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The Shape of Rupture Surface in Dry Sand

La forme de la surface de rupture dans le sable sec

by A . R . J u m i k i s , D r. E ng . Sc., P ro fe sso r  o f  Soil M e ch an ic s  a n d  F o u n d a tio n  E n g in ee rin g , R u tg e rs , T h e  S ta te  U n iv e rs ity , 

C o llege  o f  E n g in ee rin g , D e p a r tm e n t o f  C ivil E n g in e e r in g , N ew  B ru n sw ick , N ew  Jersey , U .S .A .

Summary

T he purpose  o f this p ap er is to present the results o f  an  experi­
m ental study  ab o u t the shape o f the ru p tu re  surface and on the 

effect o f the w idth o f a  foundation  m odel, loaded obliquely, on 

the  shape o f the ru p tu re  surface in dry  sand. Five m odels o f various 
w idths were loaded obliquely with a constan t, vertical, average 
con tact pressure o f a  =  1-00 kg/cm'2.

The experim ental s tudy  perm itted  the observation  th a t the 

sheared-off sand wedge is expelled one-sidedly as an  a lm ost solid 

bod y  along a curved ru p tu re  surface. The study  brough t ou t th a t 
the ru p tu re  surface coincides very closely with the p o lar curve of 

a logarithm ic spiral. T he wider the m odel, the larger and m ore 
deeply seated are the spirals. W ith narrow  widths, B =  5-0 cm, 

7-5 cm  and 10-0 cm , the  spirals are alm ost o f the sam e size. The 

larger the  sp iral the h igher its pole. The spirals fo r different 
w idths o f the  fo u n d a tio n  m odel were found  to  be sim ilar.

T he results o f this study  suggest their possible app lication  to 
bearing capacity  and stab ility  calculations o f long strip  fo u n d a­

tions loaded obliquely.

I. Introduction

O ne o f the basic problem s o f p ractical im portance  an 

engineer encounters w hen designing rigid foundations on  a 

soil m ateria l loaded  obliquely  is th a t o f estim ating the stab ility  

o f such so il-foundation-load  system s against the ir lateral 

tran sla tion  due to  a horizon ta l load com ponent o f the inclined 

resu ltan t load, and  o f estim ating the strength  o f the soil for 

its bearing capacity . Such estim ates depend to a  great extend 

upon  the true  shape o f  the rup tu re  surface, or, ra ther, the 

shape, size and  w eight o f the soil wedge being held in static  

equilibrium  w ith the loaded foundation . Likewise, the position  

o f the rup tu re  surface relative to  the founda tion  is o f im por­

tance. By this is m eant the position  o f the coord inates o f the 

pole o f the rup tu re  surface relative to  the foundation  under 

various m ethods o f loading. In  particu lar, the m ode o f 

rup tu re  o f a soil m ass b rough t ab o u t by an  obliquely loaded 

founda tion  is re latively  little understood  as com pared  w ith 

deform ations in solids.

T herefore know ledge o f the shape o f the rup tu re  surface 

in soil caused by various m odes o f loading should be of 

scientific and  technical in terest to  the engineering profession. 

The results o f such a study  enable one to  com pare theo ry  

w ith reality , and  m ay help to  analyze on  a m ore ra tiona l 

basis the problem s encountered .

II. The Study

Previous Research

Sommaire

L ’o b jet de cet article  est de présen ter les résultats d ’une étude 

expérim entale de la form e de la surface de ru p tu re  et de l’influence 
que la largeur d ’un m odèle d ’une fondation  obliquem ent chargé 

exerce su r la form e de la surface de rup tu re  dans le sable sec. 

Cinq m odèles de différentes largeurs on t été chargés obliquem ent 
avec une pression de con tact verticale constan te  de valeur m oyenne 

a =  1,00 kg/cm 2.
L 'étude  expérim entale a dém ontré  que le coin de sable est 

repoussé d 'u n  côté com m e une masse solide, le glissement se p ro ­
du isan t sur une surface cylindrique. A u cours de l’étude on a 

constaté  que cette surface de ru p tu re  se rapproche  d’une surface 

cylindrique engendrée par une spirale logarithm ique. La m asse du 
sable déplacée a tte in t une pro fondeur d 'a u ta n t plus grande que le 

m odèle est plus large. Pour des m odèles étro its, B =  5,0 cm, 
7,5 cm et 10 cm, les surfaces de ru p tu re  sont presque identiques. 

Les pôles des spirales sont d ’au tan t plus élevés au-dessus de la 

surface initiale du  sol que les spirales elles-mêmes son t plus 
grandes. Les spirales co rrespondantes aux différentes largeurs du 

m odèle son t sem blables.

Les résultats de cette étude sem blent applicables au  calcul de la 

capacité  p o rtan te  et de la stabilité  des fondations su r semelles de 
grandes longueurs chargées obliquem ent.

applied to  a foundation  m odel o f  a constan t width [1 ,2 , 3]. 

Reference [1] is re la tively  well docum ented, and  contains 39 

references on the subject o f the shape o f rup tu re  surfaces in 

sand.

Present Study

Apparatus— T he appara tu s used in th e  present experim ental 

studies is show n in Fig. 1, including five foundation  m odels,

U p to  1958 the  au th o r studied  ru p tu re  surfaces in d ry  sand 

caused by inclined loads o f various intensities w hich were

Fig. 1 A pparatus. 

L 'appareil.
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blocks m ade o f w ood, h =  20-0 cm high, L =  15-0 cm deep, 

and  B =  5-0 cm , 7.5 cm, 10.0 cm , 12-5 cm and 15-0 cm  wide.

Sand— Sand from  the U pper R aritan  F orm ation  (C reta­

ceous) o f the New Jersey C oastal P lain, U .S .A ., was used. 

T he particles consist o f quartz , and  are  angu lar and  sharp . 

T he coefficient o f in ternal friction  was determ ined by  the 

d irect shear test to  be tan  9  =  0-700 (cp =  35°). T he sand is 

very un iform  (U  =  2.00 <  5), and its partic le  size accum ula­

tion  curve is show n in Fig. 2. T he specific g rav ity  o f the sand 

is Gs =  2-65.

3" 2" 11/2" 3/ 4" 3/ 8" 4 10 20 40 60 100 200

h -  Size O pening. » | < U.S. S tandard  N o. ------ ►-]

inches

Fig. 2 Soil particle  size accum ulation  curve.

C ourbe  g ranu lom etrique  du sable.

T he sand was placed in  the experim ental box  w ith  a  porosity  

o f n iv  43 per cent. T he relative density  was a  m edium  one :

R d  =  0-578 ^  0-333* B lack-stained ho rizon ta l sand layers,

approxim ately  3 m m  thick, and  spaced 10.0 m m  apart, 

were placed in the  box, a long  w ith the unstained  sand , thus 

p rov id ing  a rela tive m edium  betw een the unstained  and  

stained sand. U pon  failure o f  sand  in  shear, th e  rup tu red  

soil wedge w ith th e  b lack-stained sand layers is displaced 

upw ard  som ew hat. T he sharp ly  sheared, b lack-stained layers 

indicate clearly  th e  course o f  th e  ru p tu re  surface as a k ind 

o f fau lt lines w hich can be observed th rough  th e  glass wall 

(F ig. 1).

Method o f  Loading—T he oblique load  was b rough t ab o u t 

by first applying to  th e  founda tion  m odel from  the loading 

yoke th rough  a  ball and  socket arrangem ent a constan t, 

vertical load  o n  each o f  th e  five m odels o f different w idths. 

T he vertical, average con tac t pressure on  the soil under 

each o f  the five fo u nda tion  m odels was alw ays kep t a t 

a  =  1*00 kg /cm 2 =  const. T hen  a  progressively increased 

horizon ta l load , H, was applied  to  the m odel a t its base 

(h =  0 relative to  g round  surface) until th e  sand failed in 

shear.

III. The Shape of the Rupture Surface

The Force System— Statically , all the forces externally  

applied  to  the  soil system , th e  vertical, the  horizon ta l and 

th e  inclined forces, can  be com bined in to  one inclined resul­

ta n t force, R. T he free bo d y  d iagram  o f  the experim ental 

force system  is illustrated  in  Fig. 3.

D iagram m e des forces s’exerçan t su r le systèm e.

T he ru p tu re  condition  perm its ascertain ing the m agnitude 

o f the u ltim ate ho rizon ta l load , FI, a t w hich failure occurs to  

the system  soil-m odel-load.

Formation o f  Rupture Surface—As the horizon ta l load , H, 
is g radually  applied  to  the already  vertically  loaded foundation  

m odel, the la tte r translates gradually  by sliding on the 

“ g ro u n d ” surface in the d irection  o f the action  o f the ho ri­

zon ta l load. As the ho rizon ta l load  is increased the sand wedge 

to  be rup tu red  begins plastic-wise and  progressively vaguely 

to  take  its shape. P lastic defo rm ation  o f the soil underneath  

the m odel is show n in Fig. 4.

RESULTANT IN CLINED LOAD

Fig. 4 G lossary  o f the  so il-foundation-load  system . 

L exique des term es em ployés.

F inally , upon  the exhaustion  o f the shear streng th  o f  the 

sand , th e  sand  m ass rup tu res w ithou t any  p rio r w arn ing  and  

form s a c learly  cu t wedge o f soil. T he soil w edge slides ou t 

one-sidedly from  underneath  the base o f  the  m odel dow n­

w ards in a  la tera l d irection  and  upw ard  in a  so rt o f  ro ta ry  

m o tion  over a  curv ilinear cy lindrical ru p tu re  o r sliding 

surface. T he ru p tu re  cu rve is a  sm ooth , con tinuous curve, 

w ithou t any  breaks. M easurem ents o f th e  b lack-sta ined guide 

lines show  th a t fo r m ost o f th e  length  o f  th e  curvilinear 

ru p tu re  surface the sand  wedge is practically  und isto rted . 

O n observing the alm ost und is to rted  and  paralle l b lack  lines 

w ith in  the rup tu red  sand  wedges in Figs. 5, 6, 7 and  8, for 

exam ple, one gets the im pression th a t the rup tu red  sand 

wedges behave like solid bodies.

T he ru p tu re  o f the sand  brings ab o u t a  settlem ent, o r even 

the overtu rn ing  o f  the m odel.

T he curved  ru p tu re  surfaces occur even a t sm all loads. 

F o r  exam ple, Fig. 8 show s the shape o f  ru p tu re  in d ry  sand 

under a  12-5 cm  wide m odel, th e  ru p tu re  being caused  by  

an  inclined load  the original vertical con tac t p ressure of 

w hich is a  =  0-25 kg /cm 2.
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Fig. 5 R u p tu re  surface under a B =  15 0 cm wide m odel 
loaded obliquely.

Surface de rup tu re  au-dessous d ’un m odèle de lar­

geur B =  15,0 cm, chargé obliquem ent : 

a =  1,00 kg /cm 2 ; h =  0

Fig. 6 R up tu re  surface under a B =  12-5 cm wide m odel 

loaded obliquely.

Surface de rup tu re  au-dessous d 'u n  m odèle de lar­
geur B =  12,5 cm, chargé obliquem ent : 

a  =  1.03 kg /cm 2 ; h =  0

Fig. 7 R up tu re  surface under a B =  1 0  cm wide m odel 
loaded obliquely.

Surface de rup tu re  au-dessous d ’un m odèle de lar­
geur B =  10,0 cm, chargé obliquem ent : 

c =  1,00 kg /cm 2 ; h =  0.

Fig. 8 R up tu re  surface under a  B =  12-5 cm wide m odel 

loaded obliquely.

La surface de rup tu re  au-dessous d ’un m odèle de lar­

geur B =  12,5 cm, chargé obliquem ent : 

a =  0,25 kg /cm 2 ; h =  0

Nature o f  Rupture Curve—T he tracing  and  analysis o f the 

rup tu re  curves indeed bore ou t the concept th a t the shape 

o f  such curves for the p a rticu la r experim ental conditions 

agrees rem arkab ly  well w ith the m athem atical curve o f  a 

logarithm ic spiral (see Figs. 5, 6, 7 and 8).

IV. Analysis

Method.—The rup tu re  surfaces were pho tographed , an a ­

lyzed, g rapho-analy tically  and  m athem atically  studied, and  an 

a ttem p t was m ade to  establish a  general, physical p o la r 

equation  for the observed rup tu re  surfaces. F o r  these experi­

m ents the physical equation  of the spiral was established as a 

function  o f the inclined resu ltan t force, R, the  w idth o f the 

m odel, B, and  the angle o f in ternal friction, cp, i.e.

r =  / ( / ? ,  B, c p ), [mm] (1)

w here r =  any  rad ius-vector o f the logarithm ic spiral expressed 

in po lar coordinates.

Experimental Data— The net values o f the load ing  results 

o f  the five m odels are tabu lated  in T able 1. T he if-values

Table 1

Experim ental Loading D ata  a t c  =  1-00 kg /cm 2

Model Loads Applied to Model
Ratio

HWidth Vertical Horizontal Resultant
Nos. B V H R

mm kg kg kg

1 2 3 4 5 6

1 50 75-0 100 * 75-70 0-1333
2 75 112.5 22-5 114-75 0-2000
3 100 1500 4C-0 155-25 0-2666
4 125 187-5 62-5 197-60 0-3333
5 150 225.0 90-0 242.40 0-4000

* T he //-va lues  in  colum n 4 a re  ihe best-fit values.
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The em pirical equation  expressing the relationsh ip  between 

the horizon ta l load , H, and  the w idth  o f the m odel, B, was 

found  to  be

H  =  (0-40) • B 2

w here B  is in centim eters. A lso,

V

H
=  (37-5) • B -1

Spirals— C om paring  the rup tu re  spirals ob tained  from  this 

experim ental series it can  be no ted  th a t they  are  sim ilar 

fo r the sam e soil, i.e., for the sam e cp =  35°, their sizes differing 

on ly  in  the param eters. Fig. 10 shows five spirals, N os. 1, 2, 

3, 4 and  5, each co rrespond ing  to  th a t m odel u n d er w hich 

the rup tu re  surfaces developed. T he poles o f the ind iv idual 

spirals are  show n here m atched in  one com m on p o in t 0. 

The horizon ta l lines on  the left side o f the spirals and  below 

th e  pole, such as lines 1-1, 2-2, 3-3, 4-4 and  5-5, m ean the 

positions o f th e  g round  surface o f sp irals N os. 1 to  5 relative 

to  the pole. This figure shows th a t the less th e  ho rizon ta l 

force H, th e  sm aller and  shallow er is the spiral.

PO SIT IO N S O F GRO UN D  SU RFA C E 

O F T H E C O RRESPO N D IN G  R U PT U R E 

SU RFA C ES.

I

Fig. 10 Similitude of spiralled rupture surfaces (Units in millimeters). 

Similitude des surfaces de rupture (dimensions en mm).

O 25 50 75 IOO 125 150 175 200 250

Fig. 9 Horizontal load as a function of vertical load ; 
H = f( V ) .

Composante horizontale de la charge en fonction de 
la composante verticale ; / / = / (  V).

represent the ad justed  values for the establishm ent o f the 

equation  H  =  f ( V ) .  The dependence o f H  as a  function  of 

V, i.e. H  =  / (  V), is show n graphically  in Fig. 9.

As indicated  in Ref. 2, the weight, viz. the size o f  the spiral, 

is very m uch dependent up o n  the angle o f in ternal friction , 

cp, o f the soil in question. T his is so because o f the n a tu re  o f 

th e  exponentia l function  o f the logarithm ic spiral. T his is 

illustrated  graphically  in Fig. 11.

Fig. 11 Effect of angle of internal friction, cp, on shape and 
size of rupture surface.

Influence de l’angle de frottem ent interne cp sur la 
forme et sur les dimensions de la surface de rupture.

F o r  purposes o f com parison , F ig . 11 show s fou r different 

m athem atical spirals, one for cp =  25°, one cp =  30°, one 

cp =  35° an d  one cp =  40°, m atched  w ith the ir p o la r axes 

o f com m on length, r0 =  20-0 m m , and  their poles in a  com m on 

po in t 0. N o te  th a t th e  angle cp, viz. angle o f in ternal friction  of 

soil, considerab ly  affects the shape and  size if the spiral =  

ru p tu re  surface.

Fig. 12 show s the five experim ental spirals, each o f them  

m atched  against the ir ow n g round  surface an d  against the 

fro n t vertical edge o f  the ir co rresponding  m odels in  their 

orig inal position  before the app lica tion  o f the ho rizon ta l 

loads. T his F igure 12 brings ou t the position  o f  th e  poles, 

0 X, 02, 03, 04 and  05, o f  the five experim ental spirals. N o te  

th a t the sm aller the spiral, the  low er its pole above the ground 

surface. P ractically  the poles are  located  on  a straight, vertical 

line, a  line w hich coincides w ith the fro n t vertical edge fo r 

each o f th e  m odels used. O n Fig. 12 the vertical coord inates, 

fo r each pole, 0 , o f th e  spirals were m easured to  be

Y0 = Y1 =  12-5 m m  

y 2 =  15-0 mm 

Y 3 =  17-0 mm
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2

r
Y  = 50 mm • 

- - - • - ) -77 *  25mm

• <L <L

Fig. 12 Spirals matched with ground surface and front of models ; a  =  103 kg/cm2 ; h = 0.

Comparaison des spirales obtenues avec des modèles différents ; les surfaces du sol et les faces antérieures des modèles 
sont superposées pour illustrer la position relative des pôles ; a  =  1,00 kg/cm2 ; h = 0.

Y i 

Y 5

: 25*0 m m  

46-0 mm

Fig. 12 also reveals th a t fo r sm aller w idths o f m odels, for 

instance, fo r B =  50 m m , B =  75 m m  and  B =  100 m m , the 

size o f  the spirals varies bu t little.

Some Important Radii-Vector Ratios— A fter establishing the 

poles o f  the spirals, it is ev iden t from  Figs. 5, 6 an d  7 th a t 

th e  safest experim ental rad ius-vecto r to  m easure is th a t 

having an  am plitude o f to =  150°, i.e. r 150. T he em pirical 

/■150-equation  as a function  o f the resu ltan t load , R, and  

w idth , B, o f the m odel w as determ ined as

150
B +  0-374 (4)

r„ =  (1-44) t 150 . . .  (5)

Likewise, the in itial radius-vector, r0, was established a t 

co =  0 as follows :

All five experim ental spirals have the ra tio  o f

o r

=  9-033,

rK

9-033’

(6)

(7)

Equation o f  Experimental Spirals— T he equation  o f the 

experim ental spirals as a function  o f R, B  and  cp has been 

determ ined as

f  =  r  • g  to . tancp —  $ (0.0406) • +  °-0578J
q  (0 .7 0 0 )6 1

. . . .  (9)

and  the position  o f  the spirals, Y 0, m ay  be calculated  fo r 

the given system s as

—  =  (0-000016) • R  1585 +  0-055. 
r n

. . . .  ( 10)

T he ho rizon ta l radius-vector, rn, a t an  am plitude of 

<0 =  180° =  u  is established as a  function  o f /-150 a fter the 

position  o f the poles w as established as

o r, substitu ting  (rn) in to  (r0), from  (5) in to  (7), ob ta in  r0 as 

r 0 =  (0-159) - r 150= f ( R ,B ) ........................(8)

Application o f  the Logarithmic Spiral to the Equilibrium  

Problem o f  a Soil Mass—O nce the equation  o f the experim en­

ta l spiral has been established, the length o f the spiral, the  

differential sector-areas, and the areas o f  the segm ents o f 

the spiral can  be calculated  in the p o la r coord inate  system , 

and  stab ility  analyses o f the earth  masses perform ed.

T he equilibrium  cond ition  o f the soil-load system  is expressed 

by  com paring  the d riv ing  and  resisting m om ents, M d  and  

M r ,  respectively.

H int o f  Application o f  Spiralled Rupture Surfaces to Pro­
totype Systems— Once the elem ents in the experim ental m odels 

are  determ ined as functions o f R, then  the load  and  size 

o f the spiral o f the p ro to type  can be determ ined from  the 

dynam ic sim ilitude betw een the m odel and  th e  p ro to type .

T he varia tion  in  size o f the spirals w ith R  and  B  can  be 

m ade fo r any  system  sim ilar to  the m odel used, w hich had  a  

constan t length o f a =  15.0 cm, by inserting the ap p rop ria te  

values o f the physical quantities involved in the r-equation , 

Eq. (9).
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(1) T he experim ents p rov ide  clear evidence o f the na tu re  

of the shape o f a  rup tu re  surface in  d ry  sand caused by oblique 

loading of various w idths, B, o f foundation  m odels loaded 

w ith a constan t vertical con tac t pressure o f a =  1-00 kg/cm 2.

(2) The failure o f the sand mass takes place in shear. 

T he failure depends upon the inclined load, R, the  angle 

o f in ternal friction, ep o f the sand, the w idth  o f the m odel,

B, and  the po in t o f application  o f R. A ny o ther elem ent 

o f the spiral, such as r0, r-, Y0 and  o thers, depends upon  R 
and  B, and  also cp.

(3) The shape o f the rup tu re  surface is curvilinear and  

sm ooth  th roughou t.

(4) T he study  of the experim ental sliding surface co rro ­

borates th a t it coincides very closely w ith the arc  o f the 

m athem atical curve o f a  logarithm ic spiral.

(5) T he experim ental spirals are  sim ilar (Fig. 10).

(6) T he angle o f in ternal friction, cp, o f the soil has a 

param oun t influence on the size o f the spiral, viz. bearing 

capacity  o f the soil (Fig. 11). T he larger cp is, the larger the 

spiral.

(7) The larger R  is, the larger the spiral (Fig. 12).

(8) A soil will w ithstand  a greater ho rizontal load com po­

nent o f the inclined load, R, the w ider the m odel.

(9) T he larger the w idth o f the m odel, the m ore deeply 

seated is the spiralled  rup tu re  surface (Fig. 12).

(10) T he larger the spiral, the  h igher is the pole o f the 

spiral above the g round  surface ( Y 0 in Fig. 12).

(11) T he results o f this experim ental research are  useful 

in s tu d y irg  the u ltim ate  bearing capacity  o f sand  soil at

V. Conclusions o r below the  g round  surface, and  the n a tu re  o f the rup tu re  

surface in sand form ed by failure in shear. T he experim ental 

research results are also o f significance in checking p u b ­

lished theoretical in form ation , and  in analyzing the limits 

o f its application .
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