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Quelques relations entre la granulométrie et la densité des sables

b y  Bruce H u t c h i n s o n , B.E., M .Sc., R esearch A ssistant 

and

D avid  T o w n s e n d , M .E ng., D .I.C ., A ssistan t P rofessor Civil Engineering D epartm en t, Q u een ’s U niversity , K ingston , 

O n tario

Summary

The effect of the grain size distribution of certain fine and 
medium sands on their maximum, standard compaction, and 
minimum densities is analysed. The regression equations relating 
the grading of the sand to these respective densities are given and 
discussed.

Although absolute limiting density tests have not been evolved, 
some im portant factors influencing these test techniques have been 
illustrated. Due to the arbitrary nature of the limiting density 
tests used in present investigations, any direct comparison between 
the physical properties of sands from various separate investiga­
tions is erroneous when only relative density data are reported.

Sommaire

Nous avons étudié l’effet de la distribution granulométrique 
des sables fins et moyens sur leur densité après un compactage 
maximum, standard, ou minimum. Nous avons établi et analysé 
les corrélations qui existent entre cette distribution granulomé­
trique et ces densités respectives.

Bien que la densité absolue limite n’ait pas été déterminée, nous 
avons mis en évidence l’importance de certains facteurs sur la 
détermination de ces limites. Etant donné la nature arbitraire 
des essais relatifs à la densité limite, la comparaison entre des pro­
priétés physiques des sables obtenues par différentes méthodes 
montre que les résultats obtenus dépendent directement de la 
méthode d’essais, et conduit à des conclusions fausses lorsque 
les valeurs de la densité relative seule sont reportées.

Introduction

A  prev ious investigation  by  the au tho rs (1960) has show n 

th e  usefulness o f the B agnold grading law  (1943) in explaining 

certain  characteristics o f sands used fo r highw ay base course 

construction . This investigation  also show ed th a t the concept 

o f relative density  w ould be a better crite rion  for evaluating  

the densification and  the construction  perform ance o f these 

sands th an  the m ore norm ally  used stan d ard  com paction  

test (A ASH O  1955).

O ther investigations ( G i b b s  and  H o l t z , 1957, K o l b u s -  

z e w s k i , 1958) have show n the im portance o f expressing the 

in-situ cond ition  o f a sand in  term s o f its rela tive density  in 

o rder to give a  better indication  o f the results o f standard  

pene tra tion  tests.

K o l b u s z e w s k i  (1948) has show n th a t the sand grading 

has an im portan t effect on the m inim um  density  o f a sand due 

to  the in ternal structure w hich is developed during the test. 

C onsequently , in o rder to  app ly  the concepts o f standard  

relative density  m easurem ents over a  wide range of sand 

gradations, lim iting density  techniques need to  be developed 

w hich will n o t in troduce secondary  effects such as an artificial 

sand structu re  in the test. S tandard ization  upon  one form  of 

suitable test has no t taken  place and a wide variety  o f tests 

have been proposed.

In spite o f the present a rb itra ry  na tu re  o f various lim iting 

density  techniques, S h o c k l e y  and G a r b e r  (1953), and  

D u r a n t e  and  o thers (1957) have show n th a t there is a  direct 

correlation  between their respective lim iting density  tests and  

the grading o f sands o f sim ilar grain  size distributions. A 

direct correlation  also exists between the grading and  the 

n a tu ra l densities o f these fluvially deposited sands.

It is the purpose o f this investigation  to  determ ine the 

m agnitude o f the varia tion , as m easured by several techniques, 

w ith the changes in grain size d is tribu tion  upon  the m axim um  

and  m inim um  densities o f various O n tario  sands.

Description of the Sands

R epresen tative sand sam ples were taken  from  98 locations 

th roughou t the sou thern  section o f the Province o f O ntario . 

G enerally  these sands have been deposited by  a varie ty  o f 

geological environm ents, w hich include beach, aeolian, glacio- 

fluvial, and  deltaic conditions.

A  detailed descrip tion  o f the general geological background 

o f these deposits is given by C h a p m a n  and  P u t n a m  (1951) 

and  their m ineralogical com position  is outlined by D e l l  (1959). 

T he sands tested fell betw een the grading lim its show n in 

Fig. 1.

L abo ra to ry  sieve analyses show ed th a t 90 per cent o f these 

sands possess gradings w hich follow the grain  size law devel­

oped by B a g n o l d  (1943) for aeolian sands. S h o c k l e y  and 

G a r b e r  (1953) have already  show n that the grain  size d istri­

bution  of certain  fluvially deposited sands follow this law. 

The Bagnold d is tribu tion  is show n in Fig. 2, w here the loga­

rithm  o f the percent retained on a  given sieve is p lo tted  against 

the logarithm  o f the m ean particle size o f the sieve interval. 

The d is tribu tion  is defined by three param eters : the m odal 

diam eter, D v (in m m ) ; the slope o f the d is tribu tion  curve for 

sizes coarser than  the m ode S c ; and  the slope o f the d istribu­

tion  curve for sizes finer than  the m ode, S f . D ue to  the arb i­

tra ry  natu re  o f the slope param eters, all grain  size d istribu­

tions have been p lo tted  on standard  tw o cycle log paper, 

as show n in Fig. 2. The B agnold relationship  was preferred 

over the m ore standard  m ethods o f expressing the grading 

by un ifo rm ity  coefficients since it reasonab ly  defines the 

com plete grading o f a  sand as opposed to  the identification 

o f several isolated points.

T he roundness o f two sam ples from  beach deposits and 

two sam ples from  dune deposits was found  to  vary  from  0-50 

to  0-55, and  this p roperty  was n o t investigated fu rther for 

each o f the sands tested.
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Fig . 1 Lim its o f grading fo r the sands.

Lim ites des analyses granulom etriques des sables.

U.S. Sieve Number 

8  7 - 6  5 4 3 2 I
-- 1- - - - - 1- - - - - 1- - - - - - - 1- - - - - - - - 1- - - - - - - - _ l __________________ I_______________________________ L _

Logarit hm of Grain Size

Fig . 2 Bagnold grain size distribution.

Distr ibu t ion granulom étrique de Bagnold.
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M axim um  D ensity Test

T he follow ing technique was selected fo r the determ ination  

o f the m axim um  density  o f the s a n d s ; the sand sam ple was 

v ib ra ted  in three layers in to  a  standard  com paction  m ould 

(1/30 cu. ft.), w ith  each layer being subjected  to  15 m inutes 

v ib ra tion  by  an  electric v ib ra to ry  ham m er, v ib rating  a t 1,800 

v ib rations per m inute, and  a to ta l w eight on  the ham m er face 

o f 50 lbs. The soil was k ep t in  the a ir d ry  condition , and  the 

ham m er face was m odified so as to  cover the com plete cross- 

sectional area o f the m ould.

A  sim ilar m ethod  was developed by K o l b u s z e w s k i  (1948) 

except th a t the ham m er w eight was n o t specified and  the 

sam ple was com pacted  under w ater, as he had  show n th a t 

densification o f the sand was m ore effective w hen the sam ple 

was subm erged in w ater th an  in the a ir-d ry  condition . Tests 

by the au tho rs on  eighteen sands possessing un ifo rm ity  

coefficients (C„) from  1-4 to  5-0 indicated th a t the above 

observation  is only  true  fo r uniform ly  graded sands (C„

1-4 to  2-3). F o r  the well graded sands (Cu 2-5 to  5-0) "when 

com pacted  under w ater, densities from  2 to  7 lbs./cu .ft. low er 

were observed than  w hen com pacted  in  an  a ir-d ry  condition .

M oisture tests on  several o f  the well graded sands a t the 

com pletion  o f the subm erged com paction  tests revealed the 

average m oisture con ten t o f the en tire  sam ple to  be between 

4 per cent and  6 per cent. I t  is suggested th a t an apparen t 

cohesion was im parted  by  the m oisture to  the well graded 

sands and  reduced the effectiveness o f the v ibrations in densifi­

cation . I t was also observed th a t fo r som e very fine sands, 

the w ater becam e extrem ely  m urky  indicating  th a t fine 

m aterials were being w ashed from  the sam ples during testing.

T he influence o f the grading o f the various sands on the 

adopted  m axim um  density  test was initially  analysed by a 

m ethod  described by T o e b e s  (1955). T his polydim ensional 

analysis allows the pure  influence o f each o f the grading 

param eters on the m axim um  density  to  be evaluated . The 

m ean graphical results o f th is analysis are  show n in Fig. 3

Slope of coarse fract ions (Sc) or slope of fine fract ions (Sf)

Fig . 3 Change in maximum density vs. slope o f coarse fractions 
(fine fractions).

Variat ion  de la densité en fonction de la pente donnée 
par les sables grossiers (sables fins).



and  Fig. 4, w hich also illustrate  the m anner in w hich these 

graphs m ay  be used to  estim ate the m axim um  density  o f  the 

sand  show n in Fig. 2, S c — 1-98, S f  =  3-81, D p =  0-27 m m . 

T he respective influences o f  each o f the param eters are applied 

to  th e  m ean  value o f m axim um  density  o f  111-0 lbs./cu .ft. and  

an  estim ated density  o f 112-5 lbs./cu .ft. w as ob ta ined  by 

algebraically  adding  the influences to  this m ean. T he m easured  

density  was 113-9 lbs./cu .ft.

Modal  d i a me t e r  ( mm. )

Fig. 4 Change in maximum density vs. modal diameter.

Variation de la densité maximum en fonction de la gra- 
nulométrie la plus fréquente.

T he po lyd im ensional analysis also indicates th a t the pu re  

influence o f  the m odal d iam eter has little influence upon  

the m axim um  densities (Fig. 4) while a  change in the d is tri­

b u tion  o f the coarse o r fine fractions will have a  significant 

effect up o n  the m axim um  density . T he analysis also indicated  

th a t a  linear regression equation  o f the form  below  could 

be developed to  fit the experim ental da ta , and  such an  analysis 

yielded the follow ing eq ua tion  :

Y m a x  =  135-85 —  7-255 log (10 S c) -  10-7370(10 5 »

+  6-4626 log ( 1 0 . . . .  (1)

T he coefficient o f  m ultip le regression was r2 =  0-79 w hich 

was the p ro p o rtio n  o f the varia tion  in the m axim um  density  

explained by  this equation  relating  the grading and  the 

m axim um  density .

Standard Compaction Tests

T he standard  com paction  test (A A SH O , 1955) involves the 

labo ra to ry  densification o f a  sand in  three layers in  a  1/30 

cu. ft. m ould. E ach layer is subjected  to  25 blows o f a  5-5 lb. 

ham m er falling 12 inches, and the d iam eter o f the ham m er 

face is 2 inches.

T he polydim ensional analysis indicated  a sim ilar p a tte rn  

to  th a t observed fo r the m axim um  densities, and  the regres­

sion equation  developed to  fit th is da ta  yielded :

ystci =  125-86 -  6-859 log (10 S e) -  8-6872 log (10 S f)

+  4-2061 log (10 D„) . . . .  (2)

w ith the coefficient o f  m ultip le regression o f 0-79.

A com parison  o f the average densities from  the m axim um  

and  the stan d ard  com paction  tests shows the average diff­

erence betw een the tests fo r uniform ly  graded sands (Cu 1 -4 to 

2-0) is 5 to  6 lbs./cu .ft., while the average difference for well 

g raded sands (C„ 3-5 to  5-0) is 8 to  9 lbs./cu .ft. betw een the 

test results. T hus the well graded sands (with low values o f 

S c and  S f) were m ore sensitive to  changes in the m agnitude 

o f the com pactive effort th an  the sands w hich had  a tendency 

to be all o f one size.

T he regression equations were developed from  the results o f 

a single density  test on  each sam ple. L im itations o f sam ple 

quantities and  lab o ra to ry  testing  tim e precluded m ore testing. 

I t  is suggested th a t the regression equations developed fo r the 

s tan d ard  com paction  test and  m axim um  densities could  be 

im proved  if the densities were determ ined from  the m ean  o f 

several tests on  each sand.

Minimum Density Tests

T he m inim um  density  o f  each sand  was estim ated  by  tw o 

techniques. T he in itia l m ethod  used was the tilting  test dev­

eloped by  K o l b u s z e w s k i  (1 9 4 8 ) and  the density  used in  the 

po lyd im ensional and  regression analyses was the m ean  o f 

five determ inations. T he developed equation  was :

Ymin =  112-73  -  8 -6214  log (1 0  S c) -  6 -2 5 6 2  log (1 0  S f)

+  1-7764  log (1 0  D v) . . . .  (3 )

T he regression coefficient ob tained  was 0 -56  and  in view o f 

this low correlation , ano ther test was used. In  add ition , it 

h ad  been no ticed  th a t there was som e segregation during  the 

tilting  test w hen well g raded fine sands were tested.

T he second test m ethod  relied on the careful deposition  

o f  the sand  by  spoon  in to  a standard  com paction  m ou ld  

(1 /3 0  cu.ft.). The test is sim ilar to  th a t used by W u  (1 9 5 7 ), 

and  was partia lly  chosen because o f the different m ethod  o f 

deposition  as found  in the tilting  or funnel tests. The po lyd i­

m ensional analysis indicated  sim ilar m ean relationsh ips 

betw een grading and  density  as exists fo r y max and  Ystd- 

H ow ever, the regression equation  also ind icated  erratic  

results, as show n by  the co rrelation  coefficient o f 0 -57  w hich 

was developed w ith the follow ing equation  :

Ymin =  110-51 -  8 -3215  log (1 0  S c) -  4 .4 7 3 6  log (1 0  S f)

+  4 -2 0 7 6  log (1 0  D p) . . . .  (4 )

B oth analyses show ed th a t the sands w hich possessed p re­

dom inan tly  coarse sizes, o r were well graded m aterials in the 

fine sand  an d  silt sizes (low values o f S f) did n o t follow  the 

general re la tions exhibited  by  o th er sands. Since slightly  over 

h a lf  o f  the varia tion  in  the m inim um  density  test was explained 

by varia tions in the grad ing  o f the sands, it is felt th a t som e 

o ther significant factors influence the m inim um  densities 

determ ined by  either o f these techniques.

F o r un iform ly  graded sands (C„ 1-4 to  2-3) the  tilting  test 

indicated  m inim um  densities 2 to 3 lbs./cu .ft. low er than  those 

ob tained  from  the spoon  test, while for the m ore well g raded 

sands (Cu 2-5  to  5-0) the tilting  test densities were 2  to  3 lbs./cu. 

ft. higher. These observations agree w ith the previous obser­

vation  by K o l b u s z e w s k i  (1 9 4 8 ) th a t a high ra te  o f deposition  

o f  un iform ly  graded sands develops som e form  o f open 

structu re  w hich reduces the density . T he second test m ethod  

apparen tly  develops a  denser struc tu re  for the un ifo rm ly  

graded sands because o f  the low er in tensity  o f  depositron. 

A s the value o f S c increases (i.e. m ore un iform  coarse-size 

d istribu tion) the density  from  the tilting  test becom es incre­

asingly low er th an  the spoon  density  result. T his tends to  

suppo rt the idea th a t bridging is developed to  a  m uch greater 

ex ten t in the finer and  m ore un iform ly  graded sands. A  

sim ilar difference appears to  be developed betw een the tw o 

tests for un iform ly  graded  coarse sands.

A n ind ication  o f the im portance o f these secondary  effects 

w hich are  developed in  the m inim um  density  test is show n in 

T able 1, w here the properties o f fou r typical sands are given.

The stan d ard  tilting  test was used for m inim um  density  

and  m axim um  density  was ob tained  using “ d ry ” com paction .
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T able  1

Sand
No.

c„ Dv
mm

s f Y min 
lbs./cu.ft.

Y max
lbs./

cu.ft.
y std.

Rd
per

cent

58-1 2-2 0-23 0-98 3-11 101-2 116-4 109-3 57
59-63 2-6 0-21 0-85 1-92 97-3 117-6 109-7 66
58-12 3-6 0-21 1-85 0-92 91-6 117-8 111-3 81
59-68 2-1 0-22 1-97 2-36 94-6 114-0 107-0 68

T he fine sand fraction  o f sand 58-1 is m ore uniform ly graded 

th an  th a t o f sam ple 59-63 as indicated by the steeper value o f 

S f , while their o ther B agnold param eters are sim ilar. T his 

varia tion  produces a decrease o f  3-9 lbs./cu .ft. in m inim um  

density  w ith little change in o ther densities. Sam ples 58-12 

and  59-68 possess sim ilar B agnold properties w ith the excep­

tion  th a t 58-12 is m ore well graded in the fine sand fraction  

th an  the o ther. This difference yields a 3 lbs./cu.ft. low er 

m inim um  density  for sand 58-12, bu t results in a  3 lbs./cu.ft. 

increase in  the o ther test densities fo r this sand.

A  second analysis o f the m inim um  density  test results 

show ed th a t for sands possessing neither a predom inance o f 

coarse fractions (Sc>  1-4), n o r well g raded fine fractions 

>  1-4), a  regression equation  could  be developed w hich 

explained 80 per cent o f  the varia tion  in the m inim um  density  

by  changes in sand grading. E x trap o la tio n  o f this re la tion  to  

th e  excluded sands show ed an  underestim ation  o f 6 lbs./cu. 

ft. fo r the first grouping, and  an  overestim ation o f 5 lbs./cu. 

ft. fo r the second grouping.

It is suggested th a t in a m ajo rity  o f the fine and  m edium  

sands, the struc tu re  developed by the sand during  deposition  

is o f m ajo r im portance. U nfortunate ly , there is insufficient 

evidence to  quan tita tive ly  evaluate  this s truc tu re  in  term s o f 

abso lu te  m inim um  density  values.

Limitations on Relative Density Values

In  order to com pare a range o f basic physical properties 

fo r a wide variety  of sand types, the properties o f sands are 

usually  p lo tted  against their relative densities, R D. As can 

be seen from  T able 1 for the fou r sands w hich have been sub­

jec ted  to  identical com pactive processes and  energies, different 

relative densities result. I t can  be assum ed th a t the varia tion  

in relative density  is an ind ication  o f the effect o f the grading 

u p o n  the energies involved in the lab o ra to ry  procedures.

H ow ever, the differences in the “ com pactib ility” o f various 

sands, as reflected by changes in their rela tive densities, do 

n o t p rov ide a corre la tion  w ith their observed field behaviour, 

as is show n for the sands in T able 2.

Table 2

Sand
No. Cu Dv

mm

Y max
lbs./
cu.ft.

Y min
lbs./

cu.ft.
y std.

Ra
per
cent

Field
Remarks

58-12 3-6 0-21 117-0 91-6 111-3 81 Stable
58-3 1-4 0-14 109-5 87-6 102-3 72 Unstable
59-86 3-3 0-26 114-5 97-4 108-0 66 Stable
58-8 2-1 0-32 116-4 96-0 111-0 73 Unstable

T he m axim um  and  m inim um  densities show n in T able 2 

are  the standard  tests p roposed  by K o l b u s ze w s k i (1948). 

T he stan d ard  com paction  density  o f each sand, w hich rep re­

sents the observed practical upper lim it fo r field com paction , 

is expressed as a relative density . T hree sands posses relative

densities approx im ate ly  a t 70 per cent, yet each o f these sands 

behaved differently on field construction  projects. Sand 58-3 

ru tted  excessively and  becam e loose under the construction  

equipm ent, while sand  59-86 proved  to  be com pletely stable, 

and  sand  58-8 exhibited  characteristics m id-w ay betw een 

these tw o trends.

I t  is suggested th a t varia tions in g rain  size and  g rad ing  

o f  sands used in  recen t investigations have led to  varia tions 

in  the lim iting densities w hich are  n o t com parab le , w ith the 

resulting  re lative density  values yielding a  poo r basis for 

com parison.

I t  has been show n th a t in o rder to  com pare a variety  o f  

d ifferent sands on  the basis o f  changes in their rela tive dens­

ities w ith respect to  com parab le  properties, it is m ost im por­

tan t th a t an  appreciation  o f the range o f gradings covered 

by  the sands is ob tained . A t this stage, due to the a rb itra ry  

n a tu re  o f the lim iting density  tests, it is suggested th a t changes 

in the physical properties o f sands are  expressed in term s of 

changes in  their void ratios, w ithout establishing their upper 

and  low er lim its. F o r  sands o f  sim ilar n a tu re  an d  grading, it 

is possible to  use the lim iting density  techniques even though  

they  do n o t represen t u ltim ate  techniques.

Conclusions

(1) T he grain  size d is tribu tion  o f 90 per cen t o f the sands 

sam pled from  S outhern  O n tario  can  be expressed by  B agnold 

Param eters.

(2) 80 per cen t o f  the varia tion  in standard  com paction  

and  m axim um  densities betw een these sands can be expressed 

by  using the B agnold grading param eters.

(3) T he gradings o f these sands explain  in p a r t the variation  

in  the m inim um  densities for the techniques evaluated . P re­

sent techniques used fo r estim ating m inim um  density  are  n o t 

sa tisfactory  w hen a  wide range o f  sands are to  be com pared. 

D u e  to  a  possible struc tu re  th a t is developed in the tests, the 

p resen t techniques m ust n o t be considered as abso lu te  tech­

niques. T he developm ent o f a m inim um  density  test is needed 

w hich m ainly  reflects changes due to  grading.
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