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A Model Law for Simultaneous Primary and Secondary 
Consolidation

Une loi de modèle pour la consolidation primaire et secondaire simultanée

by  J. B rinch H a n s e n , Professor, dr. techn, D irec to r o f  the D an ish  G eo techn ica l Institu te , O ster V oldgade 10, C open­
hagen K ., D en m ark

Summary

The author first considers prim ary consolidation, showing 
that the time curve may be conveniently plotted on a combined 
square root and logarithmic basis. A simple yet approximately 
accurate formula has been developed for prim ary consolidation.

He then investigates both prim ary and secondary consolidation, 
introducing three new constants ts, Ks and cs for determining 
characteristics. A model law has been developed for simultaneous 
prim ary and secondary consolidation, and the author suggests 
that the test results should be interpreted and used in a new way, 
to give the correct settlement of the prototype at different times.

Sommaire

L’auteur examine tout d ’abord le cas de la consolidation 
primaire et m ontre que la courbe du tassement en fonction du 
temps peut être tracée en une échelle combinée de racine carrée 
et logarithmique. Il en déduit une formule simple mais 
relativement exacte pour la consolidation primaire. Il 
considère ensuite l’ensemble, consolidation primaire et secon­
daire, en introduisant trois nouvelles constantes /„  Ks et cs.
Il en tire une loi applicable à des essais sur modèles pour la 
consolidation primaire et secondaire et propose un nouveau 
mode d’application des résultats d'essais pour obtenir des 
prévisions de tassements pour différentes époques.

1. Introduction

In  m ost conso lidation  tests it is found  th a t som e secondary 
conso lidation  will occur in  add ition  to  the p rim ary  one. 
W hen the test results a re  used for calculating the rates o f 
settlem ent fo r actua l foundations, it is generally  assum ed 
th a t p rim ary  conso lidation  runs its course first, and  tha t 
thereafter secondary  conso lidation  sets in. A t least, the rates 
o f settlem ent are  usually  calculated  sim ply by applying the 
w ell-know n m odel law  fo r p rim ary  conso lidation  to  the 
time curve found  in  the test.

I t  is evident, how ever, th a t secondary  conso lidation  m ust 
start as soon as an  effective stress is developed, and  the 
two processes m ust therefore actually  proceed sim ultaneously 
from  the very beginning, a lthough  o f course w ith different 
tim e rates, because they  follow  different m odel laws.

The au th o r suggests an  approxim ate m odel law for sim ul­
taneous p rim ary  and  secondary  consolidation , w hich may 
enable a m ore satisfactory  calculation  o f settlem ent rates 
to  be m ade. O nly  the case o f one-dim ensional consolidation  
is considered, in w hich an  extensive, hom ogeneous clay 
layer o f thickness 2H  (d rained a t b o th  sides) o r H  (drained 
a t one side only) is subjected  to  a vertical stress increase 
p  th roughou t the layer. The m ean specific com pression e 
(per u n it o f thickness) a t any  given tim e t is sought.

2. Primary consolidation alone.

In  the case o f  no  secondary  conso lidation , it is assum ed 
th a t an effective stress increase da  will produce im m ediately a 
specific com pression :

dz =  dl  
K ,

(1)

F ro m  the classical theory  o f conso lidation  it is know n, 
th a t up  to  a t least 50 per cent consolidation  the following 
equa tion  gives a very close approx im ation  :

t  a
[ / = _ = -  =  

P

4
-  T  =
7T *

4A:KV
t =

izH 2
J  =

(2)

H ere we have defined a characteristic tim e tv by the equa­
tion  : „

t zH  tty,,//2
t,  =  . -  =  (3)

As we m ust have U =  1 for t =  oo, (2) should be m odified 
som ew hat in o rder to  cover the w hole interval 0 <  t <  oo. The 
sim plest function  fulfilling the necessary requirem ents is :

U =

2 n

V

tn

tn + ft
(4)

It is fu rther know n th a t for Tv =  n  : 4 =  0-785, which 
corresponds to  t =  tv, we shall have U =  0-89. This gives :

2/1 _  
0-89 =  V  0-5

log 0-5
n =  --------------  =  3

2 log 0-89

w hich will rem ain  constan t, as long as the effective stress is 
n o t changed. In  the case o f  varying effective stresses through 
the thickness o f the layer ( 1) is still valid w hen ds and  da  
are in terpre ted  as m ean values.

U =
6 /  ,3 r 3

./ /3 V /•', +  0-5

(5-6)

Í7)

This function  covers the w hole in terval 0 <  Tv <  oo w ith 
less than  1 per cent e rro r in U anyw here.
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C onsolidation  or settlem ent curves are usually  p lo tted  using 

either a VV — scale o r a log t —  scale. A ctually  it will be 

m ost p ractical to  em ploy bo th , nam ely a ‘V t  —  scale below 
tv and  a  log t —  scale above tv. In  o rder to  get a sm ooth  tim e 
curve we m ust fo r t = tv have the sam e scale increase. This 
gives the follow ing condition , in w hich L  represents the 
length o f a decade in the log t —  scale :

d V t  =  d(L  log t) 

dt dt

y / t v =  L-2 log e =  0-87 L

W e consider now  the beginning o f the conso lidation  process. 
In  analogy  w ith (2) we assum e p rov isionally  th a t a is ap p ro x ­

im ately p ropo rtiona l to  'V  t :

a = p V 7  s 0 = p  V T 0 (13-14)

D ifferentiating (14) and  in troducing  it in (12) we get :

(8-9)

(10)

This shows th a t the to ta l length o f  the V /  —  scale should 
be equal to  87 per cent o f the length o f  a decade in the log t —• 
scale. Fig. 1 shows the theoretical conso lidation  curve p lo tted  
in such a diagram .

log e

(15)

As will be seen later, the  characteristic  tim e ts is generally 
on ly  a fraction  o f  a second, and  it can  therefore usually  be 
neglected, w henever it should  be added  to  an  observed tim e t 
(bu t n o t w hen it stands alone). C onsequently  we find, re in tro ­
ducing a  by m eans o f  (13) :

P \ / T  4t a 41

,08 Â .  =  F . l0 g ÂK.
(16)

Fig. 1 Theoretical consolidation curve in V /-  log t~ diagram.

Courbe de consolidation théorique; graphique en V t  et 
log t.

T he m ain practical advan tage  o f the p roposed  com bined 
tim e scale is, th a t both  the first and  the last parts  o f the tim e 
cu rve  will be approx im ately  straigh t lines. T he theoretical 
po in t o f 0 per cent conso lidation  is found  by  draw ing the 
first stra igh t line to  intersection w ith the vertical axis corres­
pond ing  to t =  0.

T he ra te  o f  com pression m ust be a function  o f the average 
excess po re  w ater pressure, and  hence o f the average effective 
stress. F ro m  (1) —  (3) we can deduce this function  :

dz

~dt

2kp2 P \

2 Vt L 2 Kvtva tr { wH 2a 2 KsH 2a

W e have here defined a new  characteristic  co n stan t :

4k K,
C o  = --------------

(17)

(18)

3. Primary and secondary consolidation together

T he term  secondary  conso lidation  refers to  the fact th a t the 
com pression will usually  increase w ith tim e, even w hen the 
effective stress is kep t constan t. M oreover, it seems th a t fo r 
i =  O we have actually  also z =  0. U nder these circum stances 
an y  d istinction  betw een p rim ary  and secondary  com pression 
will be artificial and  a rb itra ry .

It is know n tha t fo r reasonably  great values o f t the  secon­
d a ry  com pression will increase in p ro p o rtio n  to log t. H ence, 
if a t the tim e t0 an  effective stress increase da0 is applied, it 
will a t any  la ter tim e t have produced a specific com pression, 
fo r which the sim plest expression will be :

log l± ± l :
K. 6 /.

( 11)

* J  <«=o

— /0 da0 M

106 t . ' i r n dt°

D ifferentiating (16) and  inserting in (17) we get the follow ing 
differential equation  for ct :

da

dt

1 41

ï . lo g A

a

K.

loge

t

P2cs 
2 K M 2

w ith the solu tion

A , '

V  H  ‘‘

■\fiog (4/ : e3ts) 

H 2 log (41 : e2ts)

(19)

(20)

Inserting this in (16) we get the follow ing equation , w hich 
should be approx im ate ly  valid fo r the beginning o f the conso l­
ida tion  process :

T he m odulus Ks and  the tim e ts m ust be regarded as charac­
teristic constan ts for clay in the actual state o f consolidation . 

T he to ta l specific com pression a t the tim e t will then be :

P

K.

c j  41 

^ ‘0 g ^

(21)

(12)

H ere we have p u t e3 =  20, and  have m ade a sm all m odifi­
ca tion  in o rder to  avoid  getting negative values o f the quan tity  
under the square ro o t sign.

W e shall finally consider the very advanced process. A t 
this stage the specific com pression m ust be approx im ately
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equal to  tha t, w hich w ould have been ob tained, if the final 
effective stress p  had  been applied instan tly  a t the tim e /„ =  0 :

log
t +  t.

_P /H 6

V '  :
t log

t +  5 ts 

51,
1 : I log —

(23)

4. Evaluation of consolidation tests

T he developed m odel law con ta ins three unknow n q u an ­
tities : Ks, cs and t$. They can be found  by  com parison with 
the observed tim e cu rve from  a consolidation  test (sam ple 
thickness 2H 0).

F o r this pu rpose the tim e curve is best p lo tted  in the com b­

ined V t  —  log t —  diagram . I t will then usually  be found 
th a t the first and  the last parts  o f the curve can  be approx im a­
ted by  tw o stra igh t lines. By changing the un its o f the time 
scale it can  fu rther be obtained  th a t these tw o lines will in ter­
sect a t (o r a t least in the vicinity of) the b o undary  line betw een 

the V t —  and  the log t —  scales. The tim e curve will then 
furnish  us w ith three observed quantities tc, er and  es, as 
defined in fig. 2.

Fig. 2 Characteristic quantities of observed time curve.
Caractéristiques de la courbe de consolidation 

fonction du temps.
en

F o r the sake o f b rev ity  we shall use the follow ing sym bols

A =  log
tc +  50/,, 

50t.
B  =  l o g - (24-25)

As will be seen from  (21), the beginning of the curve is 
theoretically  n o t quite a stra igh t line. The straigh t line draw n 
th rough  the poin ts representing  the first test results will, 
how ever, co rrespond  approxim ately  to  the theoretical ta n ­
gent for /  =  0*1 tc. D ifferentiating (21) w ith respect to  y/T, 
and pu tting  t =  0T tc, we can find the inclination o f the 
first stra igh t line :

'c,

A

tc we get the following

dei _  p(A  +  log <?)

d \ i  KsH0

C om bining th is w ith (21) for t =  0-1 
equation  fo r the first straight line :

KM n
loge)

log g I

V l o J

(27)

T he equation  fo r the second straight line is easily derived 
from  (22) :

(22)
Ks ~ t.

Just as in the case o f p rim ary  conso lidation  alone, the 
au th o r has developed expressions for the specific com pression 
a t the beginning and  at the end of the process. W e can therefore 
in  a sim ilar w ay com bine them  to  an approximate model law 
fo r the whole process :

6

P . t

F o r t =  tc we shall have =  e2. This gives :

(28)

c, =  -  (BH 0)* :
•r.

A +  log g —
log g

VTo

2
A BH0 1

A +  0-297 |

M ultiplying (26) by y / tc we find : 

p(A + log g)

K J fn V
w hereas (28) yields :

« . = T
P

s.

E lim inating  Ks and  cs from  (29-31) we find : 

£c A +  0-434 

Z  ~  A +  0-297
B

(29)

(30)

(31-32)

(33)

Inserting  (24-25), this equation  can be solved for ts by trial. 
F o r ec/£s>  2, which will usually  apply , the follow ing app rox ­
im ate form ula gives very nearly  the correct result :

,  ,2

B  =  log -  ~  — —  0-13

. . . .  (34)

T he procedure is now  to  find first ts from  (34) ; if necessary 
check or revise the result by m eans of (33). A is then  calculated 
from  (24), cs from  (29) and  Ks from  (32). F inally , the coeffi­
cient o f  perm eability  m ay  be derived from  (18) :

k  = u’cs

4 K.
(35)

W hent ts, cs and  Ks have been found  as described above, 
the com pressions o f a sim ilar layer in na tu re  w ith a drainage 
path  H  can  be found  by m eans o f  the m odel law (23).

5. Example

In Fig. 3 is show n a tim e curve for a certain  D anish  clay, 
deposited in a glacial lake (w =  45 per cent, wp =  30 per cent,

Fig. 3 Time curves for différent layer thicknesses.
Courbes de consolidation en fonction du temps pour

différentes épaisseurs de la couche.
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w l  =  65 per cent). The sam ple had  a cross section o f 10 cm 2 

an d  a thickness 2H 0 =  2 cm. In  the considered stage it was 
loaded  from  30 to  60 t/m 2 (p =  60 —  30 =  30 t/m 2).

F rom  the show n tim e curve we find : 

rc =  42 sec. £c =  2-47 per cent =  0-50 per cent

2-47 r  1 1 -  0,50 

0-50

42

r i- i -o,5 

| 2-47
0-13 =  4-76

=  57600 

42
A  =  log -

_  3-06

-  ~  ~42

57600 

0-0365

=  7-3 • 10-4 sec.

0-0365 

4-76-0-01

=  3 06

J

K.

3-06 +  0-297 

=  30 ■ 100 : 0-50 =  6000 t/m 2

=  1-46 • 10- 5 m 2/s.

k  =
tz • I • 1-46 • lO" 5

4 • 6000
=  1-9 • lO“ 9 m/s.

A ccording to  cu rren t conceptions the tim e curve from  the 
conso lida tion  test should  also represent the specific com pres­
sion o f  a layer m times as thick, p rov ided  th a t the tim e scale 
is m ultiplied by m 2.

In  Fig. 3 are, fo r m  =  10, 100 an d  1000 (corresponding 
to  2 H  =  0-2, 2 and  20 m) respectively show n the com pres­
sions calculated  by  m eans o f  the new m odel law. I t  will be 
seen th a t the difference from  the classical concept (represented 
by  the curve for m  =  1) m ay  be quite considerable.

6 . C onclusions

A n approx im ate  m odel law fo r sim ultaneous p rim ary  and  
secondary  conso lidation  has been developed, and  it has 
been show n th a t —  a t least theoretically  —  the conventional 
m ethod fo r determ ining settlem ent rates can  lead to  conside­
rable errors on  the unsafe side.

I t has here been tacitly  assum ed th a t the com pressions 
observed in a conso lidation  test will represen t faithfully  the 
actual properties o f the und istu rbed  soil. O therw ise it is evident 
th a t erro rs m ay be in troduced. Sam ple disturbance and  friction 
in the conso lidation  appara tu s m ay  result in  such errors. 
A lso, it is no t know n w hether secondary  conso lidation  will 
still procede after m any  years according to  the logarithm ic 
law  as presum ed here.

W ith regard  to  experim ental verification lab o ra to ry  tests 
a re  n o t very suitable, because the height ra tio  m ust be great 
in  o rder to  show the difference clearly. F u ll scale settlem ent 
observations w ould be better, b u t very few have been carried  
o n  fo r a sufficiently long tim e to  show  the effect definitely.
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