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Stresses and Displacements in a Limited Layer of Uniform 
Thickness, Resting on a Rigid Base, and Subjected to an 
Uniformly Distributed Flexible Load of Rectangular Shape

Contraintes et déformations dans une couche d’épaisseur uniforme et limitée, reposant sur 
une base rigide soumise à une charge rectangulaire, uniforme et souple

b y  I. So v i n c , D r. te ch n ., A ss is ta n t a t  th e  U n iv e rs ity  o f

Sum m ary

The author has developed formulae for calculating stresses 
and displacements in an elastic layer of uniform thickness, resting 
on a rigid foundation. It is assumed that the contact between 
the elastic layer and the rigid base is smooth. The case of loading 
an elastic layer with a flexible load of rectangular shape is treated 
in detail.

In the second part the numerical evaluations are given for
fa Q

various values of the fundamental parameters -  and -  (h being
c a

the tickness of the compressible layer, c and d being the half 
sides of the loaded area) and for a Poisson's ratio v =  0-5.

Due to the limited thickness of the elastic layer, the normal 
stresses along the compressible layer are concentrated near the 
loaded area and the displacements w. are greater than the values 
obtained for an isotropic elastic half-space. These differences

become significant when the ratio -- is less than 2-5.
c

L ju b lja n a , Y u g o slav ia  

Sommaire

Dans la première partie du travail l’auteur déduit des formules 
avec lesquelles on peut déterminer les contraintes et déformations 
dans une couche élastique limitée, d’épaisseur uniforme, qui est 
placée sur une base rigide. Entre les deux surfaces de la couche 
élastique et de la base rigide on suppose le contact glissant. Le 
cas dans lequel la surface supérieure de la couche élastique est 
chargée d'une charge mobile de forme rectangulaire est étudié 
en détail.

Dans la deuxième partie l'auteur a calculé numériquement 
quelques exemples pour les différentes valeurs des param ètres

h c
fondam entaux et -, (h signifie l'épaisseur de la couche com- 

c d

pressible, c et d sont les demi-côtés de la surface chargée) avec 
le coefficient de Poisson égal à 0,5.

En raison de l’épaisseur limitée de la couche élastique les 
contraintes normalles crz se présentent concentrées dans le domaine 
de la surface chargée le long de la couche compressible et dans 
ce domaine les déplacements wz sont plus grands que ceux que 
nous donne le calcul pour le solide semi-infini élastique et isotrope.

Les différences sont plus sensibles pour le quotient -  <  2,5.
c

Introduction

T he problem  o f the m agnitude and  d is tribu tion  o f stress 
and  deflexions in  an elastic layer o f uniform  thickness has 
been closely studied in recent years. The results o f  theoretical 
investigations have been applied in practice to  the design 
and  construction  o f slab foundations, and  to the estim ation 
o f stress and  settlem ent in m ulti-layer system s o f soil.

In  the construction  o f foundations we are often dealing 
w ith soils, which have been deposited in layers. D uring the 
last tw enty or th irty  years the w ell-known form ulae of 
B oussinesq w hich apply  to  a  hom ogeneous, isotropic, sem i
infinite, elastic solid were norm ally  used. W o i n o w s k y - 

K r i e g e r  (1933), M a r g u e r r e  (1933), B i o t  (1935), B u r - 

m i n s t e r  (1945), and  F o x  (1948) contribu ted  so lu tions for 
layered soil system s. It was B urm inster, how ever, who in 
1956 solved the com plete problem  o f stresses and  displace
m ents in “ a two —  layer rigid base soil system ” and  illus
tra ted  the practical use and  im portance of this problem  in 
soil m echanics and  foundation  engineering.

T he au th o r has developed a m ethod for calculating the 
stresses and  displacem ents in an elastic limited layer o f 
un iform  thickness, resting on a  rigid base. It is assum ed 
that the layer is loaded by a flexible load o f rectangular 
shape. The con tac t between the elastic layer and  the rigid 
basis is assum ed to be sm ooth. In num erical exam ples the 
results are given for various values o f fundam ental para-

h c
m eters -  and  -  (h being the thickness o f the com pressible

c d

layer, c and  d  being the h a lf sides o f the loaded area) and  
for Poisson’s ra tio  v =  0-5. I t is thereby assum ed tha t the 
ra tio  between the horizontal dim ensions o f the layer and  o f 
the loaded area is large enough to  perm it the app lication  o f 
resulting values to  a com pressible layer o f infinite ho rizon tal 
dim ensions.
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A n elastic layer is assum ed w ith length a, w idth b and  
height h, resting on  a  rigid base and  loaded on  the surface 
(z =  h) w ith a flexible load o f rectangular shape (Fig. 1). 
N eglecting the weight o f the layer itself the differential equa
tions o f equilibrium  are :

50
(1 -  2v)Au H------= 0

dx

b&
(1 -  2v)zl v +  —  =  0 ( 1)

dj'

b&
(1 — 2v)/l w --------=  0.

5z

v =  Poisson’s ratio ,
0  =  V olum e expansion.

F o r displacem ents u, v and  w, acting in the coo rd inate  
d irections x, y, z, we take, as it has been done by W oinow - 
sky-K rieger in his so lu tions for determ ination  o f stresses 
and  displacem ents in thick plates, rela tions in the form  of 
double trigonom etrical series :

Basic equations

it =  Z  H U sin a  x  cos py,
m n

v =  2  2  V cos a  x  sin ¡3y,
m n

if =  Ï S H / cos a  x  cos fiy.

(2)

sinh yh

4 a"ln y(sinh 2y/j +  2y h)’

Q = o, 
Q = o.

In  the nex t step the solu tions for displacem ents u, v, w 
and  stresses ax, a y, a z, t xz, x yz, t x z  were developed.

N um erical examples

The num erical evaluations o f stresses <yz (—  is com pres
sive stress) and  displacem ents wz in the z coord inate  direc
tion  were carried  o u t for Po isson’s ra tio  v =  0-5 and  for 
a num ber o f  values o f  the basic param eters. F o r  loads un i
form ly d istribu ted  over rectangular areas app lied  on  the 
surface o f an  elastic layer and  for various ra tio s o f  the w idth 
o f the area to  the thickness o f  elastic layer and  area side 
ra tio , c/ i/ .

These num erical exam ples were carried  ou t w ith the in ten
tion  o f indicating how  the stresses and  displacem ents vary 
w ith the thickness o f  the elastic layer com pared w ith the 
w idth o f the loaded area and  w ith the a rea  side ra tio , on 
the one hand , and  on  the o ther hand , how m uch these values 
vary  from  B oussinesq’s vertical stress d is tribu tion  in a hom o
geneous deposit.

T he stresses a z are calculated  for two ho rizon ta l planes

n j  ^z =  0 and  z =  -

m n mz
a  =  — . p =  — , U, V, W  are F ou rie r’s coefficients, w hich 

a b

are  variables o f coord inate  z.
T he solutions, obtained  by substitu ting  expressions (2) 

in  equations ( 1) are b iharm onic functions :

1
U = —  [ (C j « +  C5(3) sinh yz +  (C2a +  C6(3) cosh yz

L K J

+  C3az  cosh yz +  C4az  sinh  yz], (3)

1
V  =  —  [(CjP +  C5a) sinh  yz +  (C2(3 +  C6a) cosh  yz

2 G

i

+  C3fiz cosh yz  +  C4pz sinh yz], (4)

W  = 2G 4v)C4 -  Q y l  sinh yz +  [(3 -  4v)C3 -  Q y ]

cosh yz — C4yz cosh yz — C3yz sinh yz}, . . . .  (5)

w here y 2 =  a 2 +  p 2.

C-l — C6 are in tegration  constants.

Boundary conditions

T he b o u n d ary  cond itions for this case m ay be expressed 
as  follow s :

1. W hen z =  0 ; w = 0, t zx =  0, z zv = 0  . . . .  (6)

2. W hen z =  A; a z = — p = — E E a mn cos coc cos (iy,
mn

- zx =  0, =  0 . . . .  (7)

T he follow ing expressions for constan ts are  ob tained  :

C i =  0 ,

C 2 = 2a„
y  h cosh y  h — ( 1 —  2v) sinh  y  h

y 2(sinh 2y h +  2y h)

C3 =  0, (8)
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Coordinate Stresses <r, in the plane
h

Coordinate Stresses o z in the plane
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h

Z ~  2

c
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In Fig. 2 the d istribu tion  o f vertical stresses under the 
centre o f uniform ly loaded areas th roughout the elastic

c
layer for various side ratios -  is illustrated. O n the abscissa

d

?1A
P

Fig. 2

w o f the elastic layer were calculated. In  Fig. 3, 4, 5 and 6

for various side ratios the functions ^  — f ,  are illustrated  for
h

four characteristic points. The surface settlem ent wz o f each 
o f these points A, B, C  o r D is obtained by the equation

=  (9> 

where E  — elastic m odulus.

the values — are related  as a  function  o f the ra tio  z'/c, 
P

where z is the depth under the surface o f the elastic layer 
and  c the bigger h a lf w idth o f the loaded area. D o tted  curves, 
representing  B oussinesq’s vertical stress d istribu tion , are 
used as the basis for com parison ( S t e i n b r e n n e r , 1 9 3 4 ) .  

Sim ilarly as for vertical stresses a z, the surface settlem ents

Fig. 4

In  Figs. 3, 4, 5 and  6 also the values o f coefficient f t are 
given provided th a t the thickness o f the elastic layer be
comes infinite. These values are for Poisson’s ra tio  v =  0-5 
sum m arised after S c h l e i c h e r  (1927).
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