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Research on the Texture of Granular Masses

1/28

Étude sur la texture des substances granulées

b y  T ors ten  K a l l s t e n i u s , Techn. Lic., H ead  o f  M echanical D ep a rtm en t 

and

W erner B e r g a u ,  D r. Ing., H ead  o f  M easuring  Section, Sw edish G eo techn ica l In stitu te

Summary

The authors consider that the nature of granular masses is 
not properly taken into account when calculating their mechanic­
al behaviour; as part of a wider research programme, they have 
investigated the texture of masses of glass balls.

This texture was studied layer by layer, applying a tetrahedral 
lattice based on the spacing of the balls, from which the shapes 
of the tetrahedra were evaluated. The balls were allowed to 
fall freely under the action of gravity and the base plane was 
horizontal. Both theory and practical tests prove that there is 
a tendency for the balls to arrange themselves in "chains”, and 
the num ber of balls per horizontal unit area is found to be nearly 
constant in all layers. If this number is deliberately changed 
in one layer, it will be repeated again after a few more layers.

I t  was also discovered that the mass is anisotropic to the extent 
that the height of each tetrahedron is less than required for iso­
tropy. Close to a plane boundary surface the balls arrange 
themselves in a definite manner for six or ten layers thereby 
producing a "wall effect” . This must be taken into account in 
laboratory tests.

Introduction

In  connection  w ith soil pressure cell ca lib rations (S .G .I. 

Proc. N °. 12, 1956), the au tho rs felt th a t there was a need 

to  explain  the m echanical behav iour o f g ranu lar masses 

w ith m ore a tten tion  being paid  to  their true  n a tu re  than  is 

usually  the case. M r. Justus O sterm an, D irec to r o f the Swedish 

G eotechnical Institu te , and  the au thors have collaborated  

in an  extensive, bu t yet incom plete, study  o f these m atters 

(cf. J. O sterm an, Some aspects on  the p roperties o f  g ranu lar 

masses, SvenskaN ationalfo ren ingen  for M ekanik, Reologisek- 

tionen, M eddelande 1, 1959).

I t  has been com m on practice, w hen try ing  to  base calcu­

lations on  the tex ture o f a  g ranu lar m ass, to  assum e regular 

pa tterns o f spheres. It is no t possible here to  m ention all 

au thors, bu t Bullets “ T raité  d ’A rch itecture-P ratique” (1691) 

seems to  have been one o f the first know n. Even a  brief cons­

ideration  indicates, how ever, tha t regularity  is quite im pro­

bable under na tu ra l conditions. N evertheless, masses built 

up from  grains o f sim ilar size and  approxim ately  spherical 

shape m ay be found in nature . E xperim ents w ith lead shot 

by W .O. Sm ith, P.D . F oo te  and  P.F . Busang (Physical 

Review, Vol. 34, 1929) m ay be m entioned here. The au thors 

s 'a rted  w ith a study  o f the tex ture  o f  a mass built up  o f ap p ro x ­

im ately equally  large spheres, under conditions sim ilar to  

slow sedim entation.

T hey considered a plane horizon ta l surface w ith spherical 

grains falling freely on to  tha t surface. As far as the 

grains can hit the surface directly, w ithout touching

Sommaire

Dans la détermination habituelle du comportement mécanique 
des substances granulées, on n’accorde pas, suivant l’opinion 
des auteurs, une attention suffisante à la nature de ces substances. 
C’est pourquoi, dans le cadre d’un programme de recherches 
plus vastes, ils ont étudié la texture de masses de billes de verre.

Cette texture a été étudiée couche par couche et rapportée à 
une structure tétraedrique basée sur les centres des billes. La 
forme de ces tétraèdres a été étudiée. On a fait tom ber les billes 
une par une, sous la seule action de la pesanteur. Le fond du 
récipient était horizontal.

La théorie et les essais montrent, tous deux, que les billes ont 
tendance à se disposer en « chaînes ». Le nombre des billes par 
unité de surface horizontale fut trouvé presque constant dans 
toutes les couches. Si ce nombre est modifié à dessein, dans une 
couche, on retrouve la valeur normale au bout de quelques 
couches.

On a trouvé aussi que la masse est anisotrope et que la hau­
teur de chaque tétraèdre est moindre que celle qui correspon­
drait à l’isotropie.

Près de la surface limite, les billes s’arrangent en couches plus 
nettes sur une épaisseur de 6 à 10 couches, ce qui produit un 
« effet de mur » dont on doit tenir compte dans les essais de labo­
ratoire.

o ther grains, distances between grains can be assum ed to  

depend entirely  on chance. O n the o ther hand, if they  touch 

grains they will be guided sideways and  assum e posi­

tions w here in terac tion  between grains p lays an im portan t 

role.

W hen so m any grains have reached the base plane tha t 

no o ther grain  can reach this, the base layer is com plete. The 

grain p a tte rn  in this layer can  be described if triangles are 

form ed between the centres o f the grains. Triangles can be 

form ed m ore or less a t will, bu t there m ust be a restrictive 

regulation  to  the effect th a t the triangles shall be form ed 

betw een ad jacen t grains in the w ay which best avoids angles 

greather than  90°. The shortest d iagonal betw een fo u r ad ja ­

cent grains was therefore chosen. This is based on the consider­

ation  th a t the grains form ing the nex t layer will norm ally  

rest on three base-grains each, bu t canno t find a stable base 

if the base-grains form  a triangle contain ing  an  angle greater 

th an  90°.

If  the grains have a  radius “ r ” we can call the sides o f the 

base triangles œr, b-r and  c-r where “a” alw ays indicates the 

longest side and  “ c” the shortest side.

If a triangle form s the base for a fou rth  grain, the position 

o f this grain is geom etrically  determ inad as its centre will be 

situated  a t the distance 2 r from  each of the base grain 

centres. The distance h-r from  the base triangle can  therefore 

be calculated.

Fig. 1 shows an elem entary  te trah ed ro n  as determ ined
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Fig . 1 Elem entary Tetrahedron. 
Tétraèdre élém entaire.

by coefficients a, b, c and  h. The te trahedra  form ed by the 

base layer and  the layer im m ediately above this are called 

base-tetrahedra. The statistical variation  o f the dim ensions 

o f  these base-te trahedra has been studied by a graphical 

m ethod. In  the g ranu lar m ass, sim ilar but no t identical 

te trahed ra  m ust exist and  the au thors have studied them  

em pirically.

G raphical M ethod

I t  is n o t practical to  use p robability  calculations for the 

tex tu re  o f the base layer o f grains, as the aforem entioned 

in terac tion  effects are com plicated. T herefore a com bination  

o f  graphical so lu tion  and  calculations has been chosen in 

o rder to  reach a theoretical understanding.

The in teraction  o f grains m ay be o f tw o different kinds as 

illustrated  in  Fig. 2. Sim ple in teraction  occurs w hen one 

grain  hits ano ther grain and  is rolled off in a plane th rough  

bo th  grain  centres, un til b o th  grains rem ain  o n  the base 

plane in m utual contact. The distance between the grains is 

then 2r, which will determ ine leg “<?” o f a base triangle. 

D oub le  in teraction  occurs when one grain first hits ano ther 

grain  bu t is then  guided by a th ird  grain to  a final position  in 

con tac t w ith both  grains. H ere a triangle is form ed where 

c =  b =  2. The two types o f in teraction  m ay com bine in 

chains.

Chances represented by 

area ABC are accumulated 

in C and chances BCD am  

accumulated along C -D .

Fig . 2 Interaction between Grains.

Act ion  m utuelle entre les grains.

I f  we assum e the p robability  to be equal fo r a grain  to  reach 

a n y  p a rt o f the base surface, the in teraction  excepted, we can 

stu d y  the frequency o f possible base triangles by  dividing 

the base surface in to  u n it areas and  solving the problem

graphically . W e have chosen a  netw ork  w ith a  spacing of 

0-1 r. T hus our un it area (which represents one chance in 

our system ) is 0-01 r2.
F o r each possible un it value o f a we studied all possible 

com binations o f b and  c bu t had  to  consider the follow ing 

lim itations :

( 1) b ^  a due to  definition.

(2) c ^  b due to definition.

(3) 2 ^  a, b, c as no grains can  com e closer than  contact.

(4) D ue to  definition a fourth  grain  m ust no t be able to 

pass the base triangle.

(5) Cases where an  angle o f  the base triangle exceeds 90° 

can n o t be used. H ere one m ust reckon w ith the chance th a t a  

fou rth  grain  will be rolled off to  the opposite side o f line 

“a”, perm itting  the fo rm ation  o f two new triangles alt bx, cx 
and  a2, b2, c2 (here called redivision).

(6) D ue to  sym m etry  on ly  h a lf o f the triangles need be 

checked.

T he above lim itations are show n graphically  in  Fig. 3. 

Fig. 4 shows the basic graphical procedure to  determ ine the 

num ber o f chances fo r different com binations o f  “A” and  “c” 

for the a rb itra te  a-values 3-6 and  2-6. As stated  above triangles 

w ith an  angle exceeding 90° are n o t included here. E ven if 

fo r high a-values the num ber o f chances giving such triangles 

is com paratively  high they are no t so frequent in the com plete 

netw ork o f  the base layer. The reason lies in  the aforem en­

tioned procedure to  select the d iagonal betw een four ad jacen t 

grains w hich produces the m inim um  possible num ber o f 

triangles w ith angles exceeding 90°.

Fig . 3 Lim it ing  Values. (Grap h ical Evaluat ion .) 
Valeurs lim ites. (Évalu at ion  graphique.)

• -  one chance 

° -  five chances
* -  ten — «—
D -  area A

a - 3.6 a - 2.6

Fig . 4 Determ ination o f D irect  and Accum ulated Chances. 
Déterm ination de probabilités simples et cumulées.

L im it

Lim it fo r  

complete

Lim it csb

symmetry

Limit for

Lim it c = 2
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Fig. 5a illustrates how  two triangles A B C  and  ABD  on  the 

com m on base “ a ” are redivided by d iagonal CD to  tw o o ther 

triangles ACD  and  CBD. As far as D is situated  w ithin the 

area A B E V the new  triangles con ta in  no  angle exceeding 90°. 

These chances have  then  already  been counted  for sm aller 

a-values and  no th ing  new  is in troduced  concerning the base 

pattern . I f  D has h it surfaces AD 2D3 o r BD 6D bD i we obtain  

one triangle w ith all angles sm aller th an  90° (which has al­

ready  been counted), and  one triangle w ith an angle exceeding 

90° fo r each u n it area. T he la tter triangles canno t form  bases 

for te trahedra  bu t will exist in the base p a tte rn  betw een the 

te trahedra. The p robability  for angles exceeding 90° is gover­

ned  by  the ra tio  betw een the areas giving such triangles and  

the to ta l possible area below AB. A n im p o rtan t requirem ent 

is th a t no  d iagonal should  exceed “a ” .

Case a

Grain centres in A B C  

and D. The diagonal is 

chosen which best 
avoids angles s  90°

Case b

Crain centres in A B and C 

Crain hitting ABC is 

guided to D if  no grain 

E is blocking.

Probability for angles m90°
A D D + B D D

_ _  ? .? 4 5
AD D B

Z b

Probability fo r D
b c }c2o - a b c

“  (A E 1E3B ) r

Fig . 5 Red ivision  o f Base Triangles.
D ivision  des triangles de base.

A special effect is dem onstrated  in  Fig. 5b. I f  a  grain hits 

surface A B C  and  no  grain  is present in A E XE2E 3B, it will 

be guided by double in teraction  to  a position  D . H ow ever, it 

is necessary th a t grain C reaches its position  before a grain

Fig . 6 Frequency Distribu tion 
a b c and h 

Distribu tion de fréquence 
a b c el h

hits A E 1E2E3B  and  th a t a  grain then  h its surface AB C  before 

a grain hits A E 1E2E3B, which m eans tw o consecutive events 

and  a corresponding  sm all p robability . The process m eans 

m ore p robab ility  for the fo rm ation  o f triangles ACD  and  CBD.
C ertain  special cases w ith sm all p robability  have n o t been 

described here a lthough they  were considered in our studies.

Frequencies for different com binations o f a , b, c and  h and 

their average values have thus been calculated from  the indi­

vidual triangles. In Fig. 6 are given the frequency distributions 

for the base layer and  the base te trahedra together with 

m easured values from  layers 5 and 7 in test B  w hich will be 

described below.

In  T able 1 we have given the frequencies o f different constel­

lations o f grains in the base layer.

Table 1

a-value

Frequency % 
Constellations o f grains 

in triangle
Refle­
xion

A ngles 
90°

All
three
free

One free, 
two in 
contact

One in 
contact 

with 
two

3-9 1-8 1-3 0-9
3-8 2-7 1-9 — — 11
3-7 2-8 1-8 — — 1-2
3-6 3 0 2-1 — — 10
3-5 2-8 2-1 — — 0-9
3-4 2-5 2-1 — .— 0-8
3-3 2-3 2-1 — — 0-8
3-2 20 2-5 — — 0-6
3-1 1-7 2-5 — — 0-4
3 0 1-5 2-5 — — 0-2
2-9 1-2 2-5 - — 01 01
2-8 0-9 2-6 3-8 0-5 —

2-7 0-7 2-3 3-4 0-3 —

2-6 0-5 2-4 3-7 0-8 ■—

2-5 0-3 1-9 3-5 0-7 —

2-4 0-2 1-3 3-4 0-6 —

2-3 01 11 3-4 0-6 —

2-2 — 0-7 3-6 0-7 —

2-1 — 0-2 3-6 0-7 —

2-0 — 0-1 8-7 1-8 —

Sum 270% 35-9% 37-1% 6- 8% 8 0 %

There is a  great p robability  o f  grains com ing in contac t 

w ith each other. The constellation  “ one in con tac t w ith tw o” 

m eans a tendency to  form  chains. Fig. 7 shows a base layer 

form ed under conditions sim ilar to  the assum ed and  one 

can there directly see the tendencies indicated in T able 1. As 

triangles with an angle exceeding 90° canno t form  bases for 

te trahed ra  and  only  ab o u t every second triangle o f the base 

layer can be included in a base-te trahedron , the frequencies 

for different values o f a, b and c will differ in the interspaces 

from  the values given in Fig. 6.

The to ta l num ber o f  chances included in this study  was 

ab o u t 3100.

Tests

Tests were perform ed to  study  the building up o f a g ranular 

m ass, layer by layer.

A  glass p late w ith a  layer o f glue form ed the horizontal 

base plane. G lass balls w ith an average d iam eter o f 5-9 mm 

were d ropped  carefully  on  the surface.

Two series o f tests, A and B, were perform ed. Every  second
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Fig. 7 Base Layer, Test A.

Couche de base, essai A.

layer was uncoloured and  every second layer blackened. 

F o r  each layer the num ber o f balls w ithin a standard  area 

82 X 82 m m  were counted , and  the distance o f the ball tops 

to  the base p late were m easured.

In  test A  the base layer —  form ed by chance —  is show n in 

Fig. 7. A fter six layers, balls were poured  carefully  over the 

layers to  a height o f 135 m m  above the base p la te  an d  two 

consecutive layers (n -f 1 and  n +  2) w ere counted.

In test B  the base layer was purposely arranged in  the 

densest possible regular o rder and  seven consecutive layers 

w ere counted  and  m easured. The results o f the counting are 

show n in Table 2.

Table 2

Layer

Number o f balls 
within standard area

Test A Test B

1 180 232
2 184 169
3 176 172
4 168 168
5 183 182
6 184 181
7 — 186

n + 1 176
n +  2 185

W e note  the nearly  equal num ber o f balls for different 

layers o f T est A  and  how  the extrem ely  high density  o f layer

1 in test B  has been counteracted  by  an  ex tra  low density  

in  layer 2. A fter a few layers the num bers coun ted  in test B  
are  the sam e as in  test A. The influence o f chance is constan t 

fo r the given conditions o f form ation .

F o r layers 5 and  7 in  test B  the triangles form ed by  the 

ball (grain) centres were m easured. T he statistical d istribu tion  

o f  the m easured values a, b and  c an d  the corresponding  

ca lcu lated  /¡-values are given in Fig. 6. A  com parison  w ith 

the results o f the graphical evalua tion  o f the base layer shows 

an  evident sim ilarity  even if the concen tra tion  tow ards sm all 

values due to  in teraction  is n o t as obvious in  the test. This

should be so, as in layers above the base every  grain will be 

guided by the base grains to  a position  differing slightly from  

th a t selected if the base were a plane surface.

Fig. 8 shows the d is tribu tion  o f grain  centre positions 

above the base surface. T he influence o f the lim iting plane 

surface has a  far-reaching effect and  indicates a “ wall effect” 

on  the tex ture  o f the mass. A t a  greater d istance from  the 

surface the layers begin to  mix.

Fig. 8 D istribution of ball centres.

Distributions des centres des billes.

Discussion

T he statistical d is tribu tion  o f  a, b and  c-values an d  the 

corresponding  /¡-values o f  the te trahed ra  in  the m ass can  be 

expressed in approx im ate  m athem atical shape b u t a t  p resent 

the au thors prefer to  describe the tex tu re  by average values. 

C onsidering the frequencies o f different values a, b and  c 
they arrived  a t the m ean values given in T able  3.

Table 3

Shape o f average tetrahedron aa ba Ca ha

Base tetrahedra, graphical evalu­
ation 2-93 2-59 2-18 1-30

Layers 5 — 7, Test B 2-86 2-53 2-12 1-35

The /¡„-values in the tab le  were calculates to  su it aa, ba and  ca. 
F o r a graphical evalua tion , the au tho rs have calculated  the 

void ra tio  “ e” o f the average te trahed ron  and  found  it to be 

e =  0-51. T his was com pared  w ith a calculation  for all indi­

vidual te trahedra , w hich gave e =  0-50. I t  thus seems possible 

to  use the average-tetrahedra for void ra tio  calculations.

In  the course o f their calculations, the au tho rs discovered 

special influences affecting the tex tu re  in the mass. As far as the 

/¡-values are concerned, each triangle o f grains can be in 

con tac t w ith one grain  on  every  side, thus form ing a  pen tahe­

dron . W hen  h is sm aller than  un ity , pen tahedra  are no  longer
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possible w hich m eans th a t the fo rm ation  o f te trahed ra  is 

restricted, //-values sm aller than  un ity  m ust therefore be 

considered w ith only  half their basic frequency. Therefore 

the average /i-value when calculated for the average values 

aa, bn and  ca is ab o u t 0-04 greater than  the average h which 

m ight be calculated  from  Fig. 6.

T he ra th e r flat shape o f  the te trahedra  and  the fact th a t the 

base triangle can only  heel little to  cause the top  grain to  roll 

off (cf. the  angle o f n a tu ra l slope as indicated by Fig. 9) leads 

us to  the conclusion th a t the tex tu re  o f the mass is un-iso tropic 

(it is n o t possible to  im agine our average te trahedron  standing 

w ith its base in  a vertical direction). A n indication  o f  un-iso- 

tropy  is the observation  in Test A  tha t the num ber o f grains 

in con tac t w ith an  area 82 x  82 mm was 179 for a horizontal 

a rea bu t 205 for a  vertical area. In this cass, how ever, we were 

n o t free from  wall effects.

Fig. 9 Angle of natural Slope for Glass Balls.

Angle de talus naturels pour des billes de verre.

This un-isotropic tex ture m ay  be an exp lanation  o f the 

consolidation-test curve shape. I f  the m ass o f  te trahedra  is 

subjected to  stress conditions in troducing a  stress ellipsoid 

w ith altered  o rien tation , the structure m ay  stand  an  a lter­

a tio n  on ly  to  a  lim ited extent. A bove th a t a  breakdow n and 

re-o rien ta tion  o f the structure  follows. A  direct im pression 

o f  th a t is obtained  w hen deform ing a m ass o f billiard balls 

held together by  a net. The au tho rs consider th a t the o rien ta­

tion  o f the tex tu re  should be allowed for by suitable coefficients 

w hen calculations are undertaken.

The au thors have studied the influence o f wall effects on 

void ra tio  determ inations. In  Test A  the average void ratio  

(including wall disturbances) was found  by  experim ent to 

be e =  0-61 in  a  container m easuring 187 x  144 x  130 mm . 

T hey determ ined the void ra tios nearest to  the lim iting sur­

faces from  the m easured dim ensions o f  each layer an d  the 

counted  num ber o f grains. F o r ho rizon ta l surfaces they 

could check 5 1/2 layers, bu t for vertical ones only  1 1/2 layers. 

F o r the half-layer betw een the lim iting surfaces and  the centres 

of the peripheral grains the void-ratios were very high 

(eh =  1-20; ev =  0-82). O n the o ther hand  the void ratio  in 

the space betw een the first and  second layers o f grain  centres 

was e =  0-41 fo r bo th  horizon tal and  vertical surfaces.

The corrected  void ratio  for the cen tral m ass in Test A  was 

estim ated to  be e =  0-62, w hich is very near the uncorrected  

value. F igures indicate th a t the wall-influence m ay be consider­

able in relatively  sm aller vessels (cf. K . S c h u b e r t , Einfluss 

der V ersuchszylinderabm essungen au f  die lockerste Lager- 

ung  rolliger Boden, Zschr. f. Bauwesen, C o t t b u s , H .2 1957- 

1958).

The high void ra tio  in the ou term ost half-layer is know n 

to  affect perm eability  tests, and  the very dense and  ordered  

nex t layers form  a skin w hich affects com pression tests and  

strength  tests (cf. S .G .I. Proc. N o. 12 p. 44, Fig. 28).

T he obtained void ratio  e =  0.62 m ay be com pared with 

the void ra tio  calculated  from  the average te trahedron  in 

layers 5-7, Test B, w hich was e =  0-60.

The te trahedra seem to be guided by  the p lane limiting 

surfaces in such a  w ay th a t the inter-spaces between the 

te trahed ra  (which need no t have te trahedra l shape) are 

sm aller on the average than  the tetrahedra. In  the mass 

unaffected by  wall effects te trahedra  and  interspaces are 

m ore equal in volume.

W all effects are  no tew orthy  in several different respects. 

The influence on  tex ture  as indicated by  Fig. 8 seems to  have 

the m ost far-reaching effect. The influence on  void ratio  

consists of, firstly, one very special lim it effect in the half- 

layer close to  a plane surface and  secondly, less im portan t 

changes in the void ratio  o f the consecutive layers.

A dditional Tests

The au thors have here dealt w ith glass balls and  one set o f 

building-up form ations where every grain  was perm itted  to  

find an  indiv idual stable position. I t is difficult to  ob tain  

sm aller void ra tio  by simple packing. Penetration  tests in 

sim ilar m aterials show a great increase in  penetra tion  resis­

tance w hen the sam e void ratio  is approached  (e a* 0-60). 

T able 4 shows the void ratios for glass balls, two types of 

quartz  sand and  one type o f gravel for different conditions 

o f  fo rm ation  (cf. also K olbuszew ski, Proc. 2nd Int. C onf. on 

Soil M ech. and  F oundation  Engng., Vol. 1, pp. 158-165).

Table 4

Tests in 0  75 mm glass 
cylinder

Tests in rubber 
sack

Material
Slowly
poured

Quick­

ly
poured

Tem­
pered Rolled

Atmo­
spheric

pressure

Va­
cuum

0  2 mm glass 
balls 0-59 0-65 0-59 0-70 0-53 0-50

0  4 mm glass, 
balls 0-61 0-66 0-61 0-71 0-61 0-51

0  6 mm glass 0-61 0-66 0-59 0-75 0-60 0-50
balls 

N orm al Sand A 0-61 0-83 0-59 0-83 0-54 0-51
N orm al Sand B 0-68 0-93 0-66 0-93 0-61 0-59
Gravel 0  2-4mm 0-63 0-90 0-60 0-92 0-60 0-51

Fig. 10 shows how  the tex ture  o f a base layer is changed 

w hen stresses are in troduced in the plane. O ne can observe 

a crystalline p a tte rn  w ith am orphous zones betw een the 

“ crystals” . Fig. 11 shows how  a sim ilar p a tte rn  is form ed when 

pu tting  a g ranu lar mass under stress. This external “ skin” 

m ust influence labo ra to ry  tests very m uch (cf. L.C. G r a t o n  

and  H .J. F r a s e r . J. o f  G eology Vol. 43, N ov.-D ee. 1935).

Fig. 10 Base Layer Subjected to Stresses in the Plane.

Couche de base soumise a des tensions planes.
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Balls 4 mm

Gravel 2-4 mm

Fig. 11 Skin Effect (G ranular Masses under Vacuum).

Effet de peau de substances granulées mises sous vide.

R ecapitu lating  the investigations, it can  be said th a t the useful a ttem p t to  an  understand ing  o f  the behav iour o f 

idea o f exam ining grain  masses bo th  by m eans o f statistical g ranu lar m aterials, and  m ay  help to  avoid  experim ental 

analyses and  by  experim ents seems to  the A u thors to  be a  errors, fo r instance due to  boundary  conditions.
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