
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


1/1

The Dissipation Function for Unsaturated Soils

La répartition des charges dans le cas de sols non saturés

by I .  A l p a n . M . Sc., Ph. D ., T he Israël In s titu te  o f  T echnology , H aifa , Israël

Summary

The evaluation  o f sa tu rated  conso lidation  tests consists in 

fitting” experim ental tim e curves to  the theoretical one based 

o n  the  classical theo ry  o f one-dim ensional consolidation . It 
should  be noted  th a t during  this type of consolidation  the soil 

sam ple rem ains fully sa tu rated  and, hence, its perm eability  is 
on ly  affected by the change in grain struc tu re  (expressed, say, 
in term s of its porosity).

In  the general case o f u n sa tu rated  consolidation  bo th  air and 

w ater are expelled from  the sam ple p roducing a change in the 
degree o f sa tu ra tio n  which strongly  influences perm eability .

Based on experim ental perm eability  investigations on incom ­
pressible porous m edia, the au th o r has developed a practical 

app ro ach  to  the problem  of " fittin g '’ u n sa tu rated  test tim e curves.
An approx im ate  expression is developed by m eans of which 

the sa tu rated  theoretical tim e curve m ay be corrected in order 

to  furnish  a m ore realistic basis for com parison. The correction  
depends on  the possibility  o f m easuring separately  the am ounts 

o f a ir and w ater which leave the sam ple during  its consolidation .

Sommaire

L a valeur des essais de consolidation  de sols saturés résulte 

de l’adap ta tio n  des courbes expérim entales de tassem ent en 
fonction  du  tem ps à  la courbe théorique, basée sur la théorie 

classique de la consolidation  à  une dim ension.
Il fau t rem arquer que, p endan t ce genre de consolidation , 

l’échantillon  de sol reste sa tu ré  ; donc sa perm éabilité  est influencée 
uniquem ent pa r le changem ent de la s truc tu re  g ranulaire (exprim ée 

p. e. en fonction  de sa porosité).
D ans le cas général de la consolidation  non-saturée , il y a 

élim ination  d ’air ainsi que d ’eau dans l’échantillon. Le change­
m ent du degré de sa tu ratio n  qui en résulte influence, à son tour, 

considérablem ent, la perm éabilité.

Basé su r des recherches expérim entales sur la perm éabilité 
des m ilieux pulvérulents incom pressibles, le p résent rap p o rt 

tente d ’analyser d ’une m anière p ratique le problèm e de l’appli­

cation des courbes de tassem ent de m atériaux  non-saturés.
L’au teu r expose une form ule approchée qui perm et de corriger 

la courbe de tassem ent en fonction  du tem ps théorique afin 
d ’ob ten ir une base de com paraison  plus p ratique.

C ette  correction  dépend de la  possibilité de m esurer séparém ent 

les quantités d ’a ir et d ’eau perdues pa r l’échantillon  du ran t sa 
consolidation.

Introduction

In  th e  c lassical, o n e -d im en s io n a l, th e o ry  o f  c o n so lid a tio n  

fo r  sa tu ra te d  so ils th e  p ro g ress o f  th e  c o n so lid a tio n  p ro cess 

w ith  tim e  is ex p ressed  in  te rm s o f  th e  d iss ip a tio n  o f  excess p o re  

w a te r  p re ssu re  in d u ced  in  th e  so il w a te r  b y  th e  a p p lic a tio n  

o f  a  lo ad .

T h e  degree  o f  d iss ip a tio n  (o r  lo ad  tra n s fe r  to  th e  so il g ra in s 

sk e le to n ) is m o s t c o n v e n ie n tly  ex p ressed  b y  th e  fu n c tio n  

U =  f ( T ) ,  w here  T  is a  d im en sio n less  tim e  fa c to r  re la te d  to  

a c tu a l tim e  b y  th e  w e ll-k n o w n  e x p ress io n  :

H e re  cv is a  c o n s ta n t  “ coefficient o f  c o n s o lid a tio n ” a n d  

H  is th e  len g th  o f  th e  d ra in a g e  p a th  in  th e  sa tu ra te d  soil 

T a y l o r , 1948, C h . 10).

A s a p p lie d  to  th e  c o n v e n tio n a l o e d o m e te r tes t, th e  deg ree  o f  

d iss ip a tio n , U, re fe rs  to  th e  av erag e  v a lu e  o f  th e  p o re  w a te r 

p re ssu re  d is tr ib u tio n  th ro u g h o u t th e  soil sam p le . If, h o w ev er, 

th e  c o n so lid a tio n  tes t is c a rr ied  o u t  in  th e  tr ia x ia l a p p a ra tu s , 

it is p o ss ib le  to  m ea su re  th e  v a r ia tio n  w ith  tim e  o f  th e  p o re  

w a te r p re ssu re  a t  th e  u n d ra in e d  base  o f  th e  sam ple . In  th is  

c ase  th e  d ra in a g e  p a th , H,  is th e  h e ig h t o f  th e  tes ted  sam ple  

a n d  th e  d iss ip a tio n  fu n c tio n , c o rre sp o n d in g  to  th is  ty p e  o f  

te s t, is g iven  in te rm s o f  p o re  p re ssu re  v a r ia tio n  in a  p a r tic u la r  

p lan e  o f  th e  c o n so lid a tin g  soil (B i s h o p  a n d  H e n k e l , 1957, 

T ab le  9, p . 135). In  F ig . 1, cu rv e  I I  re p re se n ts  th is  ty p e  o f 

d iss ip a tio n  fu n c tio n , w hereas c u rv e  I c o rre sp o n d s  to  the  

p re v io u s ly  m e n tio n ed  av era g e  p o re  p re ssu re  c o n d itio n . In  

th e  fo llow ing  o n ly  th e  d iss ip a tio n  fu n c tio n  rep re sen ted  b y  

c u rv e  I I  w ill be co n sid ered .

T I M E  F A C T O R  -  T

Fig, 1 T heorical dissipation Curves.

C ourbes théoriques de dissipation  de la surpression  
interstitielle.

U n d e r  th e  u su a l a ssu m p tio n s  o f  th e  th e o ry  o f  o n e -d im en - 

s io n a l sa tu ra te d  c o n so lid a tio n  th e  c o n s ta n c y  o f  cv in  E q . 1 

*(1 +  e)
im p lies th a t  th e  e x p re s s io n ------------  is a lso  a c o n s ta n t,  w here

^V
k  is th e  sa tu ra te d  p e rm e ab ility  coefficient (deg ree  o f  sa tu r ­

a tio n  S w =  1), e th e  av erag e  v o id  ra tio  o f  th e  so il, a n d  av 

its coefficient o f  co m p re ss ib ility  ( T a y l o r , 1948, C h . X ).
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T o  e v a lu a te  cv, th e  d iss ip a tio n  tim e  c u rv e  is c o m p a red  

w ith  th e  th eo re tic a l fu n c tio n  a n d , a f te r  “ fittin g ” th em  (f.e. 

by  p lac in g  th e  e x p e rim e n ta l tim e c u rv e , p lo tte d  o n  trac in g  

p a p e r , o n  to p  o f  th e  th eo re tic a l c u rv e  —  th e  p lo ts  u su a lly  

b e in g  in  a  sem i-lo g a rith m ic  c o o rd in a te  sy s tem ), th e  va lues 

o f  T  a n d  t  c o rre sp o n d in g  to , say , 50 p e r  c en t d iss ip a tio n  a re  

in tro d u c e d  in to  E q . 1, H  b e in g  ta k e n  as th e  av erag e  o f  th e  

h e ig h ts  b e fo re  a n d  a f te r  c o n so lid a tio n  o f  th e  tes ted  sam ple .

In  c o n sid e rin g  th e  c o n so lid a tio n  o f  a n  u n s a tu ra te d  so il, 

i.e. a  so il in  w h ich  th e  p o re s  a re  filled w ith  a  co m p ress ib le  

flu id  (a ir  a n d  w a ter), it is re a so n a b le  to  a n a ly se  th e  p ro cess 

in  tw o  stages : u p o n  a p p lic a tio n  o f  th e  lo a d  ( th e  a ll- ro u n d  

cell p re ssu re  in  o u r  case) th e re  is iso tro p ic  c o m p re ss io n  m o st 

o f  w hich  o ccu rs  ra p id ly  a n d  w h ich  c a n  be ex p ressed  in  te rm s 

o f  B o y le ’s a n d  H e n ry ’s law s a n d  th e  co m p re ss ib ility  o f  th e  

g ra in  s tru c tu re  (S k e m p t o n  a n d  B i s h o p , 1 9 5 4 ); th e  seco n d  

s tag e  co n sis ts  o f  th e  d ra in a g e  o f  th e  p o re  flu id  fro m  th e  sam p le  

a t  a tm o sp h e ric  p re ssu re  u n til th e  g ra d ie n t  c au s in g  th e  flow  

ceases to  o p e ra te .

T h e  v a r ia tio n  o f  p o re  p re ssu re  w ith  tim e  d u rin g  th e  seco n d  

s tag e  rep re se n ts  the  d iss ip a tio n  fu n c tio n  o f  th e  u n s a tu ra te d  soil 

o n  w h ich  th e  a n a ly s is  o f  its c o n so lid a tio n  c h a ra c te ris tic s  sh o u ld

b e  based . I f  o n e  assu m es th a t  th e  re la tio n
* (1  +  e)

=  c o n st.

Fig . 2

w here  :

K w =  re la tiv e  p e rm e ab ility  =  k/ksa.t, (0 <  K m <  1),

S w =  deg ree  o f  s a tu ra tio n ,

A =  th e  su rface  a re a  o f  so il p a rtic le s  p e r u n it  v o id  space, 

A e w  =  th e  e ffective  su rface  (a lso  p e r  u n it  v o id  space), 

se p a ra tin g  th e  w e ttin g  p h ase  f ro m  a ll th e  o th e r  

p h ases in  th e  s y s te m ; i.e. in  o u r  case  se p a ra tin g  

th e  w a te r  fro m  th e  a ir  a n d  th e  so il g ra ins.

D e n o tin g  A a w  as th e  a re a  se p a ra tin g  th e  w a te r f ro m  th e  

a ir , it fo llow s :

A e w A a w (3)

a lso  h o ld s fo r  th is case  th e n  th e  c o n v e n tio n a l fu n c tio n  f ( T )  

m a y  be u sed  fo r fittin g  th e  e x p e rim e n ta l tim e  cu rv es  a n d  

th u s  e v a lu a tin g  c„. T h e  v a lid ity  o f  th is a s su m p tio n  is, h o w ev er, 

d o u b tfu l a n d  in  th e  fo llo w in g  a n  a tte m p t is m ad e  to  fo rm u la te  

th e  c o rre c tio n  w hich  sh o u ld  be ap p lie d  to  th e  sa tu ra te d  

( /- fu n c tio n  in  o rd e r  to  m ak e  it m o re  re p re se n ta tiv e  o f  ex is tin g  

d ra in a g e  co n d itio n s .

T h e  a p p ro a c h  is b a se d  o n  th e  e x p e rim e n ta l p o ss ib ility  o f  

m ea su rin g  th e  v o lu m es o f  b o th  a ir  a n d  w a te r  w h ich  h a v e  been  

ex p e lled  fro m  th e  sam p le  a t  a n y  g iv en  in s ta n t d u rin g  c o n so lid a ­

tio n . A  poss ib le  e x p e rim e n ta l a rra n g e m e n t to  m ee t th e  case  

is p re sen te d  in  F ig . 2  (fro m  B i s h o p  a n d  H e n k e l , 1957, p . 71).

E q . 3 im p lies th a t  th e re  is n o  c o n ta c t  a re a  b e tw een  soil 

g ra in s  a n d  a ir. F o r  h ig h  degrees o f  s a tu ra t io n , w h ere  th e  soil 

a ir  m o st p ro b a b ly  e x is ts  in  th e  fo rm  o f  b u b b les , th is  im p lica tio n  

a p p e a rs  r e a s o n a b le ; a t  low  degrees o f  s a tu ra t io n  (a ir  cav itie s  

a n d  n o t  b u b b les ) a  fa ir ly  th ic k  film  o f  m o is tu re  m a y  be 

a ssu m e d  to  c o v e r  th e  so il g ra in s  (Alpan, 1959). E q . 3 ap p ea rs , 

th e re fo re , as ju s tified .

F o r  fu ll s a tu ra t io n , A a w  is p ra c tic a lly  neg lig ib le , hence  

A e w  a p p ro x im a te ly  eq u a ls  A  an d , since S w =  1, E q . 2 fu r­

n ishes, as ex p ec te d , K w =  1.

C o n s id e r  n o w  th e  v a rio u s  in te rfaces :

(a) F o r  a  v o lu m e tric  s tra in  o f  A Vf V0, d u e  to  a  v o lu m e 

ch an g e  o f  A V o f  th e  c o n so lid a tin g  sam p le  ( in itia l v o lu m e  =  

V0) th e  p a r tic le  su rface  a re a  A,  as p re v io u s ly  d e fin ed , ch an g es 

a n d  m a y  b e  ex p ressed  a s  fo llow s :

A

A~n

1

-I- Ae  1 -)- Aeje^
(4)

w h ere  A 0 is th e  in itia l a rea , e0 th e  in itia l v o id  ra tio , A,  th e  

final a re a  a n d  (e0 +  Ae)  th e  final v o id  ra tio . E q . 4  fo llow s 

f ro m  a c o n s id e ra tio n  o f  a n  e le m e n ta ry  so il u n i t ; d e n o tin g  

w ith  A th e  su rface  o f  th e  u n it  v o lu m e  o f  so lid s, w h ich  re m a in s  

u n c h a n g e d  b e in g  in co m p ressib le , it fo llow s fro m  th e  d e fin itio n  

o f  A : A 0 =  A/e0 a n d  A =  A/(e0 +  Ae),  h e n ce  E q . 4.

In  th e  u su a l n o ta t io n , th e  in itia l  p o ro s i ty  o f  th e  so il is 

g iv en  b y  n0 =  <?0/( 1 +  e0), h en ce

A

~An

1

1 +  ■
A V

(5)

M easurem ent o f the volum e of bo th  air and w ater 

expelled from  a  p a rtly  sa tu ra ted  sam ple during 
consolidation  (from  : B ishop and H enkel, 1957).

M esure des volum es d ’air et d ’eau expulsés d ’un échan­
tillon partiellem ent sa tu ré  p endan t sa conso lidation  

(d’après Bishop et H enkel, 1957).

Analysis

In v e s tig a tio n s  o f  m u lti p h ase  flow  in  in co m p ressib le  p o ro u s  

m ed ia  h a v e  led , b a sed  o n  th e  fu n d a m e n ta l w o rk  o f  J. K o z en y  

a n d  P .C . C a rm a n  ( R o s e  a n d  B r u c e , 1949, R eferen ces), to  

th e  e s tab lish m en t o f  th e  fo llo w in g  re la tio n sh ip  :

(b ) I f  A Va is th e  v o lu m e  o f  a ir, m ea su re d  a t  a tm o sp h e ric  

p re ssu re  d u rin g  a  d iss ip a tio n  tes t a f te r  h a v in g  been  ex p elled  

fro m  th e  sam p le , a n d  A Va th e  v o lu m e th is  a ir  w o u ld  o ccu p y  

in  th e  sam p le  a t  p o re  p re ssu re  Pabs- =  m ea su re d  p o re  p re ssu re  

( u) +  1 a tm ., w e h av e , o n  ap p ly in g  B o y le ’s law  a n d  rem em ­

b e rin g  th a t  we a re  m ea su rin g  a  loss in th e  a ir  v o lu m e  o f  th e  

sam p le  :

A v a = -  (\ -0/P)A Va

a n d  hen ce

A Vg AV*

y0 p ■ y 0

A ssu m in g  iso tro p ic  c o n tra c t io n  o f  th e  a ir  sp ace , w e o b ta in , 

as a  firs t a p p ro x im a tio n  o f  th e  ch an g e  o f  A a w  d u e  to  th e  

loss o f  A V„ :

(6)

=  A 0
[ , 2 A V l  r  2 A V al

(7)

K w =  S J A / A e w )2 (2)

w h ere  th e  su p e rsc r ip t (°) d e n o te s  in itia l c o n d itio n s , i.e. th e  

s ta te  im m e d ia te ly  p r io r  to  th e  s ta r t  o f  d iss ip a tio n , th e  sa m p le
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h a v in g  reach ed  eq u ilib r iu m  u n d e r  th e  a m b ie n t cell p ressu re . 

I t  fo llow s fro m  E q s. 5, 6 a n d  7 :

(8)

I t  sh o u ld  be  n o te d  th a t  A Va is a lw ay s  m ea su re d  as p o sitiv e  

w hereas A V is n e g a tiv e  if  th e  sa m p le  decreases in  vo lu m e. 

T h e  tec h n iq u e  o f  a c c u ra te ly  m ea su rin g  v o lu m e  c h an g e s  in 

tr ia x ia lly  te s ted  sam p les is d e sc rib ed  in  d e ta il in  th e  m o n o ­

g ra p h  b y  B ish o p  a n d  H e n k e l (see R eferences).

In tro d u c in g  E q . 3 in to  E q . 2 :

r a  I __ ^

Kw =  Sw A +  A a w  =  A a w  ~
1 +

]
U sin g  th e  n o ta t io n

a n d

L 3p  vo J L J

(9)

( 10)

th e  re la tiv e  p e rm e a b ility  c an  n o w  be  ex p ressed  th u s

S  w

(1 +  Wll')2
( 11)

B efore  th e  s ta r t  o f  th e  d iss ip a tio n  p rocess , = a n d

K m =  K w°, th e  re la tiv e  p e rm e a b ility  o f  th e  m a te ria l a t  a  

g iv en  p o ro s ity , a n d  a  g iv en  degree  o f  s a tu ra t io n , S° w, 

w hich  m a y  b e  ex p ressed  a s  :

K \„  . 5  (12)

I t  is n o w  p o ss ib le  to  g ive  a n  a p p ro x im a te  e x p ress io n  fo r 

th e  c o rre c tio n  fa c to r, p, as de fin ed  b y  E q . 13, a n d  u sin g  

E q . 15 :

K,„ S,„ I 2 — S°
P =

K \ S°.
(16)

B efore  th e  s ta r t  o f  d iss ip a tio n , S w =  S° w, ^  =  1 a n d , hence , 

p =  1. S h o u ld  th e  d eg ree  o f  s a tu ra tio n  n o t  ch an g e  d u rin g  th e  

d iss ip a tio n , th e  c o rre c tio n  fa c to r  s ta y s  e q u a l to  u n ity  a n d  th e  

s a tu ra te d  d iss ip a tio n  fu n c tio n  c an  be u sed  fo r tim e  fitting . 

S im ila rly , a t  fu ll s a tu ra tio n , S ° w =  1 a n d  K w =  K ° w = 1 ,  

w h en ce  p =  1, as is to  be  ex p ec ted .

T h e  ra n g es  o f  th e  v a rio u s  p a ram e te rs  a n d  fu n c tio n s  a re  :

<r

0 <  i  <  

2 -  5 °„

1 +  (1 -  S 0 „,)A 

0 <  p <  1

<  fin ite ( 17)

C onclusions

T h e  a p p lic a tio n  o f  th e  fo reg o in g  a n a ly s is  to  p a r tly  sa tu ra te d  

c o n so lid a tio n  c o n sis ts  in m o d ify in g  th e  sa tu ra te d  d iss ip a tio n  

fu n c tio n  b y  th e  a p p ro p ria te  in tro d u c tio n  o f  th e  c o rre c tio n  

fa c to r, p, as g iven  b y  E q. 16. I t  fo llow s fro m  E q . 1 th a t  

th e  m o d ified  tim e  fac to r is d irec tly  p ro p o r tio n a l to  p, i.e. :

Tm0<\. =  p - 7  . . . .  (18)

H en ce , if  U  =  f ( T )  is th e  s a tu ra te d  d iss ip a tio n  fu n c tio n ,

t/mod. = f ( p - T )  (19)

S u p p o se  n o w  th a t  th e  c u rv e  I I  o f  F ig . 1 c an  b e  a p p ro x im a ­

ted , fo r  a  c e r ta in  ran g e , b y  a  fu n c tio n  o f  th e  ty p e  :

(20)

F o r  each  re ad in g  o f  th e  p o re  w a te r  p re ssu re  u th e  c o rre sp o n ­

d in g  p e rcen tag e  d iss ip a tio n , th e  ex p elled  a ir  a n d  w a te r  v o lu m es 

a n d  th e  deg ree  o f  s a tu ra tio n  c an  b e  fo u n d  ; hence , th e  va lue  

o f  p c an  be co m p u te d , n o tin g  th a t  u =  p  —  1-0 a tm .

A ssu m in g  E q . 20 to  be ap p lic ab le , it fo llow s fro m  E q . 19 :

(1 +  w )2

T h e  c o rre c tio n  to  o p e ra te  o n  th e  d iss ip a tio n  fu n c tio n  

sh o u ld  re p re se n t th e  w ay  in  w hich  th e  in itia l p e rm e ab ility  o f  

th e  sam p le  is affec ted  b y  th e  ch an g es o f  n o t  o n ly  th e  p o ro s ity  

(a cc o u n te d  fo r  b y  th e  c lass ical th e o ry )  b u t sp ec ifica lly  o f  the  

deg ree  o f  sa tu ra t io n  ; hen ce , it sh o u ld  e q u a l th e  ra tio  o f  the  

re la tiv e  p e rm e ab ility  a t  a n y  tim e  d u rin g  c o n so lid a tio n  a n d  the  

in itia l one.

U s in g  E qs. 11 a n d  12 :

_ S I I +  m

K ° w S° m I 1 +

Umo&• — U "\/ p (21)

( 13)

It a p p e a rs  fro m  ex p e rim e n ta l d a ta  o n  rig id  p o ro u s  m a te r­

ials ( R o s e , 1949 ; R o s e  a n d  B r u c e , 1949) th a t,  p a r tic u la r ly  

fo r a  sa tu ra t io n  ra n g e  o f  fro m  70 pe r cen t u p w a rd , th e  fo llo ­

w ing  re la tio n  (based  o n  th e  c ap illa ry  tu b e  m o d el) rep re sen ts  

an  a d e q u a te  a p p ro x im a tio n  ;

=  <2 \ ) <  ( H )  

I t  fo llow s, u s in g  E q . 12 :

jo-0 _ __^_W_ _ ___ ^ _V' _

w ~  (1 +  m )2 ~  (2  -  S \ ) 2

w hence  :

S 0 ,, (15)

T h u s  a m o d ified  d iss ip a tio n  cu rv e , in te rm s o f  T, fo r  p a r tia l  

s a tu ra tio n  m ay  be d ra w n  to  w h ich  th e  e x p e rim e n ta l tim e 

cu rv e  is fitted  in o rd e r  to  p e rm it th e  e v a lu a tio n  o f th e  coeffi­

c ie n t o f  c o n so lid a tio n , cc.
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