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Approximate Calculation of Shear Deformations Beneath 
a Shallow Foundation

Calcul approximatif des déformations de cisaillement sous des fondations superficielles

by H.-U. S m o l t c z y k , Privatdozent Dr. Ing., Grundbauinstitut der Technischen Universität Berlin. Berlin-Zehlen- 
dorf, Sachtlebenstr. 29

Summary

Experiences proves that calculations of the bearing capacity 
of soil under shallow foundations give results which are too low, 
and the author sets forth a new method in his paper.

Before failure occurs, it is reasonable to assume that the 
state of stress is elastic and that deformation is plastic, so that 
compaction and displacement of the free surface of the soil take 
place. By assuming an elastic state of stress and using a standard 
shear test, the author calculates the rise of the free surface result­
ing from a load on the surface. Subsequently, under the condi­
tion of constant volume, he calculates that part of the settlement 
of a foundation due to displacement. He thus establishes the 
relationship between bearing capacity and settlement, even in 
well compacted soil.

In  o rder to  com pute the bearing capacity  o f shallow  foun ­
dations, the failure analysis m ethod used to be a p p lie d ; in 
the case o f  cohesive soils, the conso lidation  theory  was used 
in con junction  w ith settlem ent analysis. E xperience has 
proved  th a t fo r non-cohesive soils the bearing capacity  
canno t be derived on ly  from  the failure theory , which gene­
rally  gives a low estim ate. The significant feature o f  all soils 
is th a t they are  n o t all ideal plastic  m aterials bu t are  subject 
to deform ation  before failure occurs. F o r this reason M u h s  

and  K a h l  [1] o f Berlin proposed to  use the settlem ent o f a 
foundation  under load as a general criterion  o f its stability . 
The problem  therefore to  com pute how best arises settlem ent 
o f a baseplate, if displacem ent ra ther than  com paction  o f soil 
is the dom inating  factor.

F o r this purpose it is necessary to  app ly  observed disp la­
cem ent in standard  shear tests to  the practical case o f a foun ­
dation . In this test the two halves o f a box  m ove relatively 
to  one another, a fter a load has been applied w hich over­
com es shear resistance. A  sta te  o f  balance is a tta ined  when 
the deform ation  reaches a certain  value, the load being coun te r­
balanced by an elastic stress which is independent o f  time. 
F ailu re  will occur if this sta te  o f balance is n o t reached.

T he sam e effect can be observed beneath  a shallow 
foundation .

A ny increm ent o f load causes settlem ent which is com posed 
o f a plastic and  an elastic com ponent. C om paction  o f the 
subsoil is accom panied by a rise o f the free surface. W e do 
no t consider com paction , bu t ra ther the application  o f shear 
box tests to  the case o f a shallow  foundation . (Fig. 1.)

Just for sim plicity we assum e the depth  D  to foundation - 
level being 0.
W e use fo r this purpose the plane shear intensity

/ ( £ ;  0

Sommaire

L’expérience m ontre que le calcul à la rupture donne un résul­
tat trop faible en calculant la force portante d’une fondation super­
ficielle. L’auteur, par conséquent, a essayé une méthode nouvelle 
dont les résultats sont présentés dans cette communication.

A vant l’état de rupture, on peut supposer un état élastique des 
contraintes. Il provoque une déformation élastique et une défor­
mation plastique. La dernière se compose d’un tassement et d’un 
déplacement vers la surface libre du sol. Tenant compte de l’état 
déviatorique des contraintes et des résultats de l’essai standard 
de cisaillement, l’auteur calcule le soulèvement de la surface libre 
par une charge superficielle. Par intégration de la fonction qui 
représente la courbe de soulèvement, on obtient, en supposant 
la constance du volume, la portion du tassement de la fondation 
qui est causée par les contraintes déviatoriques. Ainsi peut-on 
mettre en évidence une relation entre la force portante et le tasse­
ment même pour des sables denses.

F ig . 1.

w ith the principal shear stress

T =  TI2\ / l  +  ‘g22œ 

and the angle a  o f the principal stress direction

a . — <jr
tg 2a  =

Z * » 7

W ith no  external load, the shear intensity  is

1 -A 0

( la )

( lb )

Io = 1 + A 0

(1)
w here X0 is the coefficient o f earth  pressure a t rest.

. . .  (2)
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This in tensity  / 0 canno t cause any  unever displacem ent, 
so it is to  be sub tracted  for o u r calculation  :

I  =
a* +

(3)

W e m ust now  discover an  adequate  elastic state o f stress 
resulting from  the app lication  o f an external load  P  and  soil 
w ith specific weight y , the com ponents o f w hich can be in tro ­
duced in to  equation  (3).

W e can assum e th a t the stiffness o f the foundation  is large 
com pared  w ith th a t o f the subsoil. The b o undary  condition  
w hich m ust be satisfied is th a t during the en tire  loading 
period  there will be no plastic shear deform ation  along the 
baseplate, w hich is possible only  if

/  =  O in |£ |< 1 ;  Ç =  0 (4)

C ondition  (4) states a direct connection  betw een the con tac t 
pressure d is tribu tion  and  a quality  o f the subsoil. If, for 
instance, we assum e X0 =  0,5 ; then we have to  find an elastic 
sta te  o f stress w hich satisfies the equation

-  in |5 |<  1 ; C =  0 (4a)

W e found  (2) a so lu tion  fo r this case by taking a parabolic

/  B \
con tac t pressure d is tribu tion  I cr2(0 ; 0) =  a0y  -

Gzi\l\  <  1 ; £ =  0] =  y  -  ct0(1 - I 2) (5)

3 B

4=  T  Ï  2 I
i m - m -

ff* = 4 Y 2 ffo

+  k U

+

H ï - ï H n H I -

r i =  V̂ 2 +  < % -l)2 and  r2 =  s/X,2 +  (£ +  l )2

4
and  the param eter k  =  — . By in troducing  equ. (6) in to

3ct0
equ. ( lb )  it is possible to  com pute the net o f  p rincipal shear 
stress tra jectories in  the w ay o f num erical in tegration . The 
pa tte rn  o f this net depends essentially  on the param eter k. 
Fig. 3 shows such a net fo r the case A0 =  0-5 and  k  =  0-04. 
I t was calculated  by  the electronic com puter o f  the Technische 
U niversitä t Berlin.

W e now  assum e th a t each  elem ent form ed by  tw o orthogonal 
pa irs o f tra jectories is subjected  to  a p lane  shear bo x  test. 
W e assum e (4) th a t the shear p lane o f  the stan d ard  shear box  
test has the sam e direction  as the p rincipal shear stress has, 
as long as failu re  does n o t happen . C onsider elem ent N o . k. 
Its length is

cos a.k

T he plastic  defo rm ation  w hich it suffers is due to  a  certain  
shear in tensity  Ik g iven by  th a t shear d isp lacem ent sk w hich 
is m easured a t a  shear specim en o f  a  length  I under th e  sam e 
stress system . (Fig. 2).

w ith  th e  a b b re v ia tio n s

under the add itional assum ption th a t the general stress d istri­
bu tion  in the soil follow ing equ. (5) is m odified according 
F roh lich ’s (3) theory  o f stress concen tra tion  w ith a concen­
tra tio n  fac to r o f 4. T his parabo lic  con tac t pressure d is tribu tion  
is em phazised by the result o f a  corresponding  failure analysis 
o f  the au th o r (2). The com puta tion  led fo r cohesionless sand 
to  a  parabo lic  con tac t pressure d is tribu tion  a t the p o in t o f 
failure, too.

The stress com ponents follow ing these assum ptions are  :

u 2- i - ; ; 2

Fig. 2 Shear box test, used for the calculation as an example.

Essai de cisaillement utilisé, à titre d’exemple, dans le 
calcul.

Ik is found  by  in troducing  equs. (6) in to  equ. (3). S tarting  
a t a  po in t o f the base p la te  and  sum m ing up all these elem ents 
o f shear deform ation  along a p a ir o f tra jectories w hich is 
runn ing  to  the free surface (on ly  a  p a rt o f them  does) we get 
there the to ta l vertical displacem ent o f  one p o in t o f the 
surface.

v/ 2
I cos

. . . .  (7)

T he factor
\ / 2

is necessary, since the displacem ent was

(6)

calculated  in the d irection  o f the trajectories, and  w is taken 
positive in the positive ^ — direction. By this procedure we 
get the w hole cu rva tu re  o f  the surface defo rm ation  fo r which 
Fig. 3 gives an exam ple. T he theoretical curve is in accor­
dance w ith and  explains those curves o f surface rise which 
can  frequently  be observed in loading processes. T he curve 
has a m axim um  wm a t \ m, to  w hich we re late  it b y  using the 
approach  function
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Résultats du calcul pour...

w =  —  =  - 1, exp

where
r m I 2 \

F  5 - 1

. . . .  (8)

lm - 1

rJ  n
wdZ, =  — exp

1 -Ç *
j =  - \ J e =  -1 -6 5

. . . .  (9)

settlem ent due to  shear deform ation  

m axim um  surface rise
=  1-65

(10)

In  a soil, where b o th  displacem ent and  com paction  happens, 
the deform ation  m echanism  o f the surface will s ta rt by 
sinking, since in the beginning the hydrostatic  stress influence 
dom inates. W ith the load  increasing, the com paction  incre­
m ent vanishes and  the displacem ent causes an  increasing rise. 
The th ird  influence is the elastic com ponent o f deform ation. 
T he com bination  o f these three com ponents explains why

the surface o f the soil starts  its deform ation  by sinking and  
la te r tu rn s to  rise during  the loading process. T his “ vertex- 
p o in t” o f positive displacem ent o f  the surface was sta ted  in 
the D egebo experim ents (1) th roughout.

F inally , it should  be no ted  th a t a result can only  be ob tained  
in this w ay o f com puta tion , if in each po in t o f the stress field

T he in tegration  o f this function  (8) gives us the displaced soil 
v o lu m e :

/ < s i n (11)

By cond ition  o f constan t volum e we can now  conclude from  
equ. (9) to  th a t am oun t o f  settlem ent w hich is due to  the 
stress dev iator. W e ob ta in  th e  sim ple relation  (Fig. 3).

(9/  — angle o f  shearing resistance a t failure) is fulfilled. W e were 
able to  dem onstra te  in the study already cited  (2) th a t the 
in troduction  o f  the bearing capacity  result o f  the failure 
theo ry  in to  our ra tio  k  did —for this exam ple —n o t influence 
the failure cond ition  (11) o f ou r analysis. W e therefore take 
th is analysis as a possible source o f exp lana tion  fo r som e of 
the con trad ic tions o f the failure theory .
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