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Relationship between Apparent Angle of Friction—with Effec­
tive Stresses as Parameters—in Drained and in Consolidated- 
Undrained Triaxial Tests on Saturated Clay. Normally-Consol­
idated Clay

Relation entre l ’angle de frottement apparent et les contraintes effectives en tant que 
paramètres — dans des essais triaxiaux drainés et non drainés consolidés sur l ’argile saturée : 
argile normalement consolidée

b y  S. O d e n s t a d , Civil Engineer, H ead o f  C onsulting  D ep a rtm en t Swedish G eotechnical Institu te , S tockholm

Summary

W hen calculating long-term  stab ility  o f a soil, the shear 
strength under d rained conditions m ust be know n. An adequate  
triaxial test in the lab o ra to ry  w ould then  be the d rained test. 
F o r practical reasons, however, tests on clay m ust usually  be m ade 
on consolidated-undrained  sam ples. D uring  the undrained  phase, 
the effective stress then  decreases in certain  d irections in con trast 
to  the behav iour o f norm ally-consolidated  clay in n a tu re  at 
drained conditions. T herefore the conso lidated-undrained  test 
is no t a com pletely true reproduction  o f the conditions in the 
norm ally-consolidated  clay , in na ture , the stress h isto ry  being 
different in the two cases. T he au th o r gives a  theoretical s tu d y  of 
the difference betw een drained and undrained  conditions o f 
norm ally-consolidated  clays.

The shear streng th  — o r shearing stress a t the failure surface — 
in sa tu rated  clay m ay  be divided into two parts. O ne is the true 
cohesion, which, in theory , is purely  a function  o f the m oisture 
content, and the o th er is the true friction, corresponding  to the 
true angle o f friction. A ccording to the p a rticu lar stress h istory, 
an a rb itra ry  system  o f effective stresses when acting under drained 
conditions corresponds to o ther figures o f m oisture con ten t and 
true cohesion than  those when acting under undrained  conditions. 
Thus the ap p aren t angle o f friction generally is no t the sam e in 
both cases.

The report shows th a t in triaxial tests on norm ally-consolidated  
clay, the ap paren t angle o f friction is greater in the consolidated- 
undrained than  in the drained test. F inally  it is show n how the 
apparen t angle o f friction under drained conditions is to be 
calculated from  the da ta  obtained in consolidated-undrained  tests ; 
for this calcula tion  the true angle o f friction m ust be known.

Introduction

O ste rm an  has p o in te d  o u t  in  (1) th a t  th e  a p p a re n t  ang le  
o f  f r ic tio n  o b ta in e d  in  tr ia x ia l  tests is o ften  h ig h er in c o n so l­
id a te d -u n d ra in e d  tes ts th a n  in  d ra in e d  tests . H e  s ta te s  th a t  the  
c o n d itio n  c an  be  e x p la in ed  q u a lita tiv e ly  b y  th e  fa c t th a t  
th e  tru e  c o h es io n , w h ich , to g e th e r w ith  th e  fr ic tio n , m ak es 
th e  sh e a rin g  stress a t  th e  fa ilu re  su rface , c o rre sp o n d s  to  th e  
ac tiv e  e ffective  stresses a t  th e  fa ilu re  in  th e  d ra in e d  tes t, w hile  
in th e  c o n so lid a te d -u n d ra in e d  tes t it c o r re sp o n d s  to  th e  
c o n so lid a tio n  p re ssu re . T h e  a u th o r  h as c a lcu la te d  th e  diff­
erence  be tw een  th e  a p p a re n t  ang les o f  fr ic tio n  in b o th  ty p es 
o f  tr ia x ia l  tests.

Sommaire

En évaluan t la stabilité  à long term e il fau t connaître  la résis­
tance au cisaillem ent sous des conditions drainées. L ’essai triaxial 
ad équat serait a lors l’essai drainé. P our des raisons pratiques 
cependant, il faut en général faire, p o u r ce qui est de l’argile, 
des essais consolidés non  drainés. L ’essai non-drainé  entraîne 
une d im inution  de la con tra in te  effective dans certaines directions, 
con tra irem ent à ce qui se passe dans de l’argile norm alem ent 
consolidée à l’é ta t naturel, dans des conditions non-drainées. 
L ’essai consolidé et non-drainé  en lab o ra to ire  ne reflète donc 
pas fidèlem ent les conditions dans l’argile consolidée norm alem ent 
à l’é ta t naturel, du  fait que le processus de con tra in te  est différent 
dans les deux cas. Ce rap p o rt est une étude théo rique  de la 
divergence entre  les conditions non-drainées et celles drainées 
de l’argile consolidée norm alem ent.

La résistance au cisaillem ent — ou l’effort de cisaillem ent dans 
la surface de rup tu re  — de l'argile  saturée peut se partager en 
deux parties. L ’une des parties est la cohésion vraie qui est la 
fonction  de la seule teneur en eau et l’au tre  est le fro ttem ent 
vrai co rrespondan t à l’angle vrai de fro ttem ent.

D u fait de la différence d ’évolution  des con tra in tes la teneur 
en eau et, p a rtan t, la cohésion vraie on t d’autres valeurs lors 
de l'app lication  d 'u n  systèm e quelconque de contra in tes effectives 
à l’é ta t d rainé et à l 'é ta t non-drainé. Ceci en tra îne  que l’angle 
ap paren t de fro ttem ent n ’est généralem ent pas le même dans 
les deux cas.

Le rap p o rt dém ontre  que dans les essais triax iaux  su r l’argile 
consolidée norm alem ent l’angle apparen t de fro ttem ent est 
plus grand dans les essais consolidés non drainés que dans ceux 
drainés. En dernier lieu on m ontre  com m ent l’angle apparen t 
de fro ttem ent dans des conditions drainées do it être évalué en 
p a rtan t des données obtenues dans les essais consolidés non 
drainés. Pour cette dernière évaluation  il faut aussi connaître  
l’angle vrai de frottem ent.

True cohésion

A ssu m e a  c la y  b o d y  w ith  à  v o lu m e  a n d  v o id  ra tio  e q u a l 
to  V0 a n d  e0 w h en  th e  effective  s tresses a re  iso tro p ic a lly  eq u al 
to  0. C o n so lid a tio n  o f  th e  c la y  red u ces th e  v o lu m e  a n d  the  
v o id  ra tio  b y  A V  a n d  Ae, a n d  the  é q u a tio n

d  v
A e  =  (1 +  e0) —

Ko

b ecom es va lid .

T h e  tru e  c o h és io n  c c an  b e  ex p ressed  

c =  k  ■ A e
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o r

A  V
c =  k( 1 +  e0) —  

y  n
( 1)

th e  ex p ress io n

£3 =  -=r [-M -ff'i +  (1 - H ) o '31
A,

is o b ta in e d  fo r  th e  u n it  co m p re ss io n s  ^  a n d  t 3, a n d  fo r  th e

A  V
u n it  re d u c tio n  o f  v o lu m e th e  e x p ress io n

A  V  1 ,
~T7~ =  £1 +  2s3 — — 2[i.) (o  1 +  2a  3)

w here  k  is a  c o n s ta n t,  a ssu m ed  to  be  ch o sen  so  th a t  th e  re c til­
in e a r  re la tio n sh ip  b e tw een  c a n d  A e  gives th e  best a p p ro x ­
im a tio n  to  th e  a c tu a l re la tio n s h ip  be tw een  c a n d  A e .  T h e  
a p p ro x im a te  e x p ress io n  g ives c =  0 fo r A  V =  0 , i.e. fo r 
e ffective stresses iso tro p ic a lly  e q u a l to  0 ; th is seem s p lau s ib le  
w ith  n o rm a lly -c o n so lid a te d  c lay .

Drained test

W ith

a '!  =  a x ia l effective p ressu re  

o '3 =  ra d ia l e ffective  p ressu re  

Ec =  “ m o d u lu s  o f  e la s tic ity ” a t c o m p ress io n  

¡I =  P o isso n 's  ra tio

Fig. 1 Effective stresses a \  and  a'3 a t failure. T rue  angle o f 
friction =  9 and true  cohesion =  c.

C ontrain tes effectives <s\ et a '3 à  la rup tu re . A ngle vrai 
de fro ttem en t =  9 et cohésion vraie =  c.

Consolidated-undrained test

T h e  sam p le  is firs t su b je c ted  to  th e  iso tro p ic a lly  e q u a l 
c o n so lid a tio n  p re ssu re  p. W hile  th e  to ta l  p re ssu re  o f ten  is 
m a in ta in e d  in a  ra d ia l d ire c tio n , th e  a x ia l  p re ssu re  is in creased  
till fa ilu re  occu rs . In  th e  u n d ra in e d  p h ase  th e  fo llo w in g  a re  
v a lid  :

a \  =  a x ia l e ffective  p re ssu re  

a '3 =  ra d ia l e ffective  p re ssu re

a \  —  p  =  in crease  o f  a x ia l  e ffective  p re ssu re  f ro m  th e  b eg ­
in n in g  o f  th e  p h ase  

p  —  a '3 =  decrease  o f  ra d ia l  e ffective  p re ssu re  f ro m  the  
b e g in n in g  o f  th e  p h ase  

p  —  C7'3 =  n e u tra l p re ssu re

In  th e  u n d ra in e d  p h a se  th e  u n it  c o m p ress io n

B y  in se rtin g  in to  E q . (1) th e  fo llo w in g  e x p ress io n  fo r  the  
tru e  co h esio n  c p re v a ilin g  a t  th e  stresses a \  a n d  a '3 is o b ta in e d

c =  k( 1 +  e0) • —  (1 -  2(0.) (o' - f  2a '3).
c

W ith

<p =  th e  tru e  an g le  o f  fr ic tio n  th e  fa ilu re  c o n d itio n  (F ig . 1)

G -1

---------------------------------------- - ---------------------------  =  sin cp

a' 1 - f  o ' 3 +  —  • £(1 - f  e0) ■ —  (1 -  2 |J .)  ( o '  +  2 o ' 3)

is va lid  w h ich  is re w ritten

1 +  s in ç  -I- 4  cos <p ■ k( 1 +  e0) ■ — ( 1 — 2(j.)
_______________ _________ _____ Eç_________

1 -  sin  (p — 2 cos <p • k (\  +  e0) (1 — 2(i)

(2)

M o h r ’s c irc les o f  effective  s tresses a t  fa ilu re  h a v e  th u s  a  co m ­
m o n  ta n g e n t  ru n n in g  th ro u g h  o rig in . T h is  ta n g e n t slopes a t  
th e  an g le  <p'd to w a rd s  th e  c - a x is .  E q . (2) show s d irec tly  th a t  
th e  a p p a re n t  a n g le  o f  fr ic tio n  <p'd >  tru e  an g le  o f  fr ic tio n  cp.

is o b ta in e d  in  a x ia l  d irec tio n , a n d  in  ra d ia l  d irec tio n  th e  
u n it  e lo n g a tio n

s3 =  a  -  h )  p- ^ - 3 +  h

w here  Es =  m o d u lu s  o f  e la s tic ity  a t  sw elling.

F ro m  th e  fixed  v o lu m e  c o n d itio n

is o b ta in e d

i D D G o  p  G o G 1 p
+ 2(x^ — 3 -  2( l - | x ) i- — 3 - 2^ - 1— !- = 0,

w h e reo f w ith  X =  —
E,

X = J_  . g ' i  ~  P

2  p  -  o ’ 3
(3)

a n d  a f te r  rew ritin g

1 -  X ,
3p =  er !  +  2a  3 +  2  ̂ ( c  x -  <7 3) . . . .  (4)

A  V
F o r  th e  u n it  re d u c tio n  o f  v o lu m e  , c a lc u la te d  fro m  th e

V n

2 8 2



stressless condition, the expression

A V  1
=  _ ( l - 2(i) . 3 „

K0

is valid. By inserting into Eq. (1) the following expression for 
the true cohesion c curing the undrained phase is obtained

c =  &(1 +  e0) • - p  (1 -  2(x) • 3p

which after insertion of Eq. (4) becomes

c =  k{\ +  e0) -  (1 -  2(i)

1
(c t ' i  -  Cj'3) J .

1 +  2X

Thus at failure the condition now valid is

v12 = <p «

36

?'=36°

<p-a 
\i ri

- 0 - 3  0 - 0  0 - 5  A  1 - 0

0

\ 2’J <p

^ 24 *

28

p'=28‘

- 0 - 3  0  0  0 - 5  ,  1 - 0  - 0 - 3  0  0  0  5  , T O
À A

Fig. 2 .  The correction at various values of tpu ' ,  9  and X

La correction c p '„  — <?'d en fonction de < p 'u ,  9  et X .

CT'i  +  k ( l +  eo) 4  (1 -  2(1)
tg 9 z-c

+  2 ff'3 +  2 (ct ' i  — a '3)j
=  sin  <

which is rewritten

1 +  sin 9 +  ^1 -  ) +  X/ j  4 • cos 9 ■ £(1 +  e0) ■ —  (1 -  2a)

1 -  sin 9 -  ( 1 + 2^— ) 2 ■ cos 9 ■ ¿(1 +  e0) • —  (1 -  2fi)

(5)

M ohr’s circles of effective stress at failure have thus a common tangent through origin, sloping at the angle <p'u towards the 
a axis. The angle <p'u is the apparent angle of friction in this type of test.

Comparison between the drained and the consolidated-undrained 
test

With
2 cos cp • Æ(1 +  e0) • 4  (1 -  2fi) 

A-

inserted into Eqs. (2) and (5) are obtained

tg 2 ( 4 5 + - ‘ - 1 + S i n C f , + 2 a

tg2 45 9 u

T

1 — sin 9 — a 

1
1 +  sin cp +  2a — 2

1 + 2 X

sin 1
1

2X

From  these equations is obtained the expression

1

tg2 45 -  1

3

1 +2X

tg2 45
2 sin 9 +  3 a

(6)

(7)

The value of X now determine whether <p'u is greater than, 
equal to or smaller than cp'Æ.

According to  Eq. (8) the following relations are valid :

at — i  <  X <  1 is 9 ',, >  <p'd J 

at X =  1 is 9 ',, =  w'd j (9)

a t other values of X is 9 ' u < tP'd I

In (2) Skempton gives values that are valid for his pore 
pressure coefficient A  in different clays at the failure phase. 
In saturated clay the coefficient A expresses the neutral 
pressure p  — a '3 caused by the deviator stress a \  — a '3 
according to the formula

P  —  f f '3 =  A ( g \  —  a ' 3)

Comparison with Eq. (3) rewritten in the form

P  -  a  3 =
2X

shows that transform ation from A to X may be made according 
to the formula

(8)

X =
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S k e m p to n ’s ta b le , c o m p le m e n te d  w ith  th e  c a lcu la te d  values 
o f  X is as fo llo w s :

Type o f clay

C lays o f high sensiti­
vity

N orm ally  - consoli - 
dated  clays

C o m p a c t e d  s a n d y  
clays

L ightly  over-consoli- 
dated  clays

C om pacted  clay gra­
vels

H eavily  over-consoli­
dated clays

+  i _  to +  1—  
4 2

+  —  to  + 1  
2

+  _L to  +  —
4 4

0 to  +

1 1
_  _  to  +  —  

4 4

— —  to  0
2

+  —  to —  — 
6 6

+  —  to 0

l

T h e  ta b le  a n d  th e  ex p ress io n s  (9) sh o w  n o w  th a t  <p'u >  <p'd 
in  n o rm a lly -c o n so lid a te d  c la y s  a n d  a lso  in  h ig h ly  sen sitiv e

>  +

5 3
< ----- r- o r >  +  —

2 2

< --------
2

c lay s. T h e  v a lu e  o f  <p'a c an  n o w  b e  c a lcu la te d  as fo llow s : 

E q . (7) is re w ritten  in  th e  fo rm

(1 — sin  (p) tg 2 ^ 4 5  +  ~  1 — sin  <p

1 + 2 r T s M 45 + T )  + 2 ( '  -  h r ^

(7a)

F ro m  th e  c o n so lid a te d -u n d ra in e d  te s t a re  o b ta in e d  <p'u a n d , 
b y  E q . (3), X. T h e  tru e  a n g le  o f  f r ic tio n  <p is d e te rm in e d  b y  
sp ec ia l tests. In se r tio n  in to  (E q . (7a) g ives th e  v a lu e  o f  a 
a n d  by  in se r tio n  in to  E q . (6) fina lly , th e  re q u ire d  v a lu e  o f  
cp'd is o b ta in e d . T h e  re su lt  is sh o w n  in  F ig . 2.
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