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Some Grading-Density Relationships for Sands

Quelques relations entre la granulométrie et la densité des sables
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Summary

The effect of the grain size distribution of certain fine and
medium sands on their maximum, standard compaction, and
minimum densities is analysed. The regression equations relating
the grading of the sand to these respective densities are given and
discussed.

Although absolute limiting density tests have not been evolved,
some important factors influencing these test techniques have been
illustrated. Due to the arbitrary nature of the limiting density
tests used in present investigations, any direct comparison between
the physical properties of sands from various separate investiga-
tions is erroneous when only relative density data are reported.

Introduction

A previous investigation by the authors (1960) has shown
the usefulness of the Bagnold grading law (1943) in explaining
certain characteristics of sands used for highway base course
construction. This investigation also showed that the concept
of relative density would be a better criterion for evaluating
the densification and the construction performance of these
sands than the more normally used standard compaction
test (AASHO 1955).

Other investigations (GiBss and Hortz, 1957, KoLBUSs-
ZEWSKI, 1958) have shown the importance of expressing the
in-situ condition of a sand in terms of its relative density in
order to give a better indication of the results of standard
penetration tests.

KoLBuszewskI (1948) has shown that the sand grading
has an important effect on the minimum density of a sand due
to the internal structure which is developed during the test.
Consequently, in order to apply the concepts of standard
relative density measurements over a wide range of sand
gradations, limiting density techniques need to be developed
which will not introduce secondary effects such as an artificial
sand structure in the test. Standardization upon one form of
suitable test has not taken place and a wide variety of tests
have been proposed.

In spite of the present arbitrary nature of various limiting
density techniques, SHOCKLEY and GARBER (1953), and
DuRANTE and others (1957) have shown that there is a direct
correlation between their respective limiting density tests and
the grading of sands of similar grain size distributions. A
direct correlation also exists between the grading and the
natural densities of these fluvially deposited sands.

It is the purpose of this investigation to determine the
magnitude of the variation, as measured by several techniques,
with the changes in grain size distribution upon the maximum
and minimum densities of various Ontario sands.

Sommaire

Nous avons étudié ’effet de la distribution granulométrique
des sables fins et moyens sur leur densité aprés un compactage
maximum, standard, ou minimum. Nous avons établi et analysé
les corrélations qui existent entre cette distribution granulomé-
trique et ces densités respectives.

Bien que la densité absolue limite n’ait pas été déterminée, nous
avons mis en évidence I'importance de certains facteurs sur la
détermination de ces limites. Etant donné la nature arbitraire
des essais relatifs a la densité limite, la comparaison entre des pro-
priétés physiques des sables obtenues par différentes méthodes
montre que les résultats obtenus dépendent directement de la
méthode d’essais, et conduit a des conclusions fausses lorsque
les valeurs de la densité relative seule sont reportées.

Description of the Sands

Representative sand samples were taken from 98 locations
throughout the southern section of the Province of Ontario.
Generally these sands have been deposited by a variety of
geological environments, which include beach, aeolian, glacio-
fluvial, and deltaic conditions.

A detailed description of the general geological background
of these deposits is given by CHAPMAN and PuTnam (1951)
and their mineralogical composition is outlined by DELL (1959).
The sands tested fell between the grading limits shown in
Fig. 1.

Laboratory sieve analyses showed that 90 per cent of these
sands possess gradings which follow the grain size law devel-
oped by BacgnoLD (1943) for aeolian sands. SHOCKLEY and
GARBER (1953) have already shown that the grain size distri-
bution of certain fluvially deposited sands follow this law.
The Bagnold distribution is shown in Fig. 2, where the loga-
rithm of the percent retained on a given sieve is plotted against
the logarithm of the mean particle size of the sieve interval.
The distribution is defined by three parameters : the modal
diameter, D, (in mm); the slope of the distribution curve for
sizes coarser than the mode S,; and the slope of the distribu-
tion curve for sizes finer than the mode, S;. Due to the arbi-
trary nature of the slope parameters, all grain size distribu-
tions have been plotted on standard two cycle log paper,
as shown in Fig. 2. The Bagnold relationship was preferred
over the more standard methods of expressing the grading
by uniformity coefficients since it reasonably defines the
complete grading of a sand as opposed to the identification
of several isolated points.

The roundness of two samples from beach deposits and
two samples from dune deposits was found to vary from 0-50
to 0-55, and this property was not investigated further for
each of the sands tested.
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Maximum Density Test

The following technique was selected for the determination
of the maximum density of the sands; the sand sample was
vibrated in three layers into a standard compaction mould
(1/30 cu. ft.), with each layer being subjected to 15 minutes
vibration by an electric vibratory hammer, vibrating at 1,800
vibrations per minute, and a total weight on the hammer face
of 50 Ibs. The soil was kept in the air dry condition, and the
hammer face was modified so as to cover the complete cross-
sectional area of the mould.

A similar method was developed by KoLBUszEwsk1 (1948)
except that the hammer weight was not specified and the
sample was compacted under water, as he had shown that
densification of the sand was more effective when the sample
was submerged in water than in the air-dry condition. Tests
by the authors on eighteen sands possessing uniformity
coefficients (C,) from 1-4 to 5:0 indicated that the above
observation is only true for uniformly graded sands (C,
1-4 to 2-3). For the well graded sands (C, 2:5 to 5-:0) when
compacted under water, densities from 2 to 7 lbs./cu.ft. lower
were observed than when compacted in an air-dry condition.

Moisture tests on several of the well graded sands at the
completion of the submerged compaction tests revealed the
average moisture content of the entire sample to be between
4 per cent and 6 per cent. It is suggested that an apparent
cohesion was imparted by the moisture to the well graded
sands and reduced the effectiveness of the vibrations in densifi-
cation. It was also observed that for some very fine sands,
the water became extremely murky indicating that fine
materials were being washed from the samples during testing.

The influence of the grading of the various sands on the
adopted maximum density test was initially analysed by a
method described by ToeBes (1955). This polydimensional
analysis allows the pure influence of each of the grading
parameters on the maximum density to be evaluated. The
mean graphical results of this analysis are shown in Fig. 3
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and Fig. 4, which also illustrate the manner in which these
graphs may be used to estimate the maximum density of the
sand shown in Fig. 2, S, = 1-98, S; = 3-81, D, = 027 mm.
The respective influences of each of the parameters are applied
to the mean value of maximum density of 111-0 Ibs./cu.ft. and
an estimated density of 112-5 Ibs./cu.ft. was obtained by
algebraically adding the influences to this mean. The measured
density was 113-9 lbs./cu.ft.

Modal diameter {mm])

Fig. 4 Change in maximum density vs. modal diameter.

Variation de la densité maximum en fonction de la gra-
nulométrie la plus fréquente.

The polydimensional analysis also indicates that the pure
influence of the modal diameter has little influence upon
the maximum densities (Fig. 4) while a change in the distri-
bution of the coarse or fine fractions will have a significant
effect upon the maximum density. The analysis also indicated
that a linear regression equation of the form below could
be developed to fit the experimental data, and such an analysis
yielded the following equation :

Ymax = 135-85 — 7-255 log (10 §,) — 10-7370(10 Sj)
+ 6:4626 log (10.D,) R 0Y)

The coefficient of multiple regression was r2 = 0-79 which
was the proportion of the variation in the maximum density
explained by this equation relating the grading and the
maximum density.

Standard Compaction Tests

The standard compaction test (AASHO, 1955) involves the
laboratory densification of a sand in three layers in a 1/30
cu. ft. mould. Each layer is subjected to 25 blows of a 5-5 Ib.
hammer falling 12 inches, and the diameter of the hammer
face is 2 inches.

The polydimensional analysis indicated a similar pattern
to that observed for the maximum densities, and the regres-
sion equation developed to fit this data yielded :

Ysta = 125:86 — 6859 log (10 S,) — 86872 log (10 S,)
+ 4-2061 log (10 D,) V)

with the coefficient of multiple regression of 0-79.

A comparison of the average densities from the maximum
and the standard compaction tests shows the average diff-
erence between the tests for uniformly graded sands (C, 14 to
2:0) is 5 to 6 Ibs./cu.ft., while the average difference for well
graded sands (C, 3:5 to 5:0) is 8 to 9 Ibs./cu.ft. between the
test results. Thus the well graded sands (with low values of
S, and S;) were more sensitive to changes in the magnitude
of the compactive effort than the sands which had a tendency
to be all of one size.

The regression equations were developed from the results of
a single density test on each sample. Limitations of sample
quantities and laboratory testing time precluded more testing.
It is suggested that the regression equations developed for the
standard compaction test and maximum densities could be
improved if the densities were determined from the mean of
several tests on each sand.

Minimum Density Tests

The minimum density of each sand was estimated by two
techniques. The initial method used was the tilting test dev-
eloped by KoLBuszewskr (1948) and the density used in the
polydimensional and regression analyses was the mean of
five determinations. The developed equation was :

Ymin = 112-73 — 86214 log (10 S,) — 6:2562 log (10 S))
+ 1-7764 log (10 D,) e (3)

The regression coefficient obtained was 0-56 and in view of
this low correlation, another test was used. In addition, it
had been noticed that there was some segregation during the
tilting test when well graded fine sands were tested.

The second test method relied on the careful deposition
of the sand by spoon into a standard compaction mould
(1/30 cu.ft.). The test is similar to that used by Wu (1957),
and was partially chosen because of the different method of
deposition as found in the tilting or funnel tests. The polydi-
mensional analysis indicated similar mean relationships
between grading and density as exists for ymax and +ysta.
However, the regression equation also indicated erratic
results, as shown by the correlation coefficient of 0-57 which
was developed with the following equation :

Ymin = 110-51 — 8:3215 log (10 S,) — 4.4736 log (10 S))
+ 4-2076 log (10 D) . @

Both analyses showed that the sands which possessed pre-
dominantly coarse sizes, or were well graded materials in the
fine sand and silt sizes (low values of S,) did not follow the
general relations exhibited by other sands. Since slightly over
half of the variation in the minimum density test was explained
by variations in the grading of the sands, it is felt that some
other significant factors influence the minimum densities
determined by either of these techniques.

For uniformly graded sands (C, 1-4 to 2-3) the tilting test
indicated minimum densities 2 to 3 1bs./cu.ft. lower than those
obtained from the spoon test, while for the more well graded
sands (C,, 25 to 5:0) the tilting test densities were 2 to 3 Ibs./cu.
ft. higher. These observations agree with the previous obser-
vation by KoLBUszEwsKI (1948) that a high rate of deposition
of uniformly graded sands develops some form of open
structure which reduces the density. The second test method
apparently develops a denser structure for the uniformly
graded sands because of the lower intensity of depositron.
As the value of S, increases (i.e. more uniform coarse-size
distribution) the density from the tilting test becomes incre-
asingly lower than the spoon density result. This tends to
support the idea that bridging is developed to a much greater
extent in the finer and more uniformly graded sands. A
similar difference appears to be developed between the two
tests for uniformly graded coarse sands.

An indication of the importance of these secondary effects
which are developed in the minimum density test is shown in
Table 1, where the properties of four typical sands are given.

The standard tilting test was used for minimum density
and maximum density was obtained using “dry” compaction.
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Table 1

Y max RD

Sand | ¢ | Dy | g Sy ¥ min Ibs./ | vstd. | per

No. mm Ibs./cu.ft. cuft. e
58-1 22 | 0-23] 0-98| 3-11| 1012 1164 | 109-3 | 57
59-63 | 2:6 | 0-21| 0-85| 1-92 97-3 1176 | 1097 | 66
58-12 | 3-6 | 0-21| 1-85] 0-92| 916 117-8 | 111-3 | 81
59-68 | 2-1 | 0-22| 1-97| 2:36| 946 114-0 | 107-0 | 68

The fine sand fraction of sand 58-1 is more uniformly graded
than that of sample 59-63 as indicated by the steeper value of
Sy, while their other Bagnold parameters are similar. This
variation produces a decrease of 3-9 Ibs./cu.ft. in minimum
density with little change in other densities. Samples 58-12
and 59-68 possess similar Bagnold properties with the excep-
tion that 58-12 is more well graded in the fine sand fraction
than the other. This difference yields a 3 Ibs./cu.ft. lower
minimum density for sand 58-12, but results in a 3 Ibs./cu.ft.
increase in the other test densities for this sand.

A second analysis of the minimum density test results
showed that for sands possessing neither a predominance of
coarse fractions (S,> 1-4), nor well graded fine fractions
(S, > 14), a regression equation could be developed which
explained 80 per cent of the variation in the minimum density
by changes in sand grading. Extrapolation of this relation to
the excluded sands showed an underestimation of 6 lbs./cu.
ft. for the first grouping, and an overestimation of 5 lbs./cu.
ft. for the second grouping.

It is suggested that in a majority of the fine and medium
sands, the structure developed by the sand during deposition
is of major importance. Unfortunately, there is insufficient
evidence to quantitatively evaluate this structure in terms of
absolute minimum density values.

Limitations on Relative Density Values

In order to compare a range of basic physical properties
for a wide variety of sand types, the properties of sands are
usually plotted against their relative densities, R,. As can
be seen from Table 1 for the four sands which have been sub-
jected to identical compactive processes and energies, different
relative densities result. It can be assumed that the variation
in relative density is an indication of the effect of the grading
upon the energies involved in the laboratory procedures.

However, the differences in the “compactibility” of various
sands, as reflected by changes in their relative densities, do
not provide a correlation with their observed field behaviour,
as is shown for the sands in Table 2.

Table 2

Y max * min Rd .

S;”d c, | Dol lbs, ibs./ vstd. | per Field
@k mm | ey ft. cu.ft. | cent | Remarks

58-12 | 3-6 | 0-21! 1170 91-6 111-3 81 |[Stable
58-3 1-4 | 0-14| 109-5 87-6 102-3 72 |Unstable

59-86 3-3 | 0-26] 114-5 97-4 108-0 66 |Stable
58-8 2-1 | 0:32) 1l64 96-0 111-0 73 'Unstable

The maximum and minimum densities shown in Table 2
are the standard tests proposed by KoLBUSzZEwsKI (1948).
The standard compaction density of each sand, which repre-
sents the observed practical upper limit for field compaction,
is expressed as a relative density. Three sands posses relative
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densities approximately at 70 per cent, yet each of these sands
behaved differently on field construction projects. Sand 58-3
rutted excessively and became loose under the construction
equipment, while sand 59-86 proved to be completely stable,
and sand 58-8 exhibited characteristics mid-way between
these two trends.

It is suggested that variations in grain size and grading
of sands used in recent investigations have led to variations
in the limiting densities which are not comparable, with the
resulting relative density values yielding a poor basis for
comparison.

It has been shown that in order to compare a variety of
different sands on the basis of changes in their relative dens-
ities with respect to comparable properties, it is most impor-
tant that an appreciation of the range of gradings covered
by the sands is obtained. At this stage, due to the arbitrary
nature of the limiting density tests, it is suggested that changes
in the physical properties of sands are expressed in terms of
changes in their void ratios, without establishing their upper
and lower limits. For sands of similar nature and grading, it
is possible to use the limiting density techniques even though
they do not represent ultimate techniques.

Conclusions

(1) The grain size distribution of 90 per cent of the sands
sampled from Southern Ontario can be expressed by Bagnold
Parameters.

(2) 80 per cent of the variation in standard compaction
and maximum densities between these sands can be expressed
by using the Bagnold grading parameters.

(3) The gradings of these sands explain in part the variation
in the minimum densities for the techniques evaluated. Pre-
sent techniques used for estimating minimum density are not
satisfactory when a wide range of sands are to be compared.
Due to a possible structure that is developed in the tests, the
present techniques must not be considered as absolute tech-
niques. The development of a minimum density test is needed
which mainly reflects changes due to grading.
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