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The Use of the Energy Concept in Soils Mechanics

Utilisation de la notion d ’Energie en Mécanique du sol

by J. A . d e  W e t, S. M ., B.Sc. (Eng.), A. M . (S .A .)I.C .E . R esearch Officer a t N a tio n a l B uilding R esearch Institu te , 

C ouncil fo r Scientific and  In d u stria l R esearch, P re to ria , S. A.

Summary

By equating the shearing energy, and energy stored by volume 
changes under hydrostatic pressure, a failure criterion is provided 
based on the evaluation of the energy transferred to a soil by 
exterior loading and desiccation. It is shown that there is no fun­
damental difference between the energy of ‘ desiccation ’ and the 
volumetric strain energy caused by normal loads, although the 
former is identified with the cohesive strength (even in the saturat­
ed range).

Sommaire

En form ulant l’énergie de cisaillement et l’énergie emmaga­
sinée par changements de volume sous pression hydrostatique 
on obtient un critère de rupture basé sur l’évaluation de l’énergie 
transférée à un sol par dessiccation et par charges extérieures.

L’auteur démontre qu’il n’existe pas de différence essentielle 
entre l’énergie « de dessiccation » et celle des changements de 
volume provoquées par des charges normales, quoique cette 
énergie de dessiccation soit identique à la force de cohésion 
(même dans la région de saturation).

Introduction

I t  is p roposed  to  study  the p roperties o f a soil w ater system  

in term s o f  m acroscopic o r observable  variables, in p articu lar 

the ex ternal pressure p and  volum e change dV, and  their 

con jugate  quan tities, the po re  pressure u and  w ater volum e 

change d V m. T his p rocedure is in line w ith therm odynam ics 

w hich derives rela tions betw een such m acroscopic variables, 

considering them  to  be statistical averages o f  underly ing  

m icroscopic o r m olecu lar processes. T he behav iou r o f  a 

soil-w ater system  under stress also , o f  course, depends u ltim a­

tely  o n  the energy levels o f  the constitu ten t m olecules no tab ly  

in the ionised w ater films betw een soil particles. B ut, in any  

statistical trea tm en t, these m olecular properties are  described 

by “ therm odynam ic” coefficients, fo r exam ple the bulk 

m odulus K. These coefficients are  n o t constan ts in th a t they  

generally depend on  the m oistu re  con ten t m, and  in o rder 

to  derive the exact functional rela tionsh ip  it is necessary to  

apply  the m ethods o f quan tum  statistical m echanics. This 

is beyond  the scope o f this paper, b u t the w ord “ therm ody­

nam ic coefficient” o r sim ply “ coefficient” will be retained  

in o rder to  em phasize its variable nature.

Before using therm odynam ic m ethods to  derive a  failure 

criterion , it is necessary to  find a  relationsh ip  betw een the 

ex ternal o r ‘e lastic’ variables dV, p  and  the in ternal o r 

‘soil w a te r’ variables nam ely  d V m and  u.

The coefficient a

Im agine an  elem entary  cube o f soil, w ith  a  volum e V, 

subjected to  an  am bien t pressure p ; let the im m ediate pressure 

increase in  the po re  w ater be som e frac tion  u = a p  (0 <  a  1) 

and  the resulting  w ater volum e change A Vm, be som e frac tion  

/9 o f  A V. T hen the energy change per u n it volum e in the 

w ater, due to  the pressure p, will be

A V ,
~ = i a ^ p  —

A V 

~v

while the observed energy change o f the soil elem ent due

A V
to  a  volum etric stra in  s =  - p -  will be

w« =  h p
A V

I f  the crystalline m atter o f  th e  soil grains is incom pressible, 

then  wv =  ww, th a t is

A v m A V

11 - r  =  ~ v p

So th a t a /3  =  1 o r

ô u \  /  6 V  \

àbîy =  W J  = 0y m. '  ' -n

. . . .  (1)

. . . .  (2)

E q uation  (2) has been derived independently  by J.D . Cole-  

m an (C roney et al., 1958),

N ow  let us assum e th a t w hen a q u an tity  o f w ater has been 

driven  o u t o f the elem ent the p o re  pressure u falls to  zero. 

T here will then  be no  fu rth er expulsion o f  w ater b u t the 

energy per g ram  w eight o f the rem ain ing  pore  fluid will 

have  been reduced by the am oun t A jxx =  i’, u where 

v-l =  1 cm 3/gm .w t. is th e  specific volum e o f the w ater, and 

the change A fi1 in the therm odynam ic  po ten tia l ¡l x is equal

, A V \
to  the w ork  ( p —— I necessary to  bring  a  gram  o f  pore

w ater from  its in itial sta te  to  its s ta te  a fter the application  

o f  p  an d  subsequent drainage. T hus, the po re  w ater will now 

be the seat o f a  h igher negative po ten tia l w hich can  be m easu­

red , for exam ple, by bringing the soil elem ent in to  contac t 

w ith a  colum n o f pure w ater and  low ering the pressure on 

th is w ater un til there  is no  flow. In  the equ ilib rium  condition  

the po ten tia l in the pure  w ater (which m ust be equal to  — u) 
will be the sam e as the po ten tia l o f  the w ater in the soil. 

In  o rder to  p reven t m ixing o f the soil grains w ith the pure 

w ater, con tac t is established th rough  a m em brane perm eable 

on ly  to  w ater and  the device becom es a  “ suction plate” 

appara tus.

A cu rve o f log10̂ 1, again t A V m =  v1 A Wm, w here A Wm 
is the w eight o f w ater expelled, is generally  called the p F
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Wm
m  = -----  is equal to  the area under this curve or, from

Ws

equa tion  ( 1),

I f  ‘I f  w s f m f E d V
wv= ^p  u d V m= - J  u v 1 d W m = ~ —  j  ^ < 4 = /  p  —

(3)

This equation  will be assum ed to  be correct w hether the 

m oistu re  is lost by desiccation o r by the app lication  o f  the 

am bien t pressure p, w hich is com patib le w ith the fact th a t 

points on the p F  curve have been ob tained  by using a cons- 

olidom eter.

H ow ever, equation  (1) and  therefore equation  (3) will 

no  longer be valid if a =  0 because then  there can be no 

volum e change d  V even though  d V m #  0. T his will be 

th e  case for the so-called incom pressible o r coarse-grained 

m aterials such as sand , w hich are seen to  be incapable o f 

sto ring  energy due to  desiccation.

m o is tu re  c o n te n t  c u rv e  a n d  th e  w o rk  p u t  in to  th e  so il to

b rin g  it fro m  th e  sa tu ra te d  c o n d itio n  to  a  m o is tu re  c o n te n t

The energy under a general stress system

In  general, an  elem ent in a loaded  soil such as a  foundation  

will n o t be subjected  to  a uniform  pressure p  bu t ra th e r to  

three norm al stresses ax, ay, a z and  three shearing stresses 

r vz, r zx. H ow ever, each norm al stress m ay  be resolved 

in to  tw o com ponents

ax = Sx +  P ; =  S v + p ; a z =  S z +  p

w here p  is the average norm al stress g iven b y

P =  -i K  +  <7, +  <*z) (4)

So tha t, substitu ting  above, it is found  th a t

S x + S y + S z =  0

In  o ther w ords the dev ia to r stresses S x, S v, S z can  cause no  

volum e change, since by definition

A V p
e =  ----- =  — ;K  =  bulk m odulus

V K
(5)

( T im o s h e n k o ,  (1934)). 
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=  h ( p ^ y - + 2  r a A y o j

L et us now  im agine th a t o u r elem entary  soil elem ent has 

an  energy due to  volum etric stra in  alone  o f

A v
H'» =  I  P - p -  =  2 Y

N ow , if a  shearing stress t g  is applied  there will be a strain  

energy o f d is to rtion

wi  =  2 ‘ f  ’ Tc A y a =  |  • ~

T his will grow  un til wd = wv o r th e  rad ius ta  o f the failure 

circle is given by

P2 -  a  r ° 2 
K  2 G

(7)

E q uation  (7) leads us to  th e  nex t section.

A failure criterion for a  soil w ater system

T he equating  o f  the m axim um  octahedra l stress to  a  cons­

ta n t has a  p recedent in the V on M ises failure criterion  for 

steel, w here experim ent has show n th a t th e  strength  is ind­

ependen t o f the h y d ros ta tic  pressure p. T his is n o t so for 

soil, so the constan t is replaced by the volum etric strain  

energy as suggested in equation  (7) w hich expresses the 

fact th a t failure will occur w hen the energy o f d is to rtion  is 

equal to  the  energy already  stored  in the soil by desiccation 

and  h y d ros ta tic  pressures. B ut there can be no  strength  

increase due to  h y d ros ta tic  pressure if there  is no volum e 

change, such as m ay  occur in  a sa tu ra ted  clay  w hich canno t 

d r a in ; hence the im portance o f  the in terg ranu lar stress 

concept, since a  fall in the po re  p ressure inev itab ly  follows 

the expulsion o f po re  w ater.

E q u a tio n  (7) is app rox im ate  to  the ex ten t th a t it is 

assum ed th a t no  volum e changes take  place due to  

the ac tion  o f  the shearing stresses. I f  these should  cause an  

expansion  there  w ould be a  streng th  decrease, otherw ise an  

increase o f strength  w ould be caused by  com pression. In  

e ither case th e  volum e change effect m ay  be included  by 

replacing the  left h an d  side o f (7) by  p  2 w here

T herefore, the value o f p  given by  equa tion  (4) is the 

co rrec t value to use for the volum etric stra in  energy in the 

general case. I t is also show n by H o s h i n o  (1957) th a t p  is 

th e  no rm al stress on  the eight octahedra l planes, m aking 

45° to  the th ree p rincipal planes w hich ca rry  the norm al 

stresses <r1( a2, a3 and  no  shearing stresses. T he shearing 

stress r G on these octahedra l planes is given by

To =  : i | (ox - Oy)2 +  (oy - a ,)2 +  (o z — o x)2 +  6 r xy2 + 6 r vz2

+ 6 r zx2 f  (4a)

B oth  r a and  p  a re  so-called invarian ts o f the stress tensor 

w hich m eans th a t their num erical value is unchanged  for 

any  change o f the coord inate  system , th a t is, they  are  ind ­

ependen t o f the  fram e o f reference, so it is n a tu ra l to  express 

th e  to ta l stra in  energy w in term s o f t g  and  p. T hen , per 

u n it volum e,

K- ? = \ P

A V d V  
+  P o~y . . . .  (7a)

d V
H ere  p 0 is the h y d ros ta tic  p ressure a t failure and  —  the

volum etric  stra in  caused b y  th e  shearing stresses, w hich is 

negative fo r expansion .

T hen from  (7) the shearing stress t g  a t failu re  is

t  a
2 G 

3 K
.p. (7b)

(6)

This m ay  be com pared  w ith th e  M ohr-C ou lom b failure 

crite rion  w hen th e  rad ius r c  o f th e  M o h r circle a t fa ilu re  is 

given by

Tg =  T/ C os 0  =  c Cos 0  +  a  Sin 0
=  (c C ot 0  +  a) Sin 0  = p  Sin 0  . . . .  (8)

since, as ind icated  p rev iously  the hyd ro s ta tic  p ressure p  is 

supposed to  include effects o f desiccation, i.e. th e  term  c C o t 0 ,  

as well as any  no rm al stress app lica tion  a. In  effect, p  is 

the pressure m easured  from  th e  apex  o f  the failu re  cone 

w ith a  cen tra l angle o f  0 ,  w here, as explained, a  ra tiona l 

value o f  0  can  on ly  be given by  a d rained  test.



C om parison  o f equations (7b) and  (8) then  leads to  a  

definition o f this failure angle.

Sin 0  =
2 G

T k

1 -  2v 

1 +  v
(9)

I t is now  ap p aren t th a t 0  is a  function  o f the P o isson’s 

ratio  v only, v m ay  be m easured in the lab o ra to ry  on a  cylin­

drical specim en u nder com pression a z if the p ressure aT, 
necessary to  p reven t any  la teral displacem ent, is know n. 

Then v = K J \  +  A",, if K 0 =  coefficient o f ea rth  pressure a t 

♦ a' rest =  — .
<*z

a z, a, a re  p rincipal stresses, a x, a3 since there  are  no  

shearing stresses on  the surfaces o f the cy lindrical sam ple 

and  the no rm al and  shearing stresses on  p lanes a t 45° to  

these p rincipal p lanes are  respectively p  = \  (Cj +  cr3) and

TG =  ^ (o*i O3).
Fig. 1 is a  p lo t o f equation  (9) together w ith experim ental 

results ob tained  a t the N a tio n a l B uilding R esearch In s titu te  

L abora to ries and  by o thers (B is h o p ,  1958). T he agreem ent 

is good over alm ost the en tire  range o f n a tu ra l soils, and , as 

predicted, a value v =  \  co rresponds to  an  “ angle o f fric tion” 

0  o f zero, so th a t n o  streng th  increase should  follow  the 

app lica tion  o f a no rm al stress a. A Poisson’s ra tio  o f  \  m eans, 

no  volum e change since

E

K  ~~ 3 (1 -  2v)

Fig. 1 Relationship between angle of friction and Poisson's 
ratio.

Relation entre Tangle de frottem ent et le coefficient de 
Poisson.

A lso, the angle does n o t seem to  vary  significantly  w ith 

m oisture con ten t and  norm al pressure w hich im plies th a t 

the Poisson’s ra tio  rem ains sensibly constan t and , therefore, 

th a t there m ust be a reasonab ly  constan t re la tionsh ip  betw een 

the shear m odulus a t failure Gf and  the bulk m odulus K, 
th a t is from  equation(9)

c  -  » - °  ~ 2 v ) k  
c ’ - ’!  - ( T F T T *

(9a)

40 and  80 lb ./sq .in . before being failed in drained  shear. 

D u rin g  com pression, the volum e change was m easured 

and  K  determ ined a t various m oisture  contents. T he charac­

teristic p o in t fo r this soil is given in Fig. 1 corresponding  

to  an average Po isson’s ra tio  o f ju s t over 0-30, so th a t Gt 
could be evalua ted  from  equation  (9a).

T he stress stra in  curves are show n in Fig. 2 for three different

Fig.

ST RA IN  y  10

2 Stress-strain curves for a Buccleugh silty clay.

Courbe tension-déformation pour une argile silteuse de 
Buccleugh.

m oistu re  conten ts. In  each case the linearised curve w ith  a 

slope o f G/ is included. N ow , according to  the failure hy p o ­

thesis, failure should  occur w hen the energy j" x d y  given 

by the a rea  under the stress strain  curve is equal to  § tim es

r a2
the  tr iangu la r area £ — . A nd the po in t o f failure coincides 

Gf

very closely w ith the po in ts o f in tersection  A a t the m axim um  

proving  ring stress. N ow  because the shear m odu lus Gf 
is a  coefficient w hich varies w ith the m oisture conten t, greater 

stra ins are needed before the stress-strain  curve intersects 

the stra igh t line if the m oisture con ten t and confining pressure 

is high. This fact helps to  explain  changes in the stress stra in  

cu rve w ith m oisture con ten t and  confining pressure.

T he shearing stra in  y  used in Fig. 2 was derived from  the 
d

vertical un it stra in  s z =  -  by  using the elastic re la tions

=  (ffi -  2 v o3) ; e t £ 0  =  - ^ ¡ ( 1  -  r )  cr3 -  v f f j j

In  o rder to  verify th is rela tionsh ip  sa tu ra ted  sam ples o f a 

silty clay  (from  Buccleugh near Johannesburg) were first 

m ixed in  a vacuum  and  then ex truded  in to  cylinders 1 in. 

in d iam eter and  2 in. long. These w ere placed on suction plates 

o r in desiccators to  be b rough t to  a know n p  F before being 

tested in a  triax ia l appara tus. A part from  drained  unconfined 

tests, sam ples were first consolidated  u nder cell pressures o f

T herefore

t  I ( i +  v)

y = ~ç = 2 g  1 ~  ff3 =  ~ Ë T (iTl “  ff3 =  £z “  £r'

e m ay  be determ ined if the volum etric strain

. . . .  (10)
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d  V 

e ~ ~ V  ~  Ez «0 =  e* 2 £r

is k n o w n . O th e rw ise  y  m a y  be  e v a lu a te d  fro m  a  k n o w led g e  

o f  P o is s o n ’s ra tio  b ecau se  e q u a tio n  (10) m a y  b e  w ritte n

y = ez l - =  (1 + v )
(7i —  (To

h I —  (T3) +  (1 2 v) a3 \ 

. . .  ( 10a)

d  b e in g  th e  v e rtica l d ia l g au g e  re a d in g  a n d  h th e  sam p le  

h e ig h t. C o m p u ta tio n s  o f  y  b y  b o th  m e th o d s  (10) a n d  (10a) 

w ere  fo u n d  to  ag ree  c losely . A g a in  f ro m  e q u a tio n  (10) th e  

h o riz o n ta l  d isp lac em e n t ur =  r0 er is g iv en  b y

uT =  r 0( e ,  —  y ) ^  r0 ( e z -  (1 +  v) e z) ~  -  r0 v e z

T h ere fo re , th e  in crease  in  sam p le  a re a  d u e  to  sh e a rin g  s tra in  

is g iv en  b y

n ( r 0 -  uT)2 = 7 i r 02 (l +  v e z)2 <=ü t z  rQ2 (I +  2 v e z)

The cohesion c

( 10b)

G e n e ra lly , w h en  a  so il is sh e a re d  in  th e  la b o ra to ry  th e re  

h a s  a lre a d y  b een  a  s ig n ifican t e n e rg y  s to re d  b y  v ir tu e  o f  

d e s icc a tio n  ; th e re fo re  th e  fa ilu re  e n v e lo p e  d o es n o t  p a ss  

th ro u g h  th e  o rig in , e x ce p t in  v e ry  c o a rse  g ra in e d  m a te ria ls  

w h ich  a re  u n a b le  to  s to re  e n e rg y  w h en  d ry in g  o u t  b ecau se  

th e  coefficient a  =  0.

T h e  in te rc e p t o f  th e  fa ilu re  e n v e lo p e  w ith  th e  a  — o. ax is  

is te rm ed  th e  c o h es io n , a n d  in c reases  w ith  a  fa ll in  th e  m o is tu re  

c o n te n t  as p re d ic te d  b y  e q u a tio n  (3) s ince  th e  e n e rg y  g iv en  

b y  th e  a re a  u n d e r  th e  p F  c u rv e  w ill b e  la rg e r.

F o r  th e  sam p les f ro m  B u cc leu g h  th e  p F  m o is tu re  c o n te n t  

c u rv e  w as k n o w n  a n d  th e re fo re  th e  e n e rg y  o f  d es icca tio n  

a t  a  g iv en  m o is tu re  c o n te n t  c o u ld  b e  e v a lu a te d . T h e  sh rin k a g e

A V
o f  th e  sam p le s w as a lso  m e a su re d  so  th a t  - p -  w as k n o w n  a f te r

e q u ilib riu m  h a d  b een  a tta in e d  a t  a  g iv en  m o is tu re  c o n te n t  

a n d  a  g iv en  pF.

A t a  m o is tu re  c o n te n t  o f  10 p e r  c e n t th e  s to re d  e n erg y

Ws r m C e d V
p e r  u n it  v o lu m e  — — 1 I f a  dm  o r  I p  —  w as fo u n d  to  be

20 lb ./sq .in .,  w h ile  th e  v o lu m e  ch an g e  w as e q u a l to  0-100. 

T h is  c o rre sp o n d s  to  a n  a v e ra g e  v a lu e  p  d e te rm in e d  b y  th e

A V r e d V  ^
re la tio n  p  - p -  =  I p  —  or p  =  c C o t  <P =  200 lb ./sq .in .

i.e. c =  120 lb ./sq .in . T h is  c o m p a re s  v e ry  fa v o u ra b ly  w ith  

a  m ea su re d  c o h es io n  o f  110 lb ./sq .in .

Conclusion

A  ch an g e  in  v o lu m e  is a c c o m p a n ie d  b y  a  c h an g e  in  m o is tu re  

c o n te n t  a n d  a  ch an g e  in  d e n s ity , a n d  is re la te d  to  a  ch an g e  

in  p re ssu re  b y  th e  coefficient K ; a lso , th e  sh e a rin g  re s is tan c e  

is p ro p o r t io n a l  to  th e  p ro d u c t  o f  v o lu m e  ch an g e  a n d  p re ssu re . 

T h e re fo re  it is a p p a re n t  th a t  p o in ts  o f  fa ilu re  m u s t b e  c h a ra c ­

te rised  b y  v a lu es o f  m o is tu re  c o n te n t,  p re ssu re  a n d  s tre n g th  

w h ich  a re  a ll u n iq u e ly  in te r re la te d . T h ese  p o in ts  w ill d e fin e  

a  fa ilu re  su rface  in  a  th ree -d im e n s io n a l sp ace  w ith  a x es  o f  

m o is tu re  c o n te n t, s tre n g th  a n d  in te rg ra n u la r  p re ssu re  as 

p o in te d  o u t  b y  R o s c o e  e t a l (1958).

T h is  n o te  o n  th e  a p p lic a tio n  o f  e n e rg y  o r  th e rm o d y n a m ic  

tec h n iq u es  to  so il fa ilu re , is o n ly  a  se c tio n  o f  a  w id e r p ro je c t  

o n  soil th e rm o d y n a m ic s  s till to  b e  p u b lish ed .
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