
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


6/7

N o n s t e a d y - S t a t e  F l o w  i n  H o m o g e n e o u s  E a r t h  D a m s  a f t e r  

R a p i d  D r a w d o w n

Ecoulement non permanent dans les barrages en terre après une baisse rapide du niveau 

du réservoir

b y  Pr of es s or  Bor i s  S. Browzin, F .  A.S . C . E .  De p a r t me n t  o f  Ci vi l  Engi ne e r i ng , Th e  Oh i o  St at e Uni ver s i t y, 

Co l u m b u s , Oh i o  U. S . A.

Summary

The nonsteady-state flow after rapid drawdown in homoge­
neous earth  dams on impervious foundations was investigated. 
It was found that the seepage line became elliptical in shape after 
a  short initial period. The equation describing the flow, which 
begins after this short period, was obtained using the method of 
continuous successions o f steady slates. The equation gives coor­
dinates o f the seepage line in function of time. An experimental 
investigation, which confirmed the validity o f the obtained equa­
tions, was performed in a Hele-Shaw flume for dams with up­
stream  slopes of 1/2-5, 1/3 and 1/5, for different ratios o f head 
water to  the dam width on the base, and for different types of 
drainage.

F or some cases of dams with 1/2-5 and 1*3 uptream slope the 
equation describes the flow exactly ; for others it requires a 
constant correction factor, denoted c. Factor c was investigated 
in detail, and the value o f it was obtained to  use for dams with 
upstream slopes from 1/2-5 to 1/5, and for different ratios o f the 
headwater to  the width o f the dam. Dam shape characteristics 
were obtained for practical application o f  the equation and were 
represented in the form of graphs.

Sommaire

L’auteur étudie dans ce rapport l’écoulement non-permanent 
dans les barrages en terre sur bases imperméables après une 
baisse instantanée du niveau du réservoir. Il a été constaté qu’après 
une période initiale très courte, l’écoulement s’établit avec une 
surface elliptique. Une équation décrivant l'écoulement durant 
cette dernière période a été obtenu en appliquant la méthode de 
succession continue d 'é tat d ’écoulement perm anent. L 'équation 
donne les coordonnées de la surface de saturation en fonction 
du temps. Une recherche expérimentale a été conduite dans le 
chenal de Hele-Shaw avec des barrages ayant leur pente am ont de 
1/2*5, 1/3 et 1/5, des rapports de la profondeur am ont initiale à 
la largeur de la base différents ainsi que des systèmes de drainage 
divers. Les résultats des essais ont dém ontré la validité de l’équa­
tion obtenue. Elle décrit l’écoulement d ’une façon exacte dans des 
cas de barrage à pente de 1/2-5 et 1/3, pour d 'autres elle demande 
l’introduction d’une constante c. Le facteur c a été étudié en détail, 
et les valeurs de c ont été obtenues pour l’emploi pratique de 
l'équation, en fonction de la pente am ont et du rapport de la 
profondeur initiale am ont à la base. D 'autres facteurs entrant 
dans l’équation ont été obtenus et ont été mis sous forme de gra­
phiques pour leur utilisation.

The in terest in  the problem  of seepage flow in ea rth  dam s 

afte r  draw dow n o f  the reservoir is w ell-know n. Its  practical 

im portance is p rim arily  related to  the analysis  o f  s tab ility  

o f  the  upstream  slope o f  dam s. The purpose o f  th is w ork is 

to  establish the equa tion  o f  the  free surface o f  seepage flow 

in function  o f  tim e after instan taneous draw dow n o f  the 

reservo ir to  ze ro  level. T he problem  treated  concerns hom o­

geneous dam s o f  an y  geom etrical shape w ith different drainage 

system s and  w ithou t ta ilw ater on  im pervious foundations- 

T he equa tion  o f  the free surface o f  the g rav ity  seepage 

flow on an  im pervious layer can be w ritten , tak ing  in to  

accoun t a ll assum ptions and  lim itations a ttr ib u ted  to  it, 

accord ing  to Boussinesq :

0 2/i2

ò 2*

.  1 &/i 2s
— 2 n e -  — 0

k  b f k

d 2/i2 2  s

~Jx2~ +  ~ k ~

an d  its integral is

— x-  - r cons t j  .r  +  const 2 (3)

F o r  a  rectangu lar ea rth  m assive, F ig . 1, w ith sym m etrical 

flow cond itions a t  the ou tlet w here x  =  a  a t  fi =  0, and  

/; =  H  a t x  =  0 , (3) becomes

f r
£ , U a

k  X ' u a I
x  +  H 2 (4)

which is an  equa tion  o f an  ellipse.

(1)

w here n c is the effective porosity , o r  the ra tio  o f  the part 

o f the  voids n o t filled by  w ater to  the  volum e o f  soil mass, 

k  ( L T - 1)  is D a rcy ’s coefficient o f  perm eability , z (L T ~ l) is 

the  ra te  o f  in filtra tion  from  the ho rizon ta l p ro jec tion  o f  the 

surface area  and  l is the tim e. O ther n o ta tio n s  a re  shown 

on  Fig. 1. F o r  steady  s ta te  flow (1) is reduced to

(2)
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n ,  dh q =  —  kh  —
ax

and  (4) we obta in

From Darcy’s law

q =  \ x

■ 0
£ +

kH *  

2 a

.... (5)

. . . .  (6)

B y definition o f  s  we have

q =  z x

E quating  (6) an d  (7) we ob ta in

. H *
z  =  k  —5-

S ubstitu ting  e from  (8) in to  (4) the equa tion  o f  th e  free 

surface becom es

.... (9)

W hen this stage is te rm inated , the ellipse in tersect the  upstream  

slope and  have the m axim um  po in t A  a t  various positions. 

Investigations fu rth e r p rove  th a t the po in ts  A  a re  located  

approx im ate ly  o n  a  s loping  stra igh t line w ith  co tangen t 

m2. The sloping  line m ay  be located from  the  heel b y  n zL t 

and  the  d istance a  m ay  be located by nxL.

(7)

(8)

If  the  w ate r levels in reservoirs are  a t A , th e  sem i-axia a , 

o f  the ellipse m ay  be determ ined. If  there are  p o in t d ra ins a t  

L
B , a =  - ,  bu t if there are  outflow  surfaces, A B , an d  a  seepage

flow in to  em pty  reservoirs, a  can n o t be determ ined in an  

e lem entary  w ay. I t  is m ore difficult to  determ ine a  o r  A B  

in the case o f  sloping  outflow  surfaces.

S uppose levels o f  open w ater are  a t  A . I f  th e y  begin to  

draw  dow n, a  nonsteady  flow wiil take  place. In  the  process o f  

d rainage, the w ater com es o u t o f  pores sim ilarly  to  in filtra tion  

when w ater is supplied from  the surface. Since the  nonsteady- 

s ta te  flow m ay  be regarded as a  con tinuous succession o f  

steady states, (4) w ill represent the free surface a t  a n y  tim e 

in terval, w ith the  cond ition  th a t instead o f  in filtra tion  e, 

th e  w ater will com e from  pores above the  free surface, i.e., 

from  the  volum e A  V  per un it o f  w idth norm al to  the draw ing, 

Fig. 2. In  the  vicinity  o f  outflow , sections A B , (4) m ay  n o t 

describe the seepage surface, but the  influence o f  tran sien t 

b oundary  cond itions will be insignificant a t  som e d istance 

from  them . In the  case o f  sloping  faces o f  the ea rth  m assive, 

i.e. ea rth  dam s, the local influence o f  faces w ill be sm aller 

due to the  resistance to  the  flow o f  the  triangu la r areas below  

the  in tersection  o f  the seepage line w ith the face.

Notations de l’équation de l’écoulement non perm anent.

A ll factors, m  an d  n , a re  functions o f  the  shape o f  the  dam .

Since now  the  area under the seepage line can  be expressed 

in  term s o f  physical dim ensions o f  the  dam  and  the  variable

H , th e  differential equa tion  o f th e  m ethod  o f  con tinuous 

succession o f  steady  states can  be w ritten.

T he volum e o f  w ate r in the  ea rth  m ass below  the  seepage 

line per u n it o f  w id th  o f the dam  norm al to  the  d raw ing a t 

the tim e t, m ay  be expressed , w ith few per cen t accuracy , 

by  the  a rea  o f  a  quarte r o f  the  ellipse located dow nstream  o f  A  

and  by  a  trapezo id  upstream  o f  it  :

a H  +  (L  +  nrL  -  a )H  -

. . . .  (10)

T h e  follow ing n o ta tio n s  will be used fo r shorter w riting :

K  =  -  (1 +  n{) +  ^ 1  —  « 2 ; k 2 =  (1 +  n t) -  n.

H - t )

. . . .  d o

k 9 — H J L 'y  — /w2 ; k 5 — —

In  term s o f  A: —  factors (10) w ill be 

V =  n e(k l L  H  —  k 5 H 2) . . . .  (12)

D ifferentiating  V  by  H  (12) and div id ing  by dt, we ob ta in  

the discharge

(13)

O n the  o th e r han d , from  D arcy ’s law, (7) and  (8), we ob ta in  

in  upstream  d irection  q =  k H 2la  a t  x  =  a, and  in  bo th  direc­

tions we o b ta in  the  to ta l discharge

Fig. 2 Elementary volume supplying water. 
Volume élémentaire fournissant l’eau.

The w riter perform ed num erous experim en ts in a Hele-

Shaw  flume and discovered th a t the  free surface after draw - a  m ay  be expressed by a =  k 2L  —  k AH  and  q by  

dow n in dam s o f  an y  p ractica lly  encoun tered  shape is ac tually

elliptical and  m ay  be described by  (9), F ig. 3, alm ost exactly , ^ 2

excep t in  the  very ea rly  stage, w hen the initia l to p  p o in t A 0 q  =  2 k  , _________ ___  (15)
- - - • k , L  — k AHo f  seepage line draw s dow n quickly to  the position  A ',
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E quating  (13) and  (15), we obta in  

H 2
2k

d H

k X - k iH = n ^ L - ^ H y dt
(16)

A fter rearrangem ent and  the  use o f  L  =  H J k z 

d< =  -  J f 2 ~ C ^ J { +  C 3 h ^ H

w here

C i =  * 2 i C2 — k jc ^  +  2fc2^5
K3

C3 — 2 k 3k i k 5 

T he  in teg ra tion  results in  the  equation

(17)

(18)

' “ S L  c 1 5  +  c , ,o g < / r - c I ¿ .

(19)

T he co n s ta n t o f  in tegration  can  be determ ined on  the

assum ption  th a t a t  the  tim e t =  0, H  = H it Fig. 3. (19) will

finally  becom e

e n . 1 /  H , \ H  /1|r
ì

II 1 +  C2 log,
A *i)J

. . . .  (20)

¡n which a  fac to r c is in troduced  to  correc t, if  necessary, pos­

sible inaccuracies involved as a consequence o f  assum ptions 

m ade.

E xperim en tal verification o f the equation  (20) was perform ed 

fo r dam s w ith upstream  slopes o f  1:2-5, 1:3 and  1:5, an d  w ith 

d ifferent types o f  drainage and various ra tios o f  H J L ,  F ig . 3. 

L  was alw ays th e  d istance from  the  heel to  the  edge o f  the 

drainage facilities. T h e  correc tion  facto r c  was fond as show n in 

T able 1.

T a b le  1

Upstream slope l/m 1 Ratio H JL c

1/2*5 014-0-25 0-90-1-10

1/3 012-0-20 1 00-1 30

1/5 0-11-017 1-20-1-40

T aking  in to  accoun t the upstream  slopes, Í/2-5 to  1:3, m ost 

frequently  encountered  in practice, and  the average ratios, 

H J L , between tw o extrem es given in T able 1, it is seen tha t the 

tim e com puted  b y  (20) does n o t require m ore than  20 per cent 

correc tion . F o r  practica l app lication  o f  (20), the above c 

m ay be used w ith  a  stra igh t line in terpo la tion  fo r in term ediate  

values o f  H J L  and  m v  T he influence o f  the type o f  drainage 

o n  c  fac to r was studied but no  specific relation  was established. 

This influence is, in  general, very  m inor. T he tabu lated  

values c are  averages for an y  type o f  drainage. F rom  the 

sam e T ab le I , it is seen th a t (20) gives the exact so lu tion , c =  1, 

fo r average H J L  ra tio s fo r upstream  slopes m  =  2-5 and  fo r 

low H J L  ra tios fo r m j =»3*0.
T he factors n2 and  m 2, Fig. 3, determ ining  the assym etrical 

position  o f  the seepage line w ere found dependan t on  the dam  

shape. T hey w ere related to  the upstream  slope cotangent, 

wij, and  to  the  ra tio  H J L  on the basis o f  experim ental d a ta  and  

a re  representad  on  Fig. 4. F acto r m ay  be com puted  from

the usual p rocedure fo r steady-state  flow, b u t here it  was 

obta ined  experim entally  in function  o f  H J L .  F inally , k  —  fac­

to rs  (11) were expressed in  function  o f  on ly  m v  and  H J L .  

U sing ^-coefficients, C x, C2 an d  C3 (18) were also  expressed in  

function  o f  m x, and  H J L .  T he  obtained  form ulas fo r coeffi­

cients C  are  too  com plicated, so  they  are  represented  here on ly  

graphically , F ig. 5. T hey  m ay  be used for th e  practica l appli­

ca tion  o f  the  eq ua tion  (20).

W hen the  tim e, t, a fte r  rap id  draw dow n o f  the  reservo ir fo r 

the  given H jH y, is com puted  from  (20), the  seepage line is 

ob ta ined  using (9) w ith  //-axis passing th rough  the  p o in t A , 

F ig. 3, determ ined by  n.2 and  m 2, F ig. 4.

W e m ay  deno te the dim ensionless depth  function  o f  (20) by

i + c.

2k

. H  

l0g^

T he g raph  o f  the  dep th  function  Fl j  if  plo tted  on  F ig. 6 

\ " i /
as a n  illustration  fo r som e experim ents, from  the  series o f 

ov er 30 perform ed, fo r the slopes, =  2*5, 3, and  5. The 

function  itse lf is com puted from  (21) fo r conditions which 

co rrespond  to  these experim ents.

O n the sam e graphs are show n experim ental poin ts  com puted 

from  (22)

(21)

(22)

L

Fig. 4 Coefficients giving location of the origin of coordinats. 

Coefficients déterminant l’origine des coordonnées.

0  5 0  

0  4 8

n2

0 .4 6  

0 4 4  

0 4 6  

n2 0  4 4  

0  4 2
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m,=5.0
.4.5
A 4' 3.5 

r~ 3-0
rZ .

c,

c2
mr 5.0 
_5____

c2

0.20 0.22 0.24 0.26 0.28 0.30

Fig. 5 Coefficients entering i \ the transient flow équation

Coefficients ae inéquation de l’écoulement non permanent.

i )

2k

c n .L
(2 3 )

for the tim e t observed during  tests, w ith c indicated in T ab le 1. 

I t is seen on  the graphs tha t poin ts  having the values H jH  

sm aller than  0-70 —  0  80 a re  located alm ost exactly  on  the 

graphs. T he region w ith  values above 0-70 —  O’80 corresponds 

to  the  initial stage o f flow, when p o in t A d rops to  A 0' , F ig. 3.

E rro rs in  depth , H jH x, which are  on ord inates, for a given 

tim e, are  sm aller th a n  10 per cen t in 90 per cen t o f  the  tests 

and  the m axim um  e rro r  from  all tests is 14 per cen t, which 

corresponds to  a ra tio  H jH x — 0*9. T he function  line o f  

F ( / / / / / j )  is p ractica lly  alw ays above experim ental poin ts, 

w hich m eans th a t the  function gives higher values o f  H  than  

are ac tual values fo r the given time. This is on  the  safe side. 

The speed o f  low ering the phreatic  line is given exactly  by 

th is function.

T ak ing  H  equal to  the ac tual observed experim ental values, 

the coord inates o f  the seepage line are p lo tted  o n  F ig . 7. T he 

encircled poin ts  a re  com puted  and the line itse lf is traced  

accord ing  to  th a t observed in tests. Both figures represent 

the sam e dam  w ith an  upstream  slope m x =  3 and  a  horizon tal 

drainage w ith the  d raw dow n beginning a t  H J L  =  0-20 and  

a t 0* 14. T he dep th  functions F  (H IH x) fo r the first tw o stages 

a re  -504 and  6-64, respectively, and  fo r the second tw o they 

a re  *697 and  3-99. O n the draw ings the  com puted  poin ts  are  

located exactly  on the  experim ental seepage l in e ; it is only 

a  slight deviation  from  he line in the dow tream  portion .

Fig. 6 D epth function compared from the equation of transient 
flow and points computed from experimental data.

Comparaison entre les profondeurs calculées suivants 
l’équation de l’écoulement non perm anent et les point 
expérimentaux.

Observed phreatic lines and points compared from the 
equation for these lines.

Nappes phréatiques observées et points calculés d’après 
l’équation de ces nappes.

T he experim ents were conducted  in  the flum e between para ­

llel plates m ade o f  a  p lastic  m aterial w ith a  space o f  0*64 to  

0-124 inches fo r different tests. T he size o f  the  dam  base was 

from  30 to  80 inches, and  the m axim um  head w ater 

w as 7 1/2 inches. T he liquid used w as a  silicone w ith k inem atic 

viscosity  o f  0*011 cm . sec. a t 25° C  w ith an  approx im ate  

change o f  viscosity  o f  0  002 cm  sec* per 10° C . U sing  the 

cu rve viscosity  versus tem pera tu re , a  co rrec tion  w as in tro ­

duced in  the  tim e com puta tions, w hich w as o f  ov er 10 per 

cen t between som e experim ents. A ccording  to  com pu ta­

tions the  cap illary  rise o f  the liquid in som e experim ents 

possib ly  attained  a  m axim um  o f  2*5 m m . In m ost o th e r cases 

it was sm aller. T ak in g  in to  accoun t the size o f  the  experim ental 

dam s, th is w as considered as tolerable.
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