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The Effect of Inclined Loads on the Stability of a Foundation

Contribution à l ’étude des fondations soumises à une charge inclinée sur la verticale

by Ä . K é z d i , D . T . Sc ., T ech n ica l U n iv e rs ity  fo r  A rc h ite c tu re , C ivil a n d  C o m m u n ic a tio n  E n g in ee rin g , B u d ap es t, 

H u n g a ry

Sum m ary

The author maintains that failure of a foundation is due to 
shearing force, and he determines, the strength of a wedge shaped 
body subjected to an inclined uniformly distributed load. The 
results obtained are applied to the case of punching strength, 
which is a function of the angle of friction and of the inclination 
o f the resultant load. A reduction factor is given for determining 
the limiting value of the inclined load.

The author also determines the distributed load acting at 
ground level, which causes a state of plastic limit. The nature 
o f distribution of the load is an unambiguous function of the 
angles e and 0 .

T he m ost im portan t p a rt o f an investigation  in to  the sta
bility  o f  foundations subjected  to  an  inclined and  occasional
ly eccentric load  is the determ ination  o f the fac to r o f safety 
against failure under shear. T his is generally  done by  com 
paring  the available fric tional resistence w ith th a t com po
nen t o f  the resu ltan t load  acting o n  the foundation-p lane 
w hich is parallel to  this plane. T he effect o f  the norm al 
force is generally investigated separately : we com put the 
value o f  m axim um  edge stress, calculated  on the assum ption 
o f linear d istribu tion  o f con tac t pressure.

This m ethod  is open to  criticism  from  m any aspects. The 
division o f  the resu ltan t load  in to  com ponents and  the 
separate  investigations o f their effects is an approx im ation  
to  w hat occurs in practice : the soil is collectively affected 
by the contact-pressure, the d is tribu tion  o f w hich depends 
on m any  factors, such as the inclined eccentric resu ltan t 
load, the stiffness and  dim ensions o f the foundation  slab, 
and  the na tu re  o f the soil itself. The founda tion  will fail 
w hen stability  vanishes. I t  is precisely for this reason tha t 
the coefficient o f friction betw een the soil and  a given fo unda
tion  canno t be determ ined by a shearing failure test, because 
this will no t give the coefficient o f friction, b u t the lim iting 
value o f failure corresponding  to  a  resu ltan t load  acting 
a t a  given inclination . This is the reason w hy the quotient 
o f tangential and  norm al loads obtained  from  such tests 
was considerably  low er th an  th a t resulting  from  a direct 
shear test (see e.g. L e o n h a r d t , 1951). Y et there are two 
considerable differences between th ru s t on  the surface and 
a  direct shear test. This is partly  because the soil specimen 
is laterally  confined in a shear-box, and partly  because the 
area o f shear is stipulated and  therefore the load acts over 
a prescribed area ; conversely, in the case o f an  actual founda
tion  these conditions are no t fulfilled, and  there will be 
failure o f the foundation .

T he problem  has been solved only  for certain  special 
cases ( S o k o l o w s k i , 1954); in practice, the lim iting value 
o f an  inclined eccentric load is calculated by sem i-em pirical 
m ethods for sand (c =  0) and for clay ( 0  =  0). (See, e.g.

Sommaire

La stabilité des semelles n'est pas exprimée correctement 
par la condition H /V  <  tg 9, car lorsque la semelle glisse, il 
se produit une rupture en fondation. Afin de faire avancer la 
discussion théorique de la question, l'auteur étudie la résistance 
d’un massif prismatique tronqué chargé par une distribution 
uniforme et inclinée. Les résultats sont appliqués au calcul de 
la résistance au poinçonnement de fondations peu profondes 
en fonction de l’angle & et de l’inclinaison e de la force résultante. 
L’auteur donne un facteur de réduction pour la détermination 
de la valeur limite de la force inclinée.

Dans la deuxième partie, en supposant des surfaces planes 
de glissement, l’auteur détermine la distribution des forces sur 
la surface limite qui provoque un état plastique limite du massif 
semi-indéfini.

B r i n c h  H a n s e n , 1957, an d  S k e m p t o n , 1951). The au th o r 
does n o t p rov ide a  com plete theoretical so lu tion , his aim  
being only  to  p rom ote  precise theoretical investigations by 
m aking tw o con tribu tions, nam ely  :

1. the  theoretical determ ination  o f the inclined punching 
strength  o f the m aterial fo r y  =  0 ;

2. A n investigation  o f the general stress-state o f  the semi
plastic sem i-space in the case o f a  p lane sliding surface.

1. Inclined punching strength in a semi-plastic medium

The au th o r seeks to  determ ine the lim iting value o f a 
uniform ly d istributed  inclined load  acting in  a  given direc 
tion , and  affecting the truncated  wedge show n in Fig. 1

Fig. 1 Slip lines in a truncated wedge.
Lignes de glissement dans un prisme tronqué.
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under a  condition  o f failure t  =  a  tg 0  +  c  in a w eight
less state. Stresses acting on  the horizon ta l surface are  : 
p n =  p  cos e  and  p t =  p  sin e . Sliding surfaces are com posed 
o f three sections. In  range I there are  plane sliding su rfaces ; 
the angle o f slope is a function  o f the d irection  o f the force, 
i.e. o f the angle e. In  range I I I  the free surface A E  is acted 
upon  by  uniform ly d istributed  norm al stresses; thus p 0 

is a  principal stress, the sliding surfaces are  planes, in ter
secting each o ther a t an  angle 90° —  0  and  the direction 
o f the first principal stress is a t an  angle 45° —  0 /2 .  In 
range II , the sliding surfaces are  —  in com pliance w ith 
P ran d tl’s well know n solution  —  logarithm ic spirals and 
rays starting  ou t from  p o in t A, respectively. The netw ork 
o f sliding surfaces has no  sym m etry  plane, and  the left- 
hand  side pattern  indicating  a lower resistance, can  only 
develop. The stress-state is the sam e for all points in range
I. It is sufficient, therefore, to  investigate the po in t A, only.

The stress-com ponents are (Fig. 2) :

1 +  sin 0  sin (2a„ — 0 ) 

sin 0  cos 0

1 — sin 0  sin (2a 0 — 0 )  

sin 0  cos 0

cos (2a 0 — 0 )  

cos 0

— c  cot 0

— c cot 0 ■ 0 )

Fig. 2 M ohr’s circle of stresses.
Cercle de M ohr des contraintes.

t  m eans the tangential stress acting on the sliding surface, 
a„ is its slope-angle. S tress-com ponents acting a t po in t A 
are  know n : \ xz =  p  sin s and  g z =  p  cos e. R eplacing these 
in to  equation  ( 1), t  can be expressed, while for the deter
m ination  o f the slope-angle a„ the follow ing equation  can 
be deduced :

p  cos 0  cos (2oc „ — 0 )  ^

c  sin e — sin 0  cos (2a 0 — 0  +  s)

In  range I, the sliding surfaces are really  planes, as in 
the case if p  =  a  constan t, we have a„ =  a constan t.

In range II , P ran d tl’s stress-state is p redom inan t, for 
y  =  0 we have from  K o tte r’s equation

d-i

d$
— 2 -  tan  0 = 0  

-  =  Ke~2®lan

(3)

C onsequently , the shear stress on the boundary  surface 
betw een ranges I and  II is :

t  =  Ke~2 Pitan #

T he norm al stress on  AC  is : a =  ( t  —  c ) cot 0  ; fo r the 
vertical stress we have (Fig. 3) :

=  p  cos e =  g  +  t  tan  0
cos 0

sin (2a 0 —  0 )

Substitu ting  values o f a and  t  in to  the above equation , 
we ob ta in  :

_2n , ,̂1 1 +  sin (2a 0 —  0 )  sin 0 l  
p cos z = Ke 23itan 0\ -----------;— —------- —---------  | —  c co t 0

sin 0  cos 0

In  range II , p 0 is a  m ain stress, therefore : 

p 0 =  g  +  t  tan  0  —

(4)

0 '

Shear-stress on p lane AD  is :

T =  Ke~232tan1>
i.e.

P 0 =  Ke~2^ t  ani
l —  sin 0  

sin 0  cos 0
: co t 0

(5)

D ividing equation  (4) by  eq ua tion  (5), we get : as (see 
Fig. I).

¡3, =  90° +  0  -  a„
and

(32 =  45° +  0 /2  +  0 

the above relation  obtains the follow ing form  :

P Pn •, ™ ^  ^  1 +  sin (2a0 — 0 )  sin 0
_COS £  =  ___  q  (20 +  2cc0 —- 90° — 0 )  tan  <P -------------------------------------------------

c c 1 — sin 0

S  ™ nr- „ 1 +  s ' n (2a n — 0 )  sin 0  I 
+  C O t 0 \  e  (20 +  2ao — 9C° — 0)  tan  ( i* ------------------------------- ----------------  — J I

L 1 -  sin 0  J

(6)

E quations (2) and  (6) are already  sufficient fo r de term i
na tion  o f th e  tw o unknow ns. In  the special case p 0 =  0 
and  0 =  7r/2 (horizon ta l g round  level, bearing  capacity  
beneath  a strip  foundation  cen trally  loaded by  an  inclined 
force), the angle a 0 can  be determ ined by  the following 
equation  :

, , 1 +  sin (2a 0 — 0 )  sin 0
e  (n /2  +  2a0 — 0) tan  0 ----------------i -----°-------— L ----------- _  ]

sin 0
J — T.
> cos el 1 — sin 0

(6 a)

cos (2a„ — 0 )

sin e  — sin 0  cos ( 2 a „  — 0  — e )
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I f  a 0 is know n, the value o f the punching strength  can be streng th  p lo tted  as a  function  o f 0  and  e to  be found  in 
determ ined from  equation  (2). The value o f a„ can vary  Fig. 6. F o r e =  s s the values o f p/c  are the followings : 
betw een the limits 0 and  45° +  0 / 2 ;  as for a 0 <  0 the 
sliding surface w ould leave the b o d y ; for a„ =  45° +  0 /2 ,  
how ever, the d irection o f p  becomes vertical. Fig. 4 shows

0 ° 0 10 20 30 40

pic 2,76 3,23 3,65 3,95 4,52

Fig. 4 Relationship between the direction of load and the 
angle of slip line in the first section.

Relation entre la direction des pressions et l’angle de 
la ligne de glissement dans la première zone.

th e  relation  between a 0 and  e, by using the param eter 0 . 
I t  is easy to  prove th a t a„ will be equal to zero (the main 
sliding surface is ho rizon tal w ithin the range I) if

tan  z =  tan  e, =  tan 0
e (j c / 2 - 0 )t an 4 >  (1 4 . s [ n  0 )  

g ( n /2 - 4> )t an4> (1 +  s i n  0 ) _  [

(7)

This is the case corresponding to  failure under shear. The 
values o f z l as a  function  o f 0  are show n in Fig. 5. Thus 
if the inclination  o f the resu ltan t force were greater, equi
librium  w ould n o t be possible. The values o f the punching

5 0

3 0

20

10

£y

/
/

/
/

/
/

/
/

/

-  tg£c 

/
/

/
/

/  *<
'f-j '+ sin$ ) _

2 0  3 0 4 0

Fig. 5 Limiting inclination of pressures.
Valeur limite de l’inclinaison e en fonction de 0 .

If the load acts vertically (s  =  0), the u ltim ate bearing 
capacity  is obtained  from  P ran d tl’s fo rm u la ; in  th is case 
a„ =  45° +  0 /2 .

W ith  regard  to  the applicability  o f  the analyses for 0 = 0 ,  
it is w orth  exam ining this case separately  ( J a k y , 1945). 
C arrying ou t in equations (5) an d  (6) the transition  for the 
slope angle o f the sliding surface, we ob ta in  the relation-ship  :

co t e =

sin 2a„ +  2a 0

(8)

(9)

cos 2a„

while for the inclined streng th  the relationship  

p  cos 2a 0 

c sin s

is obtained. I f  0 =  t c/2, i.e. if bearing capacity  fo r inclined 
pressure is concerned, we have

1 + |  +  sin 2a„ +  2a 0

co t £ = --------------------------------  (8a)
cos 2a„

The value o f the lim it-angle is s, =  21°15', then  p  =  2,76c ;

the vertical com ponent thereof is ■ p n = \ 1 +
■ 5>  =

as the

Fig. 6 Punching strength as a function of 0  and e .

Résistance au poinçonnement en fonction de 0  et e .
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lim it value o f the vertical load according to  P rand tl is 

in the case e =  s ( the vertical com ponent
P” = 2(1+Î)C’
o f inclined pressure is only the half o f the lim it-value of 
vertical pressure. The limit value o f inclined pressure is 
show n in Fig. 7 as a function  o f tan  z ; it can be seen tha t 
for 0 = 0  the relationship m ay reasonably  be assum ed as 
linear, i.e.

p  ^  2c(2,6 — 3,0 tan  e). (10)

Fig. 7 Punching strength as function of tan c.

Résistance au poinçonnement en fonction de tg e .

I t  is interesting to  com pare this result w ith the form ula 
o f Skem pton — som ew hat transform ed, published by B r i n c h -  

H a n s e n  (1957). A ccording to this, the bearing capacity  of 
a strip -foundation  (L — o o ) on the surface (D  =  0) is

p  =  5c(l —  1,3 H /V );

T aking in to  consideration  th a t H /V  =  tan  s, we can 
write :

p  =  2c(2,5 — 3,25 tan  s ) ; . . . .  (11)

i.e. the tw o results are nearly  identical. A ccording to  the 
num erical values p lo tted  in Fig. 7, it can be observed th a t 
for 0  =  10° an d  20° a sim ilar regularity  appears, i.e. when 
calculating the lim it bearing capacity  o f a  strip  foundation , 
the effect o f the inclination o f  the resu ltan t force can be 
taken  in to  account by a  simple reduction. So, the com pe
ten t strength  valid for an  inclined force is :

-  =  a ( l  —  1,15 tan  e ) 
c

( 12)

where a  denotes the value o f p/c valid for a  vertical load 
depending on the angle o f friction only. This relation  can 
also be used even up to  20°.

2. Stress state of the infinite semi space in the case of plane 
sliding surfaces

T he sliding surfaces o f the sem i-space being in  a plastic 
lim it state are plane if c  =  0 and  the g round  level is unloaded 
o r uniform ly loaded, respectively. I f  c  0 and  y  =/= 0, then 
for an  inclined ground level curved sliding surfaces will be 
obtained (see e.g. J e l i n e k , 1947). Even in tha t case, if plane 
sliding surfaces are assum ed, this could be possible only

fo r a no t uniform ly d istributed  load and  for a certain  given 
inclination o f the load. This investigation shall be carried  
ou t in the following.

W e s ta rt from  equation  (1) expressing co-ord inated  stresses 
w ith the help o f  tangential stresses acting on the sliding sur
face. W e suppose th a t a  =  const and the sliding surface as 
being plane. T hen from  (1) :

g z =  A t  — c co t 0  i

g x  =  —  c cot 0  | (13)

^xz
Substitu ting  the above into C auchy’s differential equa

tions we ob ta in  :

ÔT ÔT ÔT ÔT
A  ----- h C  — =  Y ! C — + B —  =  0.

oz ox oz ox

F rom  these equations we have :

Ô T  B

bz Y A B  —  C2
=  y  tan  0[1 —  sin 0  sin (2a  —  0 )]

(14)

bT C

bx  Y C2— A B
=  —  y  tan  0  sin 0  cos (2a  —  0 )

Thus, the value o f t  can be obtained  by in tegration  

t  =  z y  tan  0  [1 —  sin 0  sin (2a  —  0 ) ]

■ xy  tan  0  sin 0  cos (2a  —  0 ) +  K.
. . . .  (15)

W e wish to  apply  this result fo r the sem i-space w ith a 
horizon ta l g round  level. B oundary  conditions are (Fig. 8) : 
in  the case o f z  =  0 and  x  =  0 :

T =  T 0 =  K  
G z =  p 0 COS £

=  p„ sin e ;

Fig. 8 Boundary conditions in the semi-space.
Conditions aux limites dans le semi-espace.

Replacing these into equations (1), we ob ta in  fo r the slope 
o f the sliding surface the sam e form ula as in the case o f a 
weightless m edium  loaded by an  inclined force :

cos 0  cos (2a„ —  0 )p o_ =

c sin e —  sin 0  cos (2a„ — 0  +  e) 

If  c =  0 , then  :

cos (2a  „ — 0  +  e)
sin  e  

sin 0

(2)

(2a)
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The constan t o f in teg ra tion  can be obtained  from  the 
know n stress o f the zero-poin t :

p„ s in e  cos 0
T n =  - - - - - - - - - - - - - - - - - =-  =  K .  ( 1 6 )

cos (2a„ —  0 )

$ -3 0 °  
â  - to° 
y  ~ i t /m 3

'c?

i f ih
‘0,25ffpa-0J73xy: 
'O.SBp,, -D,65xy

62'(t7zy- 0,65x^ +0,S6po 

6X -0,572iy-0,316xÿ *■ 0,468p„ 

Ta - 0,316zf-0, !73xtf + 0, ¿59p0

icr

Fig. 9 Numerical example. 
Exemple numérique.

and  on  the basis o f  equation  (2) the tangential stress acting 
o n  the sliding surface can be determ ined a t each po in t o f 
the sem i-space. O n the ho rizon ta l g round  level (z =  0) :

sin 0  cos 0  

cos (2a„ — 0 )
- x y  tan  0  sin 0  cos (2a 0 —  0 )

. . . .  (17)

T hus, t  and  herew ith the coord inated  stresses and sim ilarly 
the resulting stress p  are linear functions o f x. Fig. 9 shows 
a  num erical exam ple : it gives the stress d is tribu tion  in the 
semi space in the case o f a  given p 0 and z, respectively 0 ; 
c =  0. C onsequently , a t a  given slope, the d istribution  of 
stresses acting on the g round  level is determ ined, the degree 
o f the linear decrease on  the g round  level is given. A ssum 
ing plane sliding surfaces, in the sem i-space the plastic state
— corresponding  to  R ank ine’s state —  can only  com e into 
effect a t these values.
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