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A General Theory of Mechanics of Soils

Théorie Générale de la Mécanique des Sols

by K. HosHiNo, Dr. Eng., Professor at the Institute of Industrial Science, University of Tokyo, Japan

Summary

In this paper the author presents a general theory of mechanics of
soils, based on an idea that at any point of a stressed mass the amount
of energy governs the deformation in the range from elastic state to
plastic failure as well as the final stress condition at failure.

After introducing revised formulae of expressing stresses, strains
and energy, fundamental equations for stress—strain relationship and
failure criterion are established by assuming simple direct correlations
of the coefficients of deformation with the amount of energy.

The theory is applied to the triaxial compression problem. Com-
parison of the theory with the test results gave a good agreement,
proving validity of the theory.

Introduction

A concept of energy was brought into the theory of plastic
failure many years ago (Von Mises—Hencky). On the basis of
an idea that not only the condition of failure but also the defor-
mation at any point of a stressed mass would be determined
by the amount of corresponding energy, the author proposed a
theory of mechanics of soils in a paper presented to the Rotter-
dam Conference in 1948. At that time no proper experimental
facts had been available for deciding the validity of the theory.
Since then a great number of triaxial tests under slow or quick
condition have been carried out in his laboratory. Results of
the tests suggested that the principles of the theory may be
accepted in general, but at the same time that improvement of
the theory by amending the assumptions is necessary. The
present theory outlined in this paper has been developed after
revising the former theory with reference to the facts revealed
by the tests.

The first part of this paper presents formulae expressing
stresses, strains, and energy, at any point of a stressed mass
within and beyond an elastic limit, by introducing octahedral
stresses. Then the principles of the new theory are explained.
One of the fundamental assumptions on which the theory is
founded is that coefficients of deformation due to both com-
pression and distortion are functions of corresponding energies
stored or consumed in the mass. In this paper, by assuming
the simplest forms of direct proportionality for the functions,
three fundamental stress conditions are considered: pure com-
pression, pure shear, and combined compression and shear.
The second fundamental assumption is that total energy under
a combined stress condition depends exclusively upon the final
state of stress, whatever the path of stress change may be. The
author expresses his grateful thanks to Dr Coenen, owing this
concept to the discussions with him.

The theory is applied to the triaxial compression problem
for determining mechanical constants and constructing theo-
retical curves. Coincidences between the theoretical curves
and triaxial test results seem to be satisfactory enough to justify
the assumptions of the theory.

Effects of pore pressure on deformations and failure are taken
into consideration by introducing Boyle’s law. Other im-
portant factors such as viscosity and creep of soft clays,
dilatancy of sands, and effect of repetitional stress are omitted
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Sommaire

L’auteur présente une théorie générale de mécanique des sols basée
sur I'idée suivant, 3 un point de la masse en tension, la valeur
de Iénergie régle la condition de rupture et également les
déformations.

Aprés la révision des formules pour représenter les contraintes, les
déformations, et ’énergie, I’équation fondamentale pour les rapports
tension-déformation et le critére de rupture sont établis, introduisant
les relations directes entre les coefficients de déformation et la valeur
de I’énergie.

La théoriee est appliquée au probléme de la compression triaxiale.
La comparaison de la théorie avec les résultats d’essai a montré une
correspondance trés satisfaisante.

at this moment, but, if necessary and possible, they may be
added to the theory.

Revised Formulae for Expressing Stresses, Strains and Energy,
at any Point of a Stressed Mass

Stresses—At any point of a stressed mass, we may suppose
an octahedral plane which makes the same angle with three
principal axes, as illustrated in Fig. 1.
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|
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If we denote the normal

__0O%-gxis .

Fig. 1 Stresses acting on an octahedral plane

Contraintes sur un plan octaédrique

stress on the plane by o,, the shear stress by =, and the
directional angle of 7,, with respect to the projection of major
principal axis (o(-axis) by 6, three principal stresses may be
expressed in the forms:

oy = 0p + /27, cos 0
0y = 0y + V27, c08 (37 — ) e (D
03 = Opm + V27, c0s 37 + 0)



or we have, from the equations,

on= 301+ 02+ 03)

= (o1 — 02)* + (02 — 03)2 + (0y — 03)2} . @

V2Q0,—0; — 03)(20;, — 0y — 03)(203 — 0, — 03)
{(o), — 022 + (07 — 03)% + (o) — 03)%}F

in which compressive stresses and counter-clockwise rotation

of an angle are positive, and it is assumed that ¢, 2> o, 2> o3.

If six stress components, oy, 0y, 0z, Txy, T, and 7, are given,
we may put, remembering the equations of statics,

8= 4cos™!

oy + 0, + 0, =01+ 02+ 03 =30, =13

0,0, + 0,0, + 050, — Tx_vz - 7'yzz — Tx? =010 + 0203 +
010y = 30,2 — 31,2 = 3j;2 ... (3

00,07 + 2'r,\'y"'yz"'xz - c’):7':,'22 - U_I'szz - Uszyz = 01020}

= 0,3 — 30,72 + 37,3 cos 30 = 333

which result in
Om = N1
Tm = V2ji2 — e @
2ji® = 31t + 5
0= COS_I{ —_}
3 202 — ¢
Strains—In connection with the stresses given in equation 1,

increments of three principal strains may be written in the
forms:

de, _ 1 v2

T—ea ™ 3Vdcr,,, + 3Ud{-r,,, cos 6}
de, _ 1 v2 -

s = Vda,,, + 3Ud{r,,, cos (37 — 6)} e (9)
dey _ 1 v2

—e =3 Vda"' + 3Ud{T"' cos (7 + 0)}

in which V = a coefficient of volumetric deformation due to
normal stress, U = a coefficient of distortional deformation
due to shear stress, and compressive strains are positive.

The present theory assumes both coefficients to be variable
as functions of energies, while within an elastic limit they may
hold constant values:

_E U— E
T3 -2 0+ w
where E = modulus of elasticity, and p = Poisson’s ratio.

Energy—Increment of a total energy per unit volume due
to small changes of strains may be defined by

_ deg de
dA —Cl'll —q +G'21

Vo . (6)

d€3
031
— €

After substituting equations 1 and §, it transforms into

Lo+
€2

= Im Tm
dA = Vda,,, + UdT’"
and, on the other hand, the total energy in total differential is
oA 04
dA = Fl'mdam + adeTm
Then we have
94 _0m 94 _ T
doy, =V G- U e (D

The increment of the energy due to either pure compression
when 7,, = 0, or pure shear when o, keeps constant, is

d4, = U—l;’da,,, . (®
Tm
or dA; = vd'r,,, . 9

Principles of the New Theory

Assumptions as the basis of the theory—Initial state of stress
in a soil mass before stressing by external force may be assumed
to be such that

Ol =03=0y=0, =0y T,=0 .... (10)
where oy = an initial pressure inherent to a soil with cohesion.

Assuming a relationship of direct proportionality between
each of the coefficients of deformation, ¥ and U, and corre-
sponding energies, 4, and A, three fundamental processes of
stress variation are considered:

(a) Pure compression process, when the assumption is

Vo
V_A_,,OA" . an
(b) Pure shear process, when the assumption is
— Uo 2 —
U= 5o 02, = 4) e (12)

in which A,, = a constant value of 4, at the initial state of
stress, and A = a coefficient of proportionality.

(c) Combined compression and shear process, when both
normal and shear stresses change arbitrarily and simultaneously.
It is assumed that the total sum of the energies at any point of
a stressed mass depends exclusively upon the final state of
stress, which leads to an equation:

A=A, + A,
This is considered valid irrespective of the stress path.

(1) Pure compression process (t, = 0)—Introducing equa-
tions 11 and 8, integration gives

e (13)

s V= Vo

A, = o
n Vo m» 0_0

... (19
i = %
noting that A4, = 7%
(2) Pure shear process (o,, = const.)—Introducing equation
12 into equation 9 and putting

Uy
2 — G
v 2 ... (15
integration gives
A, = —Z(;/\v{)tvo-,,, — [(Avo,)?2 — 7,24} .... (16)

Ug 1 5 ,
= —— -_— i’
ol Mo = 7]
and
A=A, + A, = Do, + 2o, — [(Wo, 2 — 7,28 . (17)
Vo Uy
As a failure may take place when U reduces to zero, a failure
condition may be given by
Tm = A0, ... (18)

(3) Combined stress process—It is assumed that equation 17
holds at any combined stress state. Then the partial dif-
ferentials give, referring to equation 7,

94 _ Z0 4 J0y2 _ 20 _ Mo, =Im
b0, Vo U Up [(Wvop)? — 728V
0A ap Avt,, _ Tm
8_7‘,;l B UO [(AVU",)Z - 7-’"2]5‘ - U
which lead respectively to
VO Um[(’\vanl)z — "'mz]ir
= o (T + M)[No,)? — 7,2 b0,

_U e (19

1
“TOwe. )2 — + 2]
U 00 Av[(A G'm) Tm ]
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As a failure may take place when V' = 0 and U = 0, a failure
criterion may be defined by
T = Avo, ... (20)
Although the total sum of energy is independent of the stress
path, the energy due to either normal or shear stress given in
the following is not integrable unless a stress path is specified.

Ao, = J.UT';'dO',,,

g N O'me',,, }
= 1 AZ m A" 7Y 9 91
Vo{( § yJ' (o) — 7210 (21
= (4r = %0 [ TodTm
A’T,,, = J UdTm s Uol\ J‘[(/\Vam)z — .,.mz]&
Similarly the strains in equation 5 are integrable only after
correlating three variables o,,, 7, and . In the following will

be considered the case of a constant § and a given correlation
of o, with 7,,, which appear very often in practical problems.
If we may put

l—n=(l —¢,) = exp{—

e (22)
rdr
l—m=0—-vy,)3 = exp{— J T’"}
Om
Fig. 2 Diagram of stress state using cylindrical coordinates
Représentation graphique des contraintes utilisant les co-
ordonnées cylindriques
integrations of equation 5 give three principal strains
V2
Y cos g
q=1—(00—-mia—m3 <>
=1- (1 - em)(l - -ym)\/Zcosﬂ
V2
~— cos (}7—-0)
&=1—010—-m1—-m3 (23

=1—( — e, )(1 — y)v2cosGn—0)
V2

€e3=1-— (1 - n)*(l _ m)3 cos (37+6)
=1— (1 — €)1 — y,)V2cos Gn+o)

in which » = a volume change per unit volume due to normal
stress, m = a distortion per unit volume due to shear stress,
€, = a mean compressive strain due to normal stress, and
vm = a mean shear strain due to shear stress.

As in reality each of the strains seldom exceed several per
cent, we may write with satisfactory approximation

€ =€+ V2y,cos 8

& =¢,+ V2y,cos (37 — 0) . (28
&3 =¢€n+ V2yncos Gr + 0
which follows
em = Ye + € + €) @5)

Ym = M1 — €)* + (2 — €3)2 + (e; — €3)?}
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Construction of a diagram of stress state using cylindrical
coordinates is convenient and helpful for understanding the
theory and plotting test results. If we put, in Fig. 2, OP = o,
PQ =1, and ZNPQ = 0, the point Q represents a stress
state (o, Ty 8). An initial state of stress (o, = 79, 7. = 0)
corresponds to a point /; a pure compression process to an
axial line IP; a pure shear process to a radial line PQ. Any
one of the curves passing I and Q represents one of the com-
bined stress processes.

The failure criterion (equation 20) constructs a conical
surface on the coordinates. If we put

Av = tan ¢ ... (26)

then i, denoting one half of the vertical angle of the cone,
defines an angle of internal friction, because tan is equal to
the ultimate value at failure of the ratio 7,/0,, on an octahedral
plane. If a stress path comes in contact with the surface of
the cone, failure occurs. A cohesion may be defined by
ogtan . This definition provides generally a little lower value
of the angle than that of Mohr’s method, the discrepancy being
small when 6 is zero, and increasing with increase of 6. If 8
is kept constant, the stress path can be drawn on a plane with a
failure line, as shown in Fig. 3.

Distributions of the total energy and both coefficients of

6 =consft.

o Om

Fig. 3 Diagram of stress state when 6 is constant
Graphique des contraintes, quand 1’angle 8 est constant

deformation are symmetrical to the ordinate axis, as illustrated
in Fig. 4.
Introducing equation 6 into equation 15, we have
_1=2p
14+ p
which shows that v is a factor of compressibility, being depen-

dent on Poisson’s ratio . v is also a factor of the failure
criterion, whereas another factor A is independent of elasticity.

)

... @D

Triaxial Compression Problem

Types of triaxial test and test conditions—The theory may
solve the problems under various conditions of stress or strain
in practice. Here it will be applied to two types of triaxial
test: slow test (consolidated-drained test) and quick test (un-
consolidated-undrained test). The former includes uniaxial
compression test as a special case of no lateral pressure.

Hereafter we may consider a soil mass with unit volume
before stressing. Hence we have

N;+N,+ N, =1 ... (28)
in which N; = volume of solid particles, N,, = volume of void
water, and N, = volume of void air.

After stressing, as solid particles and water are practically
incompressible, the unit volume will change by

=n, + ng (29)



where n, = volume change of void air by compression, and
ng = volume of water and air drained out of the void. Both
types of triaxial test may be featured by

slow test conditions: n, =0, or n=ny

or n=n,

.ol (30)

quick test conditions: i7; = 0,

+ooT

= (b)
/:::::—_ /:TE:;‘\:”
g i o
|

(e

o {c)
BRI e
Hlizg e Om

Fig. 4 Distributions of the total energy (4) and both coefficients of
deformation (¥, U) on stress diagram
Répresentation de I’énergie totale (4) et des deux coefficients
de déformations (¥, U) sur un graphique des contraintes

Usually any triaxial test method consists of two successive
processes: (1) a chamber pressure process, in which all around
pressure is raised from zero to a certain value, and next, (2)
an axial compression process, in which a vertical load is applied
through a piston until failure occurs, keeping a constant
chamber pressure.

(A) Slow test condition. (1) Chamber pressure process—
The stress condition corresponds to the pure compression
process in the theory.

Let o = any applied chamber pressure, then we have

on =09+ 0 =04 + x), do, = do = ogpdx

V= VO‘C’T': = Vo(l + x)

o
where x = —.
(0]

The first equation of equations 22 gives the volume change:

%0

n=1=(+x "= 7 loge (1 + %) = NG ... (D
0 0

where N(x) = log, (1 + x).
After determining o¢ from the condition of failure as will be
shown below, it is possible to plot n’s against N(x)’s from a test

06 |-
Y
2
S~ o4f
S8
& Yo, . AL Lo -2
3 o2 Vo  Niz) %2x0
N
: : : .
0 02 04 o6 o8

N(x)

Fig. 5 Plots of n against N(x) for determining oo/ ¥y

Détermination de ap/ Vg par la relation entre n et N(x)

result, as in Fig. 5. The gradient of the plots gives the value
of ap/Vy and Vj in turn.

(2) Axial compression process—Let o = a constant chamber
pressure, and o, = any applied axial compressive stress, then
three principal stresses are

gg=0gytoL+to, op=03=00+0L

It follows, from equation 2,
V2

Ty = ——0,

3

and the angle § reduces to zero.

om = 0¢ + or + 10, ... 32
This stress condition corresponds to the combined stress process

in the theory.
Let 0,y = a maximum axial stress attained at failure, then

we have, from equation 20
.o (33)

V2
Oy = 09 + oL+ iau/v Tmf = Torf

Tmp = 0o tany + (g, — 0g) tan ¢

where

Plots of 7,,r against (o,,y — 0p) from a set of test results done
under different constant values of chamber pressure make it
possible to determine oy and tan ¢, as illustrated in Fig. 6.

If at each stage of axial compression an axial strain €,(= €)
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and corresponding volume change n, are observed, the first
of equations 23 provides the distortion due to shear stress:
3

— e )V2
= I - (—1 Ev)‘\ .:; _3/_€U o) 'l"n” “e e (34)
L V2 V2
(1 — n,)v2
On the other hand, the theory derives the following relation-
ships. If we put
a, Av._ tany
X, = =

T 3o to “TV2ZT V2
equations 19 give, referring to equation 32,

Vo (1 + X)[e?(1 + x)2 — x2)¢
V=500 T TR + 02— 2F = Xl + )

= e + o)vUL( + X — 2

Substituting these into equation 22, integrations give

n, =1 — exp {— 291 + A)NGx) + 5‘;/\2aM(x,,)} .. (35)
L]
m=1—exp {— %’\/ZaM(Xu)}

in which N(x,) = log. (1 + x,)

| . . 1 —a?
= -1 ¢ — sin—! (¢ —
M(x,,)—(l_az)’{sm a — sin7! (« = xb.)}
2
L
o~
B o5
e
S ¢ r
IS
S 05 =147
‘g// ton Y =0698
1 ‘7// | | | |
0 / 2 3 4

L— Oo—>1«—— O0n-0% (kg/cm?)
mean normal stress

Fig. 6 Construction of a stress diagram for determining og and tan v

Détermination des op et tany par la construction d’un
graphique des contraintes

The second equation may be transformed into

) —log. 1 —m)y, m

—tany = =

Uo M(x,) M(x,)
As o7, gg, tan ¢ and «, are either given or known from the test
results as well as m from equation 34, we can plot m’s against
M(x,)’s, as shown in Fig. 7. The gradient of the plots gives

the value of —°

Ug
vand A by

oen. (36)

tan ¢ and Uy in turn. Hence we can determine

= ) _tand el (37)
0  J

It will be seen that the slow test method makes it possible to
determine the constants which are indispensable for con-
structing theoretical curves.

(B) Quick test condition. (1) Chamber pressure process—
Let ¢ = any chamber pressure, and # = induced pore pressure,
then effective normal stress acting grain-to-grain is

op=0g+0c—u
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and the corresponding volume change is
- % o _U )
n 2 log, (1 + e

Assuming a constant temperature during a test, Boyle’s law
gives

N,

Nn e ”apo’

u= or n, =

u
—~ N,

Po+u

where py = pressure of the void air and water before stressing,
which usually keeps a balance with the atmospheric pressure
and is approximately equal to 1 kg/cm?. Putting n = n,,
and substituting i = py/oy, j = (N,Vy)/ap, we have

L u

‘—l+exp %0
0 iy Y
a9

l‘-

Sla
Q

or, expanding into infinite series,
w_ _i (o), iR2=j)(o\?
oo i+ o) T 26+ )¥\a)
The coefficient i/(i + j) in the first term of the series correspond
to the pore-pressure coeflicient B defined by SKEMPTON (1954),

o\r. (38)

5*‘ |
!
1
G Q
S 4
~
“ ~
2R
g‘ VR
S B
T o 0%
S =0 e 1/
2 Uo7 ¥ = Wiy
= 160x 107
/_
| 1 ] l
0 / 2 3 4
M(xy)

Fig. 7 Plots of m against M(x,) for determining oo/ Up.tan ¢
Détermination de oo/ Up.tan y par la relation entre m et M(xy)

(2) Axial compression process—Let o, = a constant chamber
pressure, uy = the pore pressure induced by the pressure,
n,r = the volume change due to the pressure, o, = any axial
compressive stress and u, = the pore pressure induced by the
stress, then effective stresses are

Y%

1 1 Ty A
UM-UOTGL_ULT?_uD’ Tm 3 %
and the increment of volume change is, from equation 19 and
equation 22,
14 A2

o °0+‘7L_”L+§u_“r

A (lda du, )
2 23T
[)‘2"2(00 ‘oL—uL+ ? —u)?— (\—g %J! ] j
Boyle’s law takes the form of a differential:

(}Va = "aL)(pO + uL)
(po + uL + u,))?

dn, = du,




Putting dr = dn,, and substituting

iy = (po + up)fog + op — ur), Jjo = Ng — ny)Vslog

we have
Uy = ir Oy
oo+ oL —ur ip—jrL 3og+ o — uy)
irj (2 — Jji) { gy }2
; - A 1)
2(ip + jL)? B(og + o — uy) + (39)

A Practical Method for Approximate Computation

The terms except the first of the infinite series in equations 38
or 39 may be neglected for a first approximation.

(1) Chamber pressure process—

volume change: n= %’N{x’)
0

ore pressure: U= .... (40
pore p N — P (40)
where
j a s 4
xX'=— —, NX)=log. (1 +x
T oy N6 =log (1 +x)
41 =
o~ 0
2% 3¢ - g2
“J’ O -0
) i Y
e
N
S
g /- L
0 | 1 | | Ozl | 1 L
oF 23
m (%)
2 distortion
due to shear
; gy 9
0 / 2 3 6 4 5

Om (kg /cm?)
mean normo/ Srress

Fig. 8 A typical example of slow test results, compared with
theoretical curves (sandy loam: compacted; y; = 2-69,
va=1829, w=13-2 per cent; o= 147 kg/cm2,
tan ¢y = 0-698, Vo = 159-8 kg/cm?, Uy = 64-2 kg/cm?2)

Un exemple typique de ’essai de compression triaxiale lent
sur échantillon consolidé et comparaison avec les courbes
théoriques (limon sableux; compactée)

At a constant chamber pressure of oy, putting ¢ = oy, we have

0o ’ nr
np = —=N(x'y), w = —"-— ceee (41
L= ('), ur N, =P “4n
where
’ J oL ’ ’
el N s Ni - ] 1
XL=7¥T o (x'L) = log, (1 + x'y)
(2) Axial compression process—
volume change:
n=ny + ggzv(x',) + %‘0’ tan? ${N(x',) — e M(x’,)}
distortion due to shear:
m= =2 tan yM(x’,) el (42
Uy

pore pressure:

s,
=N, =P
where

X' = jL Ty

i+ 3eo + o — up)
Jr
o = —==—q
L= i+

NK',) = loge (1 + x7,)

, 1 . . 1 — a2,
M) = m{sm lo; — sin l(aL — s, ,,)}

ar

(%]
Iy
NI
K
o
) ~
? drstortion
2 21 due to shear
S

P =
&% /) .
3 o Qe
Q 0 1 59 | oV S
- éb &
& D ) 0--0 Quick test
28 - Siow fest
§ 3
23 | oegTToon
Q C / 2 3

O (kg /em?)
mean normal Stress

Fig. 9 A typical example of quick test results, compared with
theoretical curves (mixture of sand, loam, and clay:
compacted; y; = 2-656, y4 = 1-559, w = 22-0 per cent;
ap = 0-529 kg/cm?2, tan¢ = 0-753, V, = 48'1 kg/cm2,
Vo = 28:6 kg/cm2, N; = 6:90 x 10-2)

Un exemple typique de l'essais de compression triaxiale
rapide avec teneur en eau constante et comparaison avec
les courbes théoriques (mélange de sable, limon, et argile;
compacté)

At failure, x", becomes

ap
Xy =
of 1 - ar

e (43)

Typical Examples of Triaxial Test Results, as Compared with
the Theoretical Curves

Fig. 8 illustrates a typical example of triaxial slow test results.
Plots of stress state were made on the stress diagram proposed
in the preceding section, with the plots of corresponding
volume change n on the under side, and of distortion due to
shear m on the right-hand side. After determining the
mechanical constants, theoretical curves were drawn on the
same diagram. The correspondence of each plot with the
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theoretical curves seems to be satisfactory enough to justify
the assumptions made for the theory.

Other types of soils have exhibited similar test results, ex-
cluding such soils of extreme character as severely pre-com-
pressed soils, pure coarse sands, or very soft clay soils. It
should be noted that the limit lines of failure are mostly straight
even for such soils. Pre-compressed soils and pure coarse
sands are likely to exhibit a larger expansion under axial com-
pression than expected, whereas soft clay soils often tend to
contract in the vicinity of and at failure point.

A typical example of the test results involving quick test is
illustrated in Fig. 9.
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