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Visco-Plastic Flow of Soils

6/36

Les écoulements visco-plastiques des sols

by A. S. S t r o g a n o v , Institute o f  Mechanics U.S.S.R., Academy o f  Sciences

Summary

The author gives ihe invariable characteristics o f the mechanical 
properties and mechanical equations o f slate of the visco-piastic 
flow of soils based on the generalisation o f the Hencky and 
Bingham conception. The author also gives the solutions of 
problems on visco-plastic flow of a soil layer along a  rough 
inclined plane and between two rough surfaces which have 
practical significance in an estimate of the stability o f certain 
types of landslides ans slopes. The author solves the problem 
o f visco-plastic flow o f a hollow circular cylinder that can be 
used to  com pute the strength o f frozen soils formed during 
shaft sinking with the aid of the freezing process. In addition, 
the principal equations concerning the plane problem of visco­
plastic flow o f soils are given. Their further application will 
facilitate the solution o f many significant problems in soil mecha­
nics.

Sommaire

La communication donne les caractéristiques mécaniques 
invariables et les équations d 'é ta t de l'écoulement visco-plas- 
tique du sol ; les équations résultantes sont une généralisation 
de celles de Hencky et de Bingham.

On y trouve également la solution du problème de l'écoulement 
d 'une couche de sol le long d 'une surface rugueuse, inclinée 
vers l'horizontale et de la couche comprise entre deux parois 
rugueuses ; ces solutions présentent un intérêt pratique au point 
de vue du calcul de la stabilité de certains types de talus et de 
glissements de terrain. La communication contient aussi la solu­
tion du problème de l'écoulement visco-plastique dans le cas 
d'un cylindre creux, ce qui correspond au cas de fonçage des 
puits avec application de la congélation du sol. Enfin la commu­
nication com porte les équations fondamentales de l'écoulement 
visco-plastique plan des sols, à l'aide desquelles on peut résoudre 
différents problèmes de la mécanique du sol.

1. M echanical Equations o f S ta te  of the Visco-Plastic Flow 
o f Soils

M echanical properties o f  soils depend on the  tim e factor 
to  a  g reater o r  less ex ten t. T he au th o r’s tests o n  soils to  dis­
cover th e ir  viscosity and creep, a lthough n o t num erous, 
have led to  the  conclusion th a t a  p lastic s ta te  can  be given 
by  the  follow ing expressions :

(H  — a )  ta n  i

(H  4- g) tan  d» I 
^  + ---------c—1 h-

(2)

(H  +  ct) t a n - I -  \J.'S (1)

w here T  — is in tensity  o f  tangen tial stresses, H  —  cohesion, 
g  —  m ean norm al stress, tan  ^  —  friction coefficient for an 
octahedral a rea o r  “ Botkin con stan t” , fi —  coefficient o f  plastic 
viscosity, S  —  in tensity  o f  shear s tra in  velocities.

This expression is show n d iagram m atically  in F ig. 1 and  
is a  m odification o f  the H. H encky expression (R. 1) tha t 
in its tu rn  sum m arises the conception  o f  a  visco-plastic body 
given by Bingham  (R . 2).

T he m echanical equa tions o f  visco-plastic flow o f  soils 
resu lting  from  cond ition  ( 1), im com pressibility condition  
and  tensor ra tios a re  expressed in com ponents as follows :

Fig. 1

T he use o f  equa tions o f  s ta te  (2) in  som e problem s on  the 
visco-plastic flow o f  soils, which are  o f  practica l interest, 
is given below as so lu tions o f  these problem s w ith app rop ria te  
m a jo r premises.

2. Visco-Plastic Flow of a Soil Layer along an Inclined P lane

Let us consider the  p lane visco-plastic flow a lo n g  an  incli­
ned  rough  p lane o f  an  heavy soil layer o f  infinite ex ten t 
(F ig. 2) under even ly  d istributed  load.

The m echanical equa tions o f  s ta te  (2) assum e the  fo rm  : 

(H  -f- ct) ta n  ’|i  I r

. (H  -h a) tan à  I 

2 | : 1  .V -
(3)

where £v, E„, 'f)uv —  are  stra in  velocity com ponents. Let the 
soil in  a  s ta te  o f  the  visco-plastic flow be im com pressible.
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dJh i
du

= — y - sin  a , ( 1 2 )

w h ere a  is  an  an g le o f  slo p e o f  t h e p lan e an d  th e t u rn  o f  th e 
co - o rd in ate ax es.

T h e  d ir ect  in t eg r at io n  o f  eq u at io n s (1 1 ) an d  (1 2 ) y ie ld s : 

a =  y *  «- co s a  +  p ,  (1 3 )

t I(S =  — y *  //• sin  a  — . . . .  (1 4 )

T h e  im co m p r ess ib ili t y  co n d it io n  o f  th e m at er ia l y ie ld s th e 
eq u at io n  :

w h ere p  an d  / a r e  n o rm al an d  t an g en t ia l co m p o n en ts o f  th e 
su r face lo ad  resp ect ive ly . Eq u a liz in g  (1 0 ) an d  (1 4 ) an d  sim u l ­
t an eo u sly  in t r o d u c in g  v a lu e  (1 3 ), w e g et  ;

w h ere Ì L  =  — — ^ =  0  o w in g  t o  th e in d ep en d en ce o f  th e 
òv

st ra in ed  state o n  co o rd in at e  v ,  h en ce d isp lacem en t  v e lo c it y  
W v can  d ep en d  o n ly  o n  // :

(4 ) d \V v
— ji, — ----- h y  a  — cos a ‘ tan  ^ ) w =  ( #  +  P) tan  ^  — 1‘

au

. . . .  (1 5 )

W v ~  W 0 (u).

T h e  in t eg r at io n  o f  th is eq u at io n  o n  t h e assu m p t io n  t h at  
th e d isp lacem en t  v e lo c it y  in  th e co n t act  p o in t  (u  =  h) o f  

s o i l  an d  ro u g h  in c lin ed  p lan e is eq u al t o  z ero  (IVv =  0 ) 
. . . .  (5 ) resu lt s in  :

_ Ò W H
A s  c „  =  — —  an d  d o es n o t  d ep en d  on  co o rd in at e  v e it h er , 

òu

eq u at io n  (4 ) assu m es th e fo rm  :

-

i .e . ve lo c it ies  Wu are co n stan t  in  th e la y e r  th ick n ess. 

T h e  r a t io s  o b ta in ed  lead  t o  th e f o llo w in g  :

d W M d W v d  W r

iuv ò v ÒU du

I I Y
W v =  —  . —  (s in  a  — co s a  - tan  ò )  (/i2  — u2) -

 ̂I 2
[(H  +  p )  t an  <]> -  i ]  (A  -  u) (1 6 )

(6)
T h e b o u n d ary  o f  “ r ig id  la y e r ”  w it h  th e eq u al s t r a in  v e lo c it y  

■ =  0  ) w it h in  it s  th ick n ess can  be d eterm in ed  f ro m  th e
{<*Wr \

U H '
dW ,.

(7 )

c o n d it io n  t h at  — —  ̂ =  0  w i l l  a lso  t ak e p lace in  t h e co n t act
du

p o in t  (/ /  =  u0). T h e  in t r o d u c t io n  o f  t h is co n d it io n  in  (1 5 ) 
g ives :

Su b s t i t u t in g ^  =  \ u =  0 in  th e f ir s t  an d  seco n d  m ech an ical 

eq u at io n s o f  state (3 ), w e o b ta in  :

(8)

(H  - f  p )  t an  /
uQ =  ------------------------------ t ~ ■

y (s in  a  — co s a  • tan  y )

—  th e th ick n ess o f  th e r ig id  lay e r .

(1 7 )

Su b st it u t in g  (7 ) in  th e t h ird  eq u at io n  (3 ) an d  t ak in g  in t o  
acco u n t  :

I dWA 
[ d u \

. . . .  (9 )

w e g et  :

d W
~  Tu» =  I1- “ T "5 +  ( * t « )  t an  i | r  ( 1 0 )

au

Co n sid er in g  t h a t  t h e state o f  st ress d oes n o t  d ep en d  o n  
co - o rd in ate v, th e eq u ilib r iu m  eq u at io n s t ak e  th e fo rm  :

d a u

~dit
=  y  co s a ,

7 2 2

T h u s, th e v isco - p last ic  f lo w  o f  so il is accu r r in g  w it h in  
h u u0 w h ere i t  is  d escrib ed  b y  f o r m u la  (1 6 ). T h e  d iag ram  
o f  t h e d isp lacem en t  ve lo c it ies  co n st ru cted  f ro m  f o rm u la (1 6 ) 

is  sh o w n  in  Fig . 2 .

T h e  co n d it io n  o f  t h e ab sen ce o f  visco - p last ic  f lo w  w h en  
th e r ig id  la y e r  sp read s t o  th e co n t act  p o in t  w it h  th e in c lin ed  
p lan e (w 0  =  h) en ab les th e co r r ec t  an g le o f  slo p e o f  t h e p lan e 

t o  b e d eterm in ed  b y  :

(H  4-  p) t an  4> — t 

co so t° =  r . A ( i + t a n ^ )  X . . . .  (1 8 )

' ! \  '<-h p 
( Y  I (H  +  P tan  ')' -  IJ

( l + t a n 2 ij/ ) — 1 — tan t}/  ,

. . . .  (11)
w h ich  is a d ir ec t  resu lt an t  f ro m  r a t io  (1 7 ).



3. The Visco-Plastic Flow of a Soil Layer between two Rough 
Surfaces

Le t  u s co n sid er  th e p lan e visco - p last ic  f lo w  o f  a  so il la y e r  

b etw een  tw o  ro u g h  su rfaces (F ig .  3 ).

5,  +  5,  =  o

In t r o d u c in g  (2 3 ) in t o  (2 4 ) w e g et  :

■ I ( x  -f- y- t an  6 ),

Su b st it u t in g  (2 3 ) in t o  (2 5 ) an d  t ak in g  acco u n t  o f  (2 7 ) w e 
o b ta in  :

d 2v.r
- ( ¿ - ^ 2  T- / ( I  -  ta n 2 !»  =  0. (28)

W e  assu m e t h a t  a t  som e d is tan ce f ro m  th e ad g es o f  th e 
la y e r  th e d isp lacem en t  ve lo c it ies d o  - not d ep en d  on  co- ord-  
in ates an d  t h at  t h e m o t io n  is stead y.

T h e  im co m p ress ib ili t y  co n d it io n  o f  th e m at er ia l :

T h e  in t eg r at io n  o f  t h is eq u at io n  in  b o u n d ar y  co n d it io n s 

co r resp o n d in g  t o  n o  d isp lacem en t  (vx — 0 )  in  t h e co n t act  
p o in t  w it h  ro u g h  su rfaces (y =  h) an d  t o  th e co n stan t

v e lo c it y  j =  0  | w it h in  th e “ r ig id  la y e r ”  an d  o n  i t s  b oun -
\ d y  j

d a r y  (y  =  +  y 0)  êad s to  f o r m u la  :

v x =  —  ( 1  -  ta n 2 ( ¡0  t o 2 -  /i2) -  2(y -  h)y0\
W  . . . .  (29)

w h ich  is  va l id  a t  y  ^  y 0.

T h e  th ick n ess (2y0) o f  th e r ig id  la y e r  is o b ta in ed  f ro m  th e 
eq u ilib r iu m  co n d it io n  o f  a  p lo t  o f  t h e s o i l  w it h  len g th  /  a t  
th e a lr ead y  k n o w n  stresses o n  its co n t o u r  d eterm in ed  f ro m  
t h e ab o ve f o rm u lae. A s  a  resu lt  w e g et  f o r m u la  :

(1 9 )

an d  co r resp o n d in g  d ed u ct io n s l ik e  th o se ab o v e g ive  th e 

f o llo w in g  resu lt s :

£„ = £„ = 0, (20)

^ = 5 = ̂ . (21)

Pla c in g  (2 0 ) an d  (2 1 ) in t o  eq u at io n s (2 ) w e o b ta in  :

Gx=<Jy --- (22)

-  =  (J. + ( f f  -r- a) t an  ^ . . . . . . . . . . .  (2 3 )

T h e eq u ilib r iu m  eq u at io n s t ak e th e fo rm  :

^  ^  =  0, (2 4 )ox

5(7 b T-,.
—  +  - ~ y =  0 . (2 5 )
b x  d y

J. /  +  2 ( t f f
y n = ——- - - - - - —  -  t an  y .

2 / ( 1 -  t an 2 ty) Y
(30)

Su b st it u t in g  (3 0 ) in  (2 9 ) w e g et  th e f in a l ex p ressio n  o f  th e 
d isp lacem en t  ve lo c it ies :

v x — —  / (I — tan 2  ¿ )  ( j 2 — A2)  —2ji( ‘ i 
— [/ ■ /  - r 2(H  — a 0)]  (y -  h) t an  ^  J(31)

I t  is  ex p ed ien t  to  f in d  an  ex p ressio n  f o r  c r i t ic a l  p ressu re 
g rad ien t  I 0 a t  w h ich  t h e r ig id  la y e r  o ccu p ies t h e w h o le  o f  
t h e sp ace (y0 =  4 ;  h) b etw een  th e ro u g h  su r faces an d  n o  
visco - p last ic  f lo w  tak es p lace. U s in g  th e g iven  c o n d it io n , 
w e g et  d ir e c t ly  f ro m  (3 0 ) :

/n =
2(H  - r  g 0)  t an  (]>

2 ( 1  — t an 2 ^ )/ » — /■ tant|>
(32)

bcr . d<7
t  t an  6  -f- —  =  0 . ___  (2 6 )
b x  by

So lv in g  th e C au c h y  p ro b lem  fo r  t h is eq u at io n  b y  t h e ch a ­

r ac t e r is t ic  m eth o d  an d  assu m in g  t h at  in  th e m id d le o f  the 
la y e r  (y  =  0 ) averag e n o rm al stress is d is t r ib u ted  b y  the 
l in e a r  law , w e g et  :

T h e d iag ram s o f  stresses an d  d isp lacem en t  ve lo c it ies  co n s ­
t ru cted  b y  th e g iven  so lu t io n  are g iven  in  Fig . 3.

T h e so lu t io n  o b tain ed  can  b e u sed t o  est im ate th e s t a b i l i t y  
o f  slo p es in  f o u n d at io n s o f  w h ich  a  v isco - p last ic  la y e r  o f  so i l  
is  l ia b le  t o  b e com p ressed  b y  th e w eig h t  o f  a slo p in g  m ass.

4. V isco-Plastic Flow of a Hollow C ircular Cylinder

Le t  u s co n sid er  a  p lan e ax ia l  sym m et r ica l p ro b lem  o f  v isco ­
p last ic  f lo w  o f  a h o llo w  c ir c u la r  c y lin d e r  (F ig .  4 ) su b ject  t o  
co m p ressio n  o r  r u p tu re b y  o u te r  o r  in n er  r a d ia l  p ressu re 
re sp ec t ive ly .

T h e  im co m p ress ile i li t y  co n d it io n  o f  a  m ed iu m  y ie ld s  :

(27)

w h ere ct0  —  is a g iven  v a lu e  an d  I —  a g iven  g rad ien t  o f  th e 
m ean  n o rm al stress.

w h ere

l r + U = o,

dv  „

(3 3 )
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h en ce th e eq u at io n  :

dv v ^  

dr r  ’

t h e so lu t io n  o f  w h ich  is o b ta in ed  at  o n ce

q  =  - r v b, b.

. . .  (3 8 )

5 = V ( l - tp>2 = 214I r2 I

an d  th e ch an g e o f  in d ices y ie ld s * ) :

Gr — g  = — — sig n © - (/ /  +  ct) t an  4^  , j

o„ — <5 =  2 u ,% -f- sig n  v - (/ /  - I-  ct) t an  ¿ '1 , \rz

T h e  eq u ilib r iu m  eq u at io n  h as th e fo rm  :

c/<7r  Gr ~~ G9

dr
= 0.

Su b st it u t in g  co r resp o n d in g  ex p ressio n s r esu lt in g  f ro m  
r a t io s (4 0 ) in t o  eq u ilib r iu m  eq u at io n  (4 1 ), w e f in a l ly  h ave :

, i/ < r 2{H  +  c )  tan
( I — sig n  v • t an  0 ) - - - sig n  v - - - - - - - - - - - - - — 0 .

dr r
. . . .  (4 2 )

In t eg r a t io n  (4 2 ) y ie ld s :

1
1 — s i g n  «  t a n  tj<

Le t  u s f u r t h e r  c o n f in e  th e p ro b lem  to  a co n sid erat io n  o f  
th e cru sh in g  o f  th e c y lin d e r  b y  o u tw ard  r a d ia l p ressu re. I t  is  

c le ar  t h at  th e in n er  su r face r = a h as an  averag e n o rm al 
stress a ]r =a =  <ra.

T h en , su b st it u t in g  th is b o u n d ary  co n d it io n  in t o  (4 3 ) an d  

t ak in g  in t o  acco u n t  (3 6 ) w e o b ta in  th e r a t io  :

H  - j-  g  =  (H  +  Ga) (  —  j  |~ lan ^

(3 4 )

(3 5 )

44)

Su b st it u t in g  t h e resu lt  in t o  th e f ir s t  eq u at io n  o f  state (4 0 ), 
t ak in g  in t o  acco u n t  ag ain  (3 6 ) an d  ex p ressin g  p ressu re pa 
w e f in a l ly  g et  :

2  t a n  tji

T h e  a r b it r a r y  co n stan t  is d eterm in ed  f ro m  th e co n d it io n s : 

( 1)  a t  r  =  b u | r --=6 =  vb (c y lin d e r  co m p ressio n ) an d  ( 2 )  a t  
r  — a v\ r̂ a =  — va (c y lin d e r  ru p tu re) w h ich  resu lt  in  :

- (H  +  P„

(4 5 )

(3 6 )

T h e c ir c u la r  stress w i l l  b e ex p ressed  as f o llo w s :

2  t a n

Ci =  — Va‘a. (3 7 )

T h e s t r a in  ve lo c it ies  w i l l  b e n o w  ex p ressed  b y  fo rm u lae :

1 -I-  t an  9  

1 — tan'j1

(4 6 )

th e in t ro d u c t io n  o f  w h ich  in t o  th e eq u at io n s o f  state t ak in g  
in t o  acco u n t

(3 9 )

(4 0 )

(41)

T h e  stress d iag ram s f ro m  th ese f o rm u lae are g iven  in  Fig . 4 . 

T h e  so lu t io n  can  b e used t o  co m p u te t h e st ren g th  o f  a 
p r o tec t ive  jac k e t  m ad e o f  f ro z en  so i l  w h en  sg aft s are  su n k  
b y  t h e freez in g  m eth o d .

5. M ain Equations of the P lane Problem  o f  V isco-Plastic 
Flow of Soils

In  a m o re g en eral case, w h en  th e m ed iu m  is th o u g h t  to  b e 
im co m p ressib le th e m ech an ical eq u at io n s o f  state ( 2 )  tak e 
th e fo rm  :

a* - a = 2 ix +
(H  -b a ) t an  ^

(H  +  c ) tan

(M  - r c)  tan

(5. - 7  *)■ (47)

w h ere £  —  is th e cu b ic  s t r a in  v e lo c it y  re lated  to  th e averag e 
n o r m a l st ress b y th e r a t io  :

*  F u n c t i o n  s i g n  v  i s  d e l e r m i n e d  b y  e q u a l i t i e s  : s i g n  v  =  - h 1 a t  

>  0  a n d  s i g n  v  =  —  1 a l  v  <  0 .

G =  &• £,

w h ere k is  th e m o d u lu s o f  cu b ic  v isco s it y .

(48)

7 2 4



H  LL
strain  com ponents and  in troducing  values v =  — and u  =  —

k  k

we m ake som e transfo rm ations and  finally get :

Expressing the stress components in equations (47) through

G ..= k

, = * rp-s'+iv-f-

Ba , 

ò x

a-,

= o,

d(jv 
4-  — =  o. 

Ò X b y

+  ^  [ [X - -f- (v -h ̂ ) tan  'yl-
1 Ò'---- = 0,
2  ò x

¿ [ ¡ l . 5 + (v+ 0 , a n ^ ] . |  ( I )  -  ( J L J J  +  |

+ l[iI.5+(v+5) tan'vlY'lf ) + y-̂  = 0-

which is identically  satisfied if the function o f  flow '?(x, y ) 
is in troduced  by m eans o f  ratios :

òo
: T“ . = 

b y
*2 
ò x  '

(54)

(49)

A fter the substitu tion  o f  equation  o f state (2) into the 
equilibrium  equa tions (50) and  taking into account (54) and  
(52), we ob ta in  the following system  o f  equations :

(51)

T he equilibrium  equations for an inponderable m edium  
in the C artesian  co-ordinates take the form  :

J__ò_ \ 

2  by I

(55)

(50)

S ubstitu ting  ratios (49) for these equations and  m aking 
som e differentiation, we shall finally have :

(H  -f c ) tan v  I b 2o  /

~  ~ S ~ '  \ b x  by \ ~

(H  -f- c ) tan  v  |  /  ò 2o  ò 29  \ /

S  p  ò> -2  ”  b ^ 2 ) \  " 

1 b
-  —  (H  +  a )  =  0 ,2 ò x

(H  -r g)  tan  ù  I Ò 2©  /

S  J Òx Òj» \ '

(H  a ) tan ó  I / ò 2<p b2o  J  

S~  \ \ b y 2 ~  &x2 V

1 5
- — (H --a) = 0,2 òy

which con tains tw o functions unknow n o (x , y) and  a(x , y). 
The in tegration  o f this system  can be also carried  o u t by 
num erical methods.

If  we assum e the m edium  to  be non-viscous (jx =  0) and  
in troduce the new function  y (x ,  y) by m eans o f ratios :

a y  i

a I

T he equations a re  equilibrium  equations in displacem ent 
velocities for a com pressible visco-plastic m edium .

A nalogous equations fo r a  p lastic m edium  were first m en­
tioned by H. H e n c k y  (R . 1). Excluding the strain  velocity 
com ponen ts from  the system  o f  equations (51) by m eans 
o f  the C auchu ratios

sin x  =

cos x  =

ò2o
) _______

òx òy

J ( i  a2*  V  ■
/ 0 2? b 2c? \ 2

V  v  B *  By / 1 B y 2 b x 2 !

B2c? ò 29

By 2 b x -

. i t ^  V ( B29 b 2o  v ”

V  I Bx  By  /  ' ' . B y 2 Ò * 2 j

(56)

òz>, _

■ = cv = a,'
b v x

b x

b v „

b y

òv̂

By

ò v ,

ò x '

(52)

the system  o f  equations (55) will take a sim pler form  :

ax „ „ „ . .  ,

it is possible to  ob ta in  a system  o f tw o differential equations 
fo r tw o unknow n functions v x ( x ,  y )  and  v v(x ,  y ) .  The integra­
tion  o f  these equations can  be effected by num erical m ethods.

It is n o t difficult to  determ ine the stale  o f stress directly 
from  form ulae (49) after the strain  velocities had  been deter­
m ined by  solving app rop ria te  system s o f equations.

I t is o f  considerable interest to ob ta in  equations ana lo ­
gous to (51) under cond ition  o f the m edium  im com pressibility 
usually  assum ed in the plasticity  theory. Instead o f  (48) 
this condition  yields the equa tion  :

—  cos y ----- - sin y J------- sin y  -;-
b x  L  b y  L  A

ÒCT*
—  cos x
b y

b G*

~bx 

1 òc* 

t a n ò  b x
= 0,

by . b y  
-  -— sin y  -  —  cos x  

b x  òy

bG*  1
----- — sin y -I--------

òy '  tan  u

òc*
cos x  •

By

(53)

where a* is determ ined by form ula : 

ct* =  log e ( N  -r a).

(57)

(58)
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The quasi linear equa tion  system  ob ta ined  can be integrated 
o u t by  the m ethod  o f  characteristics.

In  the cases o f  incom pressible m edium  the s ta te  o f  stress is 
determ ined directly  by form ula (2 ).

T he equations can  be applied for solving a nim ber o f  im­
p o rta n t practical problem s each o f which represents a special 
investigation beyond the limits o f  the present paper.
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