material in 
which stresses and/or displacements are applied to the boun
daries. The analogous elastic body will be subject to a body 
force dependent on the excess pore pressure gradient and 
Poisson’s ratio. Furthermore, the analogous boundary stresses

and/or displacements will be dependent on the excess pore 
pressures and Poisson’s ratio.
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R. L. Sc h i f f m a n  (U.S.A.)
Paper 2 /37  studies the consolidation of non-homogeneous 

clay layers. This paper which uses the results of a preliminary 
study (Schiffman, 1961) is confined to the single case of a 
linear variation of permeability with depth. More recent 
studies of this subject (Schiffman and Gibson, 1964) con
sidered the more general question in which both permeability 
(k ) and compressibility (m v) can vary in an arbitrary 
manner.

In many clay deposits both the permeability and compres
sibility will vary with depth. Their variation, however, can be 
such that the coefficient of consolidation is sensibly a con
stant. It was pointed out in the later cited reference that the

governing differential equation only reduces to the conven
tional Terzaghi equation when both permeability (k ) and 
compressibility (m v) are separately constant. Three cases 
are of particular interest: ( 1) an overconsolidated deposit in 
which the permeability and compressibility decrease with 
depth; ( 2 ) a normally consolidated clay layer with a dried 
upper crust in which permeability and compressibility in
crease with depth; (3) a clay layer with a soft centre in 
which the permeability and compressibility at the centre of 
the clay layer are less than at the edges.

As an example of the relative time-settlement characteris
tics, these three cases were studied using data which are 
appropriate to many marine deposits. The coefficient of 
consolidation is assumed to be 32.05 sq.ft./yr. The surface 
permeability (k fl) is assumed to be 0.001 ft/yr, and the 
surface compressibility (m0) is assumed to be 0.001 sq.ft./ 
ton. In all cases the ratio of maximum to minimum soil 
parameter values is ten.

Time (years) 
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3 9 7



T im e (y ears )

Fig. 61 shows the time-settlement relationship for the 
normally consolidated deposit. The three curves shown are: 
the conventional theory using an average value of (m y): the 
conventional theory but treating (m v) as variable with depth 
in settlement calculations; and the modified theory where 
(k ) and (m T) are permitted to vary in all calculations. It is 
seen that the net effect of the less permeable and compres
sible upper crust is to produce a slower rate of consolidation 
than that predicted by the conventional theory.

Fig. 62 shows the time-settlement curves for an overcon
solidated deposit. Because the upper crust is more permeable 
and compressible than the average, the time to reach a 
particular degree of consolidation is substantially less than 
that predicted by conventional theory. This is in accord with 
field observations concerning the rate of settlement of struc
tures founded on overconsolidated clay deposits.

Two aspects of these examples are noted. First of all, the 
differences between the uncorrected and corrected conven
tional theories are very small. It appears that in these cases 
the attempt to correct the conventional theory is of little 
consequence. The second observation is that the effect of 
non-homogeniety is more pronounced in the overconsolidated 
clay than in the normally consolidated clay.

Fig. 63 presents time-consolidation data for a clay layer 
with a softer centre portion. This is akin to a normally con
solidated deposit with dried upper and lower crusts. Here 
we see the effect on the rate of consolidation quite clearly. 
In the early stages, consolidation takes place primarily in the 
less permeable and less compressible edges. As a result the 
settlement is slower than predicted by the conventional 
theory. At later stages the reverse is true and the rate of 
consolidation becomes faster than that predicted by conven
tional theory. The net effect, however, predicts a longer 
period of consolidation than calculated by conventional 
theory.

The examples given above had in common a tenfold net 
change in consolidation parameters. Fig. 64 presents data on 
the time to reach 50 per cent consolidation when the net 
change in parameters is different than ten. In all cases a 
shape of depth variation similar to the overconsolidated clay 
layers was used.

It is seen from Fig. 64 that as the permeability of the lower

Ak Amu A c u

f i g .  64. Effect of net change in consolidation parameters with 
depth on time of consolidation.

part of the clay layer decreased, the time of consolidation 
increased. The reverse is true for a change in compressibility. 
When both k and mT change by the same amount giving a 
constant cv, the time shift is less than in the other two cases 
but is of significant magnitude. Furthermore, the consolida
tion is faster than predicted by conventional theory. It thus 
can be concluded that the modified theory will always pro
duce faster consolidation than predicted by conventional 
theory for overconsolidated clay layers.
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T. T a s s i o s  (Greece)

A yant élaboré une formule générale qui exprime le 
module tangent de déformation dans les cas des sol
licitations triaxiales et anisotropes, nous présentons ici 
quelques vérifications expérimentales de la validité de 
cette formule en nous basant sur des résultats expéri
m entaux présentés au Congrès par d ’autres chercheurs.

La forme de cette expression, dont la justification fera 
le sujet d ’une publication indépendante, est la suivante:

E . = D a \~ W K W  (1 -  l / ^ 3 2)

dans. laquelle E„ = dai/d ti, module tangent de défor
m ation dans la direction de la contrainte m ajeure; 
cri = compression maximale ; ei = déformation unitaire 
dans la direction de «ri; D = constante initiale dépen
dante de la nature du sol, de l’histoire de ses sollicita
tions ainsi que de sa compressibilité isotrope; n = co
efficient numérique augm entant avec la cohésion et 
inversement proportionnel à la porosité et égal à 1,0
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pour les argiles préconsolidées, 0,5 pour les sables et 0 
pour les argiles normalement consolidées ou pour les 
sables de faible densité; F3 =  (en — <T3)müX/(<ri — o^), 
coefficient de sécurité qui dans le cas général serait égal 
à:

„ ______2 sin <p +  c / c r i  cos <p

3 (1 — K 3) sin <p +  1 
ou, pour les sols norm alement consolidés: F3 =

(1 — K mi0)/(1 — K î). Néanmoins, la consolidation qui 
in tervient pendant le chargem ent tend à masquer ces 
expressions. o3( <  a2 <  <r 1) =  compression mineure per
pendiculaire à ia direction de <r\. K 3 = <?3/<j\, le rapport 
actuel des contraintes principales extrêmes ; K 2 = 0-2/ 0-1 , 
le rapport entre les contraintes interm édiaires et la 
contrainte m ajeure; K m[n = (1 — sin <p)/{ 1 +  sin ¡p), le 
rapport K 3 qui conduit à la rupture, c, <p =  cohésion et 
angle de frottem ent du sol considéré.
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V E R IF IC A T IO N S  E X P E R IM E N T A L E S

1. Nous prenons d ’abord les deux courbes de la fig. 4 
de Janbu {2/24) concernant le même sable, avec la 
même porosité, niais avec K  =  1,00 et K  = 0,50 
respectivement. Dans notre fig. 65 nous avons essayé 
d ’unifier les deux courbes au moyen de la formule. Avec 
une meilleure approxim ation nous avons vérifié que 
même les courbes données par Janbu au Congrès 
européen de Wiesbaden, avec K  =  0,35 et K  = 0,45, 
suivent de très près la formule proposée.

2. Nous avons également travaillé sur les résultats 
de Schnitter, et al. (2/3) (concernant le module 
statique). Quoique pendant ces essais le rapport <j %/<j \ 
ne restait pas constant, les modules tangents mesurés 
sont vérifiés à ±  2 pour cent près à l’exception d ’un 
point de la partie supérieure de la courbe (plastification 
prononcée) (fig. 66).

3. Ceci étan t, nous essayons d ’expliquer théorique
ment l’allure des courbes expérimentales de la fig. 5 de 
Janbu (2/24). En effet, pour des valeurs K  <  0,50, la 
courbe expérimentale (fig. 67) se détache de la courbe 
d ’un corps élastique correspondant (v = 0,25). L ’ap
plication de la formule générale peut dans ce cas égale
ment prévoir les résultats expérim antaux de Janbu.

4. Dans la fig. 68 nous présentons finalement les 
résultats d ’application de la formule proposée, dans un 
cas anisotrope très général, suivant des essais relative
ment compliqués de Lorenz, et al. (2/3JÇ).

G. P. T s c h e b o t a r i o f f  (U.S.A.)
The panel discussion concerning soil dynamics concen

trated on seismic loads and on vibrations induced by machine 
foundations. However, an essential related subject has not 
been mentioned—the effects of pile driving on adjacent 
structures. This topic is of considerable importance in grow
ing cities where new tall and heavy buildings with deep

foundations must replace older and smaller structures on 
shallow foundations while adjoining similar small structures 
are left standing. Related problems are likely to multiply in 
the coming years. Recent difficulties encountered in the New 
York area have shown that no reliable criteria are presently 
available to indicate whether pile driving will or will not 
endanger older buildings nearby. This is true of impact as 
well as of subsonic or sonic vibratory pile driving. Extensive 
experimental field research will be required to develop the 
criteria needed.

In addition to a complete numerical coverage of relevant 
soil properties this study of criteria should take into account 
and evaluate the following factors:

1. Pile driver characteristics (total weight; weight of 
moving or unbalanced parts; number of blows per minute).

2. Pile type and dimensions.
3. Amplitude, acceleration, and frequency of soil surface 

oscillations at various distances from the pile driven and at 
all stages of its penetration into the ground.

4. Total number of piles on the job and duration of 
driving of each pile.

5. Settlements of test footings or piles loaded to varying 
intensities at different distances from a pile while it is driven.

A. V e r r u i j t  (Netherlands)
At the Delft Technological University a programme of 

consolidation tests on spherical clay samples has been under
taken and some of the results will be presented here. In one 
type of test a solid sphere of saturated clay is surrounded by 
a draining layer of filter paper and an impermeable en
velope. When the sample is loaded by an all-round pressure, 
drainage takes place towards the outer boundary of the 
sample. The process of consolidation can be described by the 
theory of Biot, which is the correct three-dimensional exten
sion of the one-dimensional Terzaghi theory. The solution of 
the particular problem discussed here has been given by

f ig .  69. R e la tio n sh ip  b e tw een  u y/ p  an d  cvt / R 22.
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Cryer (1963). In Fig. 69 the relation between the pore 
pressure in the centre of the sphere, uu and the all-round 
pressure p is plotted versus cyt /R 22, where cv is the consoli
dation coefficient, t is the time, and R 2 is the radius of the 
sample. The heavy line represents the result of Cryer’s com
putations for a value of Poisson’s ratio of 1/3. The remark
able feature is that the theory predicts an initial increase of 
the pore pressure, before the subsequent decrease towards 
zero. This initial increase can be explained by the shrinkage 
of the outer shell of the sample due to the loss of water. If 
in this outer shell incremental tensile stresses in tangential 
direction can occur because of initial compressive stresses, 
the central core will be compressed and this compression 
results in an increase of the pore pressure in the central core. 
The Terzaghi-Rendulic approach to this problem does not 
predict this initial increase.

The circles in Fig. 69 represent the measurements in two 
of our tests. Test results were plotted dimensionless by 
introducing a value of the consolidation coefficient cv such 
that theoretical and experimental results coincide at the point 
where u1/p  = 0.5. Similar test results were reported by 
Gibson, et al. (1963) to the European Conference at Wies
baden. Since an initial increase of the pore pressure is, 
indeed, observed, it may be concluded that in problems of 
three-dimensional consolidation the Biot theory, which is 
based upon the theory of elasticity, is to be preferred to the 
Terzaghi-Rendulic theory.
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C. V i g g i a n i  (Italy)

The response of a pore pressure measuring system to a 
change of pore pressure in the soil is usually delayed since 
pore water must enter the instrument owing to its flexibility. 
The relations between time lag, soil properties, and com
pliance of the measuring system have been investigated by 
the writer on the basis of Terzaghi’s consolidation theory, 
referring to some simple laboratory tests. Four cases have 
been treated, namely those of base measurement of pore 
pressure in a cylindrical soil sample subjected to ( 1 ) a water 
pressure increment; (2 ) a total pressure increment in un
drained condition; (3) a total pressure increment allowing 
drainage from the upper face of the sample (consolidation 
test) and initially setting the measuring system at a pressure 
equal to the pressure increment applied to the sample; (4) as 
in 3, but with the measuring system initially at zero pressure. 
Cases (1), (2 ), and (3) have been solved by the writer* 
by referring to analogous heat conduction problems; in Case 
(4) the approximate graphical method of Schmidt has been 
employed (Viggiani, 1965).

Theoretical analyses show that the interactions between the 
sample and the measuring system are regulated by the 
relative stiffness, -q =  A hm v/ \ ,  that depends on sample size 
(base =  A; height =  h), on soil compressibility (mv), and 
on measuring system flexibility (X =  volume change of the 
system per unit change of pressure within it). Two papers 
presented to this Conference (Christie, 2 /13\ Perloff et al., 
2 /43)  deal with Cases (3) and (4 ); it is interesting to point

*Case (2) had been already treated by Gibson (1963).

Porous p la te s

to me a s u r i n g  s y s t em

Soil  propert i es  mv , c v

Measuring sys t em f l ex ib i l i t y  A 

Ah m v
Relative s t i f f ne s s

A

Analyt ical  solution ( CHRISTIE;  PERLOFF et  al.) 

Points  calculated hy SCHMlOT's method

f i g . 70. Comparison between exact and approximate solu
tion of the problem of base measurement of pore pressure 

during one-dimensional consolidation (Case 4).

out that their results coincide with those obtained by the 
writer, even in Case (4) where the writer’s analysis was 
based on approximate calculations. In this connection 
reference may be made to Fig. 70.

A series of tests has been carried out by the writer in 
order to verify his theoretical predictions. Different soils 
were tested, all of them remoulded at the liquid limit and 
then extruded under vacuum to achieve saturation degrees 
consistently higher than 99 per cent. Pore pressure was 
measured either with a stiff measuring system (a Norwegian 
null indicator) or directly with a mercury manometer which 
may be regarded as a very flexible measuring system having 
a linear pressure-deformation response.

A few typical results are here summarized. Fig. 71a shows 
theoretical and experimental results concerning Case (1), 
and Fig. 71b refers to Case (2). In both cases the theoretical 
curves, shown as continuous lines in the figure, are in good 
agreement with test results for both the stiff and the flexible 
measuring systems. Fig. 72 shows the results of consolidation 
tests carried out in a triaxial cell with one base drainage and 
under equal all-round pressure. Fig. 72a refers to Case (3) 
(initial pressure in the measuring system equal to the pres
sure increment applied to the sample) and Fig. 72b to 
Case (4 ). In these cases the agreement between theory and 
test results is also fairly good; and it is pointed out that the 
experimental points corresponding to the stiff measuring 
system lie very close to the curve labelled y =  oo, that is to 
Terzaghi’s theoretical curve.

Let us now examine the results obtained when the con
solidation test (Case 4) is carried out in the oedometer. 
Fig. 73 shows that in this case the agreement between theory 
and experimental results is not so good; pore pressure at base 
begins to dissipate much earlier than predicted. This devia
tion from theory, which has also been found by other 
authors, cannot be explained as a testing error. As for pore
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Porous pl at e

Water
pta  te

to m e a s u r i n g  s y s t e m

o S t i f f  m e a s u r i n g  s y s t e m  

•  Flexible  me a s ur i n g  s y s t em

f i g . 7 1 . Theoretical and experimental results for Case ( 1 ) :  

Clay “C”; c T =  1 .8  X 1 0 —5 sq.cm./sec; A — 25 sq.cm.; 
h =  2 cm. (b) Theoretical and experimental results for 
Case (2): Clay “P”; cT =  7 .1  X 1 0 ~ 4 sq.cm./sec; A =

10 sq.cm.; h  =  7 cm.

pressure measurements, in the early stages of consolidation 
pore pressure increments equal to the applied loads were 
measured indicating that the system was actually stiff enough 
to give satisfactory measurements. As for side friction 
against the oedometer ring, its possible influence has been 
investigated carrying out tests with different height-diameter 
ratios (between 0.5 and 0.125) and with different ring linings 
(stainless steel, brass, plexiglas, Teflon); both experimental 
results and theoretical considerations led us to conclude that 
side friction has little if any influence on these results.

The problem has to be reconsidered taking into account 
the different stresses and deformation systems occurring in

h2

o S t i f f  measur ing  sys t em  

• Flexible  me as ur i ng  sys t em

f i g . 72. Theoretical and experimental results for one-dimensional 
consolidation under equal all-round applied pressure. Clay “P”; 
cT =  7.1 X 10—4 sq.cm./sec; A =  10 sq.cm.; h =  7 cm. (a) 
Case (3), measuring system initially set at a pressure equal to 
the pressure increment applied to the sample, (b) Case (4), 

measuring system initially at zero pressure.

the oedometer and in the triaxial test that are known to 
influence the consolidation behaviour of soil not only in 
relation to pore pressure dissipation, but also with regard to 
other effects, secondary compression, for example.
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G. F. W e i s s m a n n  (U.S.A.)

The interesting experimental investigation of the dynamic 
pressure distribution beneath a vibrating footing by Y. S. 
Chae, et al. (3/5), contributes to a better understanding of 
foundation vibrations on sand. The authors interpreted the 
test results by means of a theory which is based on the 
vibrations of a rigid circular plate on an elastic half-space. 
The static pressure distribution alone shows that this theory
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f i g . 73. Theoretical and experimental pore pressure at 
base during one-dimensional consolidation in the oedo- 
meter. Load increment ratio =  1; cv values calculated 
from time-settlement curves fitted at 50 per cent con

solidation.

is not directly applicable for foundations on sand. Faber 
(1933) reported a much better correlation between the 
theoretical and experimental static pressure distribution for 
clay.

The ratio of the displacement functions can be expressed 
as follows:

( / - / / , )  =  s in  • * > (? - . - / [ ( " I o Z ^ V G i )  +  COS «><?_-], ( 1 )

where is the phase angle between the exciting force
and the displacement, m0 is the mass of the footing, O, the 
exciting force amplitude, and z the displacement amplitude.

For resonance, the phase shift between the input force and 
the displacement is equal to 90 degrees and from Eq (1) 
follows:

DISPLACEM ENT AM PLITU D E AT RESONANCE: Z (IN .)  

f i g . 74. Resonance frequencies of circular foundations on sand. 
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2.4 r

where and f . , t are the values at resonance of the displace
ment functions, <u0 is the angular resonance frequency, and 
t)s is defined as the loss coefficient of the vibrating system.

Z. B. Fry of the U.S. Army Engineer Waterways Experi
ment Station reported the results of an extensive series of 
foundation vibration tests on sand (1963). Fig. 74 shows the 
angular resonance frequency for circular foundations with 
different radii, average static contact pressures, and input 
force amplitudes. The resonance frequency remains prac
tically constant. The loss coefficients at resonance were cal
culated by means of Eq (2) and also remain constant as 
shown in Fig. 75. Hence, / x and f 2 appear to be independent 
of the radius of the foundation, a conclusion which contra
dicts the theoretical results for the elastic half-space. The 
ratios of / 2/ /, for two different foundations were also 
evaluated by means of Eq (1) and are shown in Fig. 76. 
The results show again that f 1 and f 2 are functions of the
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frequency but are independent of the radius. Furthermore, 
the loss coefficient at resonance is smaller than would be 

predicted from the elastic theory.
Based on these results, the following hypothesis shall be 

proposed: The effective radius of a circular foundation on 
sand is small compared to the actual radius and is relatively 
unaffected by a change of the actual radius. The dynamic 
pressure amplitudes and the phase angles between soil 
reaction force and displacement observed by Chae, el a l . , 

could be explained by shear waves propagating from this 

small effective radius.
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T. Y a m a n o u c h i  (Japan)

Dynamic studies of soils recently developed may be 
classified in two categories, vibration and repeated loading. 
A qualitative study of the repeated loading of soils which 
this writer wishes to discuss is invariably made through 
experiments. This writer, who believes it necessary to ap
proach this problem from more quantitative standpoint, has 
made an attempt by applying Miner’s law to it (Yamanouchi 
and Luo, 1964).

When a metal material such as steel is subjected to 
repeated loading, the curve representing the relation between 
stress p and the frequency of loading N  up to its fracture by 
the load is called the fatigue curve. If a specimen is subjected 
to n, reversals less than N, at stress p±, n., reversals at stress 
p2; nn reversals at stress p3; . . . and n„ reversals at stress pn 
then:

n^/N-i +  n.t/N., +  n:i/ N 3 +  . . . +  nn/ N n — ~S,(n/N) — 1.

This is known as Miner’s law. According to his experiment, 
the value of S (n /N ) in metal material is known to vary 
within the range of 1.49 to 0.61.

When a soil specimen is subjected to a load, its deforma
tion under a certain amount of strain corresponds to the 
brittleness failure in a metal material. With a soil specimen, 
therefore, if something similar to fatigue curve in the case of 
metal material is to be obtained by replacing the occurrence 
of fracture of metal by a given strain deformation, Miner's 
law will be rendered applicable by the following method.

If the factors of loading condition are limited only to load
ing stress and its repeated frequency, the expected loading 
condition can be expressed by the value of ~S,(n/N).r 
Accordingly, the soil specimen has as much reserve as the 
multiple of m which is obtained by the following equation 
for the loading in the boundary where it reaches certain 
allowable strain and about the expected loading condition: 
m  =  '2,(n/N) /'2,(n/N)„. The value of m is considered to be 
a kind of safety factor, but if the value of 2 ( n /N ) .x is such 
a one is estimated in an appropriate and limited time tn, the 
time for T  to reach allowable strain will be obtained as 
follows: T =  m tn.

A sample of sandy loam (liquid limits, 55.6 per cent; 
plasticity index, 16.2 per cent) passing through a 2 .0 -mm 
sieve and with a 21.0  per cent moisture content (the opti
mum moisture content is 27.0 per cent) was kept sealed for 
24 hours. It was then moulded by the statical compaction 
method into a cylinder, 5.0 cm in diameter, 12.1 cm in 
length, and 1.432 grams/cu.cm. in dry density, and kept 
sealed again for 24 hours so that it might recover thixotropic 
strength.

For this experiment, a continuous repeated loading 
machine was used under unconfined conditions. The mini
mum period of one cycle of the testing machine is one 
second and its maximum total load is 75 kg. In the experi
ment referred to in the study, the machine was run at a rate 
of 2.5 sec, one cycle of which includes a 1-sec loading 
period and 1.5-sec unloading period. By reading from the 
relation curves between the loading stress and loading 
frequency leading to strain respectively, Fig. 77 was ob
tained. If brittleness failure is considered in place of the 
strain of the value voluntarily chosen, these curves corre
spond to the fatigue curves in the case of metal material.

A series of repeated loading tests was conducted on a soil 
specimen similar to that mentioned above by changing load 
stress and loading time variously at each loading, and the 
amount the strain obtained was 1.15 per cent. The test was 
sustained. No particular significance is attached to 1.15 per 
cent of strain amount in that case. Eight series of tests were 
done as tabulated in Table III.

The result of the unconfined loading test is reported in this 
discussion, but the author obtained a quite similar result in 
triaxial loading test.
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TA BLE II I . RESULTS OF LOADING TE ST S

No.

Apparent 
density of 
specimen 

(g/cu. cm.)

Actual loading frequency n (numerator) 
for the maximum allowable loading 

frequency N  (denominator) of each load

Calculated 
value of
E (» /W

1 1.792
1800 200 10 2

1.32
2800 560 45 20

2 1.785
600 627 43 10

1.28
2800 1200 180 32

3 1.794
600 11 29 703

1.30
2800 32 180 1200

A 1.791
600 640 90 2

1.30
2800 1200 180 32

5 1.799
209 9 19 35 348 170 210

1.39
2800 32 1200 180 560 1200 2800

6 1.788
1420

2800

36

45
1.31

7 1.790
30

45

90

2800
0.70

8 1.788
33

45

19

2800
0.74
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