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Free Foundation Beams with Two Supports

Poutres de fondations libres avec deux points de chargement

b y  D . K r s m a n o v i c , Y o u g o s la v ia

Summary

With structures founded on continuous beams, it is very 
useful in certain cases to employ discontinuous beams. The 
author reviews one system, providing information about design 
calculations, simultaneously making allowances for the influence 
of beam rigidity on the relevant statical values.

A continuous beam is compared with a discontinuous one, 
with regard to bending moments and settlements, from which 
definite conclusions are drawn.

Sommaire

Pour des ouvrages fondés sur une semelle filante il est très 
utile dans certains cas de transformer la semelle filante en une 
semelle discontinue.

Un des systèmes de ces poutres discontinues est présenté dans 
cet article qui contient aussi des renseignements quant à leur 
calcul et l’utilisation, dans un but pratique, des résultats de ces 
calculs en prenant en considération l’influence de leur rigidité 
sur les valeurs statiques s’y rapportant.

Les avantages de cette méthode sont illustrés par un exemple : 
une semelle continue et une semelle discontinue sont comparées 
en détail en ce qui concerne le moment de flexion et le tassement. 
On en tire les conclusions nécessaires.

Introduction

In  the case o f structures supported  on  colum ns w ith their 

foundations in soil subject to  heavy  and  varying settlem ents, 

statically  indeterm inate  structures can  be transform ed into 

statically  determ inate  ones, either by  in troducing  hinges or 

in som e o ther way.

T he sam e principle can  be applied to  con tinuous founda­

tion  beam s, by in terrup ting  the con tinu ity , in troducing 

hinges, o r even by com pletely separating  the beam s to  ob tain  

d iscontinuous foundations.

A good exam ple is prov ided  by a con tinuous bridge girder, 

which m ay be transform ed in a G erber beam or one o f sim ilar 

type to  allow  fo r wide varia tion  in settlem ent o f the supports. 

O ne particu lar type o f dam , founded on  a  slab resting on 

soil w ith a low m odulus o f deform ations, can be quoted 

as a fu rther exam ple.

In a  publication  issued in 1958 [1] the m ain types o f  dis­

con tinuous beam s are  m entioned o f free o r hinged design 

(Fig. 1), and one system  is discussed in detail. This is a free 

beam  w ith one support (Fig. 1 (a)).
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Fig. 1

In the present paper a system  o f free d iscontinuous beams 

w ith tw o supports is dealt w ith in o rder to  illustrate their 

po ten tia l applications in p ractice (Fig. 1 (b)).

The application  of d iscontinuous beam s can be very use­

ful in foundation  structures, the superstructures o f which 

have a low rigidity (or non a t all) in relation  to  the rigidity 

o f th e  foundation  structures, while the soil p roperties as 

well as the m anner o f s truc tu re  loading are  ap t to  cause 

considerable differences in support settlem ents.

The usefulness o f the app lication  o f such a d iscontinuous 

beam  is dem onstrated  in the second p a rt o f the paper, which 

gives a detailed  com parison o f a  discontinuous foundation  

s tructu re  w ith a continuous one, and  w hich has been the 

general practice in dealing w ith structures o f this kind.

1. Free foundation Beams with two Supports

A ccording to  the num ber o f bays, the beam s can be re­

garded as being o f infinite o r o f definite length. I f  we regard 

them  as definite, in practice we m ust distinguish between 

th res types o f elem ents : m iddle elem ents «S', and  elem ents 

K, and  elem ents S K  which ad jo in  the end elem ents.

Jl

Element K Elem ent SK ElemfcntS

Fig. 2

I t  has been found th a t there  is a considerable difference 

o f pressure d is tribu tion  and statical values betw een the 

end elem ents o f a beam  and  the m iddle ones, while those 

adjo in ing the end elem ents m ay always be regarded in the 

sam e way as the m iddle elem ents. It is therefore only concerned 

w ith the S  and  K  elem ents.
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D ue to  the wide scope o f the problem  involved, it has 

been found necessary to  consider only beams carry ing equal 

loads a t equal distances, w ith a constan t m om ent o f inertia, 

rested  on a ha lf space w ith a constan t m odulus o f deform ation , 

and  this only for the case w here the h a lf space is com pletely 

conso lidated  under a given load.

1. The Middle Element o f  a Discontinuous Beam— Taking 

in to  account the influence o f several elem ents o f a d isconti­

nuous beam  (from  both the right and  the left sides) on  the 

elem ent considered and by levelling the foundation  beam 

and  the soil, as well as by m aking and  solving a  system  of 

linear non-hom ogenous equations, pressure d istributions for 

beam s o f various m om ents o f inertia  were obtained. Since 

the loads act upon  the foundation  beam  a t equal distances, 

cantilevers o f all elem ents have spans equalling one half 

o f  the colum n distances.
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where

/  is the m om ent o f inertia  o f the founda tion  beam ,

E h is the m odulus o f deform ation  o f the concrete,

E s is the m odulus o f deform ation  o f  the soil,

L  is the length o f the beam  elem ent, and  

B  is the w idth o f the beam ,

the resulting d iagram  looks as show n in Fig. 4, w hereby 

it is possible and  quite simple to  take in to  account, while 

calculating these elem ents, the influence o f the rigidity  of 

the foundation  beam  as well.

The abscissa is p rovided w ith the values o f the coefficient

a , w hich in effect represent abstrac t num bers to  be m ultiplied 

by the bending m om ent o f the founda tion  beam  in point 

A  obtained  for linear d is tribu tion  (Fig. 3), so th a t the real 

values o f the bending m om ents a t points A, b, c and  d  are 

obtained. It is necessary, beforehand, only  to  determ ine 

the degree o f absolute rigidity , and  w ith this value to  read 

the respective values o f the coefficients a. These coefficients 

a  are calculated  for different ratios o f L  to  B (k =  2, 3 and  4).

In the d iagram  in Fig. 5 the relationship  betw een the degree 

o f abso lu te  rigidity and  the ra tio  (3 is given, where

(2)

In form ula (2) :

P s represents the absolute value o f the sum  o f m om ent 

surfaces for a  beam  o f  any  rig id ity , and

P k the absolute value o f the sum  o f m om ent surfaces 

for a  rigid beam  (in this case the d is tribu tion  is linear).

F rom  the d iagram  it is im m ediately  clear in  w hat range 

o f rigidity  it is useful and  how m uch is gained in econom y 

w hen sufficiently elastic founda tion  beam s are  chosen. The 

influence of change o f the fac to r k  can  be neglected.

Fig. 3

The calculations were m ade for a un it load o f 100 tons 

under each colum n. The ratio  o f the length L  to  the w idth 

B  o f one elem ent is 2.

The types of curves for different cases o f relative rigidity  

o f the beam s and  the soil are show n in Fig. 3 (a). In the 

case o f a com pletely rigid foundation  beam  a linear d is tri­

bution  is obtained. Fig. 3 (b) shows the elastic lines o f the 

foundation  beam for individual cases, while Fig. 3 (c) gives 

the changes in bending m om ents dependent on the relative 

rig id ity  o f beam and  soil.

If, how ever, instead o f the relative rigidity, IIE s, we 

in troduce absolute rigidity, expressed by the coefficient K, e.g.

(I)
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Fig. 5
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Fig. 6

2. The End Element o f  the Discontinuous Beam— F o r 

reasons o f asym m etry  the determ ination  o f pressure dis­

tr ibu tion  for end elem ents requires m uch m ore tim e, be­

cause it is necessary to  solve equations w ith a considerably

greater num ber o f  unknow n quantities. In  order to  save 

tim e, the determ ination  o f pressure d is tribu tion  has been 

carried  ou t in  the w ay show n in Ref. 1.

The pressure d is tribu tion  line, the elastic line, and  the 

settlem ents fo r a  beam  like this are  show n in Fig. 6. In  this 

case, as well as in  o ther cases investigated, there were no  

m arked  differences in the d is tribu tion  o f the m iddle elem ents 

an d  those ad jo in ing  the end  o n e s ; consequently , for prac­

tical purposes the elem ents ad jo in ing  the end  ones can  be 

trea ted  in the sam e m anner as the m iddle elem ents (cf. the 

values fo r the ob ta ined  distributions).

The end  elem ent has a  com pletely different d is tribu tion  

from  th a t o f  the m iddle elem ents. H ow ever, the differences 

in the values o f bending m om ents, w hich in  these cases are 

the m ost im portan t statical values, a re  n o t so great. T o faci­

litate com parison, m om ent surfaces for several cases are 

given in Fig. 7, for m iddle and  end  elem ents. The values 

o f bending m om ents under the supports are in all exam ined 

cases greater w ith the end  elem ents th an  w ith m iddle ones. 

The increases o f negative m om ents are greater under the 

end  supports o f the s tru c tu re ; they  increase w ith the rigidity, 

and  the values o f bending m om ents exceed the values of 

m iddle elem ent m om ents by 10-20 per cent.

T he increases are considerably  low er under the nex t sup­

p o rt o f the end  elem ent o f the beam , and  they  am oun t to

8 per cen t in re la tion  to  the values o f m iddle elem ent m om ents.

T he values o f m om ents in the end  bay  are som ew hat 

low er than  those o f the m iddle elem ents o f the beam . The 

decrease is so sm all th a t it can  be neglected for all p ractical 

purposes.

2. Comparison between Continuous and Discontinuous Beams

A dam  is to be founded on  m arl w ith a deform ation  m odulus, 

Es, o f 80 kg per sq. cm. T hat p art o f  the dam  in w hich there 

is the spillw ay consists o f 5 bays w ith colum ns spaced at 

14 m etres centres. The rem ainder o f the dam  is to be built 

as an  earth -darn  op bo th  sides. The o ther da ta  are visible 

in Fig. 8.
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The planned  program m e o f construction  involves build­

ing the concrete section first, follow ed by  com pletion  of 

the earth  dam  later.

The calculation  and  determ ination  o f statical values 

were done first for a  beam  continuous over 5 bays, and  then  

for a d iscontinuous one.

F o r both  structures the d is tribu tion  o f load  was calculated 

for the  following loading cases :

(a) a foundation  slab was built on  the soil and  the pillars 

of the dam  were constructed  o f c o n c re te ;

(b) ap a rt from  the loading u nder (a) the sections o f  the 

dam  betw een the pillars were also built o f c o n c re te ;

(c) ap a rt from  the load ing  under (b) the earth  dam  on 

bo th  sides o f the  dam  was constructed .

1. Continuous Beam— The d is tribu tion  lines for continuous 

beam s were w orked  ou t for all loading cases by splitting 

up the con tinuous system  in to  three girders on  tw o supports 

w ith cantilevers (Fig. 9), and  the un it d is tribu tion  lines 

were found (Ref. 1).
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Fig. 9

o f these m om ent surfaces and  their size are show n in Fig. 10 

fo r the particu lar loading cases. The sam e figure also gives 

the individual pressure d is tribu tion  for load ing  cases (a), 

as well as to ta l pressure d is tribu tion  and  the elastic lines 

fo r all loading cases.

T he entire con tinuous beam  was subjected to  a  single 

stressing, so th a t the concave side o f the elastic line tu rns 

first upw ard  and  then  dow nw ard, which m akes reinforce­

m en t necessary bo th  in the upper and  in the low er parts  

o f the structure.

B oth the positive and  the negative m om ent surfaces are 

com paratively  la rg e ; bending m om ents are also very great.

T he positive m om ent surface fo r loading case under (b) 

am ounts to  ab o u t 165-445 tm 2, and  the negative m om ent 

surface fo r load ing  case u nder (c) to  ab o u t : 334-005 tm 2.

T he results o f  the exam ination  o f particu lar cases o f load­

ing show th a t it is very im portan t, in cases like these, to 

foresee particu lar loading cases liable to  arise in  the struc­

tu re  while the build ing is in progress o r later.

2. Discontinuous Beam— F o r a discontinuous foundation  

beam  separated  in to  parts  in p o in t r d is tribu tion  lines (Fig. 11) 

fo r loading cases (a) to  (c) were obtained.

F o r these cases, and  for each loading case separately , 

m om ent surfaces were also found. These surfaces, expressed 

in tm 2, are now  109-200 tm 2 fo r loading case under (b), 

and  102-925 tm 2 fo r loading case under (c).

3. Comparison between Continuous and Discontinuous 
Structures— Settlem ents and  settlem ent differences o f the 

individual supports o f the con tinuous and  d iscontinuous 

beam  are given in the follow ing table :

Settlem ents in m illim etres are  (Case (c)) :

W ith  the help o f these u n it d is tribu tion  lines, the d istri­

bu tion  fc r  different load ing  cases (a) and  (b) were obtained  

quite simply. The d is tribu tion  lines for case (c) was obtained  

on  the supposition  th a t the com pleted concrete dam  is to 

be set up  from  po in t m to  po in t n (Fig. 8) on  the surface 

o f the soil w hich has already  settled and  w hich was deform ed 

under the load ing  o f  the earth  dam  on  bo th  sides (broken 

line o f soil surface in Fig. 8).

O n the basis o f these d is tribu tion  lines, lim it values were 

obtained  for positive and  negative bending m om ents o f the 

slab and  the en tire  dam  in indiv idual cross sections. T he form

Column A Column B Column C

Continuous beam 479 452
i
1 422

Discontinuous beam 466 431 | 433

As can be seen, the settlem ents o f the supports o f dis­

con tinuous and  con tinuous beam s are practically  the same.

V alues o f the m om ent surfaces to  be covered by reinforce­

m ent for different loading cases and  different beam s are as 

follow s :



Pr essu r e  d i s t r i b u t i o n
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J-4 0 0 ,0 0 1
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- 4 0 0 ,0 0 1

h Q00 

h  400,00

B e n d i n g  m o m e n t s

-80 0 ,0 0  

1200,00t 

-100,00 
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-220,00 

-2 6 0 ,0 0  

-300,00

340.00 

-38 0 ,0 0
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500.00 m m

- 8 0 0 0 ,0 0 t m. 

-6 0 0 0 ,0 0  
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- 0,00

-  2000 ,00

i
j-  4000,00 

!- 6000 ,00 tm

Ca s «
b c t t le m e n j^ o r  s u p p o r t s b e n d n g .  m o m e n ts

Sa S b S c Ma M b M C

a) 152,110 18 5 ,9 6 9 20 0 ,70 7 2850,940 34 83,460 3032,420 106540,0

b ) 2 0 8 ,0 2  4 264.139 289,129 3579,680 5350,010 4755,090 165445,0

c ) 47 8 ,69 0 451,664 421,835 1868,150 2 92 8,32( -1968,940 334005,0

Fig . 10
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Ecn d in g  m om ents

C a s «

b i t t ls m e n ts ^ o f  s u p p o r ts B e n d in g  m o m « n ts
F .

tm 1SA SB Sc M a M b Me

a) 150,987 184,33 8 207,418 2835.123 3135,164 1561,391 82076.0

b) 205.878 261.432 2 9 9 ,4 6 2 3515.510 4615,494 2307,862 109200,0

c ) 465,531 43 0 .50 8 43 2  852 5 6 4  8 468 3121,355 2259,915 102935,0

-3000,00 tm . 

-2000.00 

- 1000,00 

0,00 

1000,00 

2000,00

3000.00

4000 .00

5000.00

6000.00 tm

Fig. 11

loading loading loading
case b case c cases b and c

Continuous beam 165 445 tm2 334 005 tm2 496 790 tm2

Distontinuous beam 109 200 tm2 102 925 tm2 123 200 tm2

Ratio of moment surfaces 
for the one structure and 
of the other 1-52 3-25 4-03

In  add ition  to  the surfaces o f bending m om ents w ith dis­

con tinuous beam s being considerably  sm aller —  ab o u t 4

tim es —  this beam  has the advantage o f approxim ately  the 

sam e sym bols fo r all loading cases, so th a t reinforcem ent 

is necessary only  in  one zone, which is n o t the case with 

continuous beams.

Conclusions

1. W ith  certain  types o f  structures founded on soil having 

a relatively  small deform ation  m odulus, d iscontinuous beam s 

can  be used instead o f continuous ones, thereby  achieving 

considerable econom y in certain  cases.
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2. F o r  the calculation o f discontinuous beams, while 

tak ing  in to  account the rigidity  o f the foundation  beam , 

it is possible in practice to construct diagram s on  the basis 

o f w hich lines o f m om ent surfaces can be directly draw n 

(see d iagram  in Fig. 4).

3. T he sum  o f  the abso lu te  values o f m om ent surfaces 

decreases w ith th e  decrease in rig id ity  o f  the beam . There 

is a danger, how ever, o f going too  far in this respect : on 

one hand , the ends o f  individual beam  m em bers m ay tend 

to  rise, and on the o ther hand , by reducing the rigidity  we 

increase the necessary percentage o f reinforcem ent in  cross 

sections, w hich raises the cost o f construction .

4. C om paring  the con tinuous w ith the d iscontinuous beam 

in one case it was found th a t in certa in  cases m uch m ore 

econom ical structures can be ob tained  by em ploying a dis­

con tinuous beam .
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