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ce =  0 Hypothesis for Normally Loaded Clays at Equilibrium
L’Hypothèse ce =  0 pour les Argiles Normalement Consolidées en Équilibre 

by P. W. R o w e , Engineering Department, The University o f Manchester, England

Sum m ary

Circumstantial evidence is collected which suggests that shear stress 
applied to true cohésion is associated with creep, and that equilibrium 
is only attained if the applied stress is resisted by ail or part of the 
true friction. The rate of creep depends on the degree of mobiliza- 
tion of true cohésion and on the consolidation pressure. Clay of low 
activity which does not fail on immediate loading is not likely to have 
permanent stress on the cohésion, while high activity clay is likely to 
creep. The creep will lead to a graduai increase in pressure on struc­
tures which resist the movement, the ultimate pressure being that due 
to a soil having only true friction. There is no contradiction with 
the <j> =  0 analysis.

Theoretical limiting equilibrium conditions are derived from the 
strength parameters <j>d, i’e and <f>a for remoulded clays, but cases of 
creep in the field require to  be analysed using the particular para­
meters for the undisturbed soil.

Introduction

W hen a  clay is stressed to  a  value less th an  th e  im m ediate 

maximum and  left undrained , o r to  drain , will i t  com e to  rest; 

if so, how  is the stress p ropo rtioned  betw een the cohesive and  

frictional com ponents?

Such in fo rm ation  is necessary in  o rder to  determ ine, fo r 

instance, the m axim um  stress in  a  sheet pile wall driven into 

clay, after full consolidation . In itia l experim ents on  rem oulded 

clays suggest th e  hypothesis th a t the true  cohésion ce is possibly 

unstressed a t  equilibrium  and  th a t as long as stress is applied to  

the cohésion a  ra te  o f  flow will occur. T his hypothesis is no t 

new ; it has been m entioned by R ank ine  and  T aylor, and  recently 

by H e n k e l  and  S k e m p t o n  (1955).

Theory

The hypothesis should  fit the  know n physical com position  

of clays. I t  is generally understood  th a t the scale-shaped clay 

particles are  su rrounded  by layers o f  adsorbed  w ater and  

osmotically im bibed w ater o f  a  différent physical n a tu re  from  

the pore w ater. T he L on d o n -v an  der W aals forces betw een 

these adsorbed layers on  ad jacen t particles vary w ith the 

seventh pow er o f  the distance betw een particles and  these forces 

constitute the  cohesive streng th  o f  the clay. T hus it is p robable  

that the clay structu re  resem bles a highly red u n d an t fram ew ork 

with m illions o f  bonds o f  highly variable streng th  o rien tated  a t 

random. W hen such a  fram ew ork is stressed the strongest 

bonds take m ost o f  the load. Even u nder very sm all average 

stresses these bonds will fail, the  in ter-particle distance will 

increase, and  th e  stiess will be transferred  to  the nex t highly 

bonded group. T he flow w hich will accom pany th is yield will 

continue as bonds are  b roken  and  o thers are m ade. T he low er 

the ratio  o f  the average stress to  the true  m axim um  cohesive 

strength, the slow er the ra te  o f  flow. I f  th is is so, it w ould 

follow th a t fo r a  given average stress applied to  the cohésion, 

the greater the redundancy o f  the structure  the greater the flow. 

Remoulded soils w ould be expected to  possess a  m ore un iform  

arrangem ent o f  particles th an  som e undisturbed  soils and 

consequently possess less redundancy and  show  sm aller flow.

Somm aire

Des preuves indirectes ont été assemblées qui suggèrent que l’effort 
de cisaillement appliqué à la cohésion vraie est associé avec le fluage et 
qu’on atteint l’équilibre seulement si la contrainte appliquée est 
opposée en totalité ou en partie par la friction vraie. La vitesse de 
fluage dépend du degré de mobilisation de la cohésion vraie et de la 
pression de consolidation. Il n’est pas probable que l’argile d’une 
‘basse activité’ qui ne s’affaisse pas au moment où on la charge 
occasionne une tension permanente sur la cohésion; d’autre part il 
est probable que l’argile d’une ‘haute activité’ fluera. Le fluage 
amènera une augmentation progressive de la pression sur les struc­
tures qui s’opposent au mouvement, la pression limite étant celle 
occasionnée par un sol n’ayant que le vrai frottement interne. Il n ’y 
a pas de contradiction entre cette hypothèse et la méthode d’analyse 
^  =  0.

Les conditions théoriques d’équilibre limite sont calculées d’après 
les paramètres de résistance <j>d, <f>e et <j>u pour les argiles remoulées, 
mais il est nécessaire d’analyser les cas de fluage in situ en se servant 
des paramètres correspondants pour l’échantillon intact.

I t  is possible th a t the ra te  o f  flow associated w ith sm all per- 

centages o f  ce is sufficiently sm all to  m ean  th a t a  sm all degree 

o f  cohésion will effectively act a t  ‘ equilibrium  F o r the present 

pu rpose this is neglected.

T he strengths from  field an d  labora to ry  tests are  som etim es 

expressed by param eters such as <j>d, <f>e and  <f>u where <f>d and  <j>u 

represent angles o f  shearing résistance (Sk e m p t o n , 1948a) w ith 

respect to  the conso lidation  pressure under conditions o f  full 

drainage and  no  drainage, and  <f>e is th e  true  angle o f  friction, 

o r  else as a  ra tio  o f  the im m ediate com pression strength. In  

th e  form er case G ib s o n  (1953) has given a  général relation  

betw een the param eters and  th e  plasticity  index fo r rem oulded 

clays and  th e  conditions under w hich true  friction  is ju s t n o t 

exceeded m ay be determ ined as follows.

L et th e  angle o f  shearing résistance applied to  the clay a t 

equilibrium  w ith respect to  the consolidation  pressure be equal 

to  <f>aQ. T hen, under full drainage, creep can  only occur if  

ïaq  >  'f’e- In  the undrained  case, fo r a  specim en Consolidated 

u nder pressure p , w ith  an  applied dev iator stress equal to 

(cti — p )  the  po re  pressure according to  Sk e m p t o n  (1948b) is 

given by

w here X is a  coefficient given by

X =  1 /1 +  cosec <j>d — p!c\ (:>)

2\1 — cosec <j>d +  p /c!

In  équation  2 the ra tio  c/p is re la ted  to  <j>u as follows,

£ =  sin^, (3)
p  1 — sin <pu

A ssum ing the hypothesis to  be correct, a t  equilibrium  the true 

angle o f  friction m obilized, is found  by draw ing a line from
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the origin o f  a M o h r’s d iagram  tangentia l to  the effective stress 

circle, whence

j . _  CTi ~  Psin <pe,„ --------- ----------—
CTj +  p  — 2u

• ■(4)

sin <f>a =  g [  ~  p 

+  P

Elim inating a j p  and  u from  équations 1, 4 and  5,

sin 4>em
sin 4>aq =

1 +  2 /(1+2X ).sin  <f>e

1 1
+  ■

1 1

know  when c =  a„ tan  <f>e. F ro m  M o h r’s circle o f  stress on =  

(2ct1ct3)/(<j1 +  ct3) where o j, ct3 are  the m ajor and  m inor effective 

stresses.

4>e

The corresponding value o f  <j>aq w ith respect to  the applied 

stresses is given by

(5)

(6)

W riting

whence

- 3 =  ta n 2 and  =  p
( « - * )

=  2p  sin2 (45 +

(45 + If) tan ̂=  2 sin :

T herefore the critical condition  is when

The m axim um  value o f  <f>aq a t  equilibrium  fo r undrained  

specim ens will be denoted  by <f>uq an d  is ob tained  by inserting 

<f>e fo r 4>em in  équation  6. F u rther, by substitu ting  c/p, équation  

3, into équation  2 and  then  substitu ting  X, équation  2, in to  

équation  6 we ob ta in  the relation

sin <f>u 

1 — sini£u
=  2 sin2 ^45 +  tan  <f>, (8)

I f  the factor o f  safety on the im m ediate streng th  is F, the 

equilibrium  is ju s t m ain tained  when

-  s m ^ “-  =  2 sin2 (45 +  t A  tan  <f>e
Pu  '  2 /

(9)

--------- ^  • -A • • • •  (7)sin <f>uq sin <j>e sm <f>u sin <pd

In  the drained  case, w here <f>e >  4>u, an  applied stress ra tio  

<t>aq <  <f>u canno t lead  to  creep. In  the undrained  case, how ever, 

it is possible fo r the condition

ÿ u q  <  4>aq <  t u

to lead to  creep which will continue, un til under field conditions 

sufficient drainage has occurred. In  e ither the drained  or 

undrained cases where <j>e <  <f>u, it  is possible th a t the value o f  

<j>aq used is such th a t either

4*uq ^  4*e ^  ^  rf’u Or <f>uq <C <j>aq ^  <C <f>u

B oth conditions will lead to  creep.

In o rder to  study the results o f  b o th  C a s a g r a n d e  and  

W i l s o n ’s  (1951) tests an d  field results it  is necessary to  calculate 

the fac to r o f  safety F o n  the im m ediate streng th  w hich will ju s t 

ensure perm anent equilibrium . T he calculations app ly  to  the 

cond ition  o f  no  change in  confining pressure from  the consolida­

tion  pressure during drain ing to  equilibrium . Such change 

which occurs in the field will be discussed later.

Drained case— Fig. 1 (a) shows the usual m axim um  strength 

p aram eter diagram . In  Fig. 1 (b) the diagram  is redraw n w ith 

the com ponent ce om itted  fo r the equilibrium  condition .

F  1 — sin <f>l

T his is a lm ost identical w ith the condition  <f>e =  <f>u and , within 

the accuracy o f  the available d a ta , équation  9 could be w ritten as

1 sin <j>u _  sin <f>e 

F  1 — sin 1 — sin <pe
(9a)

Undrained case— Follow ing équation  9, a  fac to r F  on the 

im m ediate c value is équivalent to  applying an  angle <f>aq which

T he critical case is whenshould no t exceed <f>uq, équation  7 

1 sin <f>u _
( 10)

This équation  together w ith équation  7 give the necessary 

connection betw een <j>j, <f>e, <f>u and  F. H ow ever, follow ing the 

sim plification in  équation  9a, we can  write

_1 sin <j>u _  sin <j>uq 

F  1 — sin <f>u 1 — sin <j>uq 

Substitu ting  fo r <j>uq in  équation  7, 

sin (f>u
F =  1 +

1 — sin </>u\s in  <£,\sin ii»  sin<Aj/
(H)

Values o f  F  corresponding to  the range o f  <f>u, <f>e an d  <f>d values 

given by G ibson  are  show n in T able 1.

G ibson’s Fig. 7 has been used fo r <f>u, <f>d values w hich applied 

to  norm ally Consolidated rem oulded  clays. This p lo t does not 

appear to  agree entirely w ith his T able  1. T he <f>r values given 

in his Fig. 6 have been changed to  <f>e values using his T able 1, 

bu t the différence was found  to  be very small.

Table 1

p+2c«3sP°n °\
G' ----►

Fig. 1 Strength parameters

Les paramètres de résistance

The m axim um  im m ediate shear strength  is c and  the m axi­

m um  equilibrium  shear strength  is tan  <j>e. I t  is required  to

PI 4>u <t>e ïd
tan <j>e 

tan <j>d
Activity

F  (drained) 
(eqns. 9 
and 9a)

F  (undrained)

20 18-3 22-8 28-5 0-77 0-60 0-80 0-75 1-22
40 150 16-5 23 0 0-70 0-77 0-90 0-86 1-34
60 13-9 13-2 20-5 0-63 0-92 1-09 107 1-48
80 130 10-8 191 0-55 112 1-29 1-26 1 -67

100 12-3 9-0 180 0-49 1-25 1-47 1 -46 1 -86
530 8-5 2-5 12-0 0-21 6-10 3-76 3-76 410

The values o f  F  a re  p lo tted  against P I values and  activity 

num ber in Fig. 2. Since the criterion  o f  long-term  stability  is 

one o f  relative strength , F  is strictly  a  function  o f  activity 

(Sk e m p t o n , 1948c) ra th er th an  P I value. T he values o f  PI 

have been retained  in Fig. 2, how ever, as published data  have 

no t always included the activity num bers.
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W hilst on  first loading the clay is in  the undrained  state 

drainage will occur sim ultaneously w ith flow u nder field 

conditions so th a t a  separate  investigation is necessary in to  the 

connection betw een the rate  o f  drainage and  the ra te  o f  flow 

with possible loss in cohesive strength. I t  can  therefore only 

be stated a t present th a t the value o f  F  necessary fo r ultim ate 

equilibrium lies som ewhere betw een the undrained  and  the 

drained limits. I t  is clear, how ever, th a t even under full 

drainage and  w ith a  sm all possible perm anent ce value, a 

sensitive clay w ith activity greater th an  1 -0 requires a  fac to r o f 

safety greater than  1-0 on  the <f>= 0 analysis for perm anent 

equilibrium. This m ay be called the critical activity num ber.

I ' No. Author Soil type 

Clayey sand 

Ohio sandy clay 

Casagrande M ississ ipp i gumbo 

and Wilson f̂ exjco City clay 

Cambridge clay 

Cucaracha shale 

'Highly saturated' clay 

Soft silty clay 

alluvium

Inactive inorganic 

softened clay

____ Undrained

____ Drained

Peterson 

ô Golder & 

Palmer 

9 Henkel & 

Skempton

associate clays w ith slopes betw een 1 in  3 and  1 in  6, nam ely 

4>e =  18^ to  9 \  degrees.

A t-rest E arth  Pressure

A ccording to  the hypothesis, K 0 in  clay is given by

K 0 =  ta n 2 (45 -  ta n 2 ^45 -

C onsidération  o f  the com pression and  shear stress-strain 

curves suggests th a t <f>ern is close to  <f>e a t rest. M inim um  values 

o f  K 0 are given in  Fig. 3. Pre-consolidation  raises these values. 

T he few experim ental values (T s c h e b o t a r io f f  and  W e l c h , 

1948; Z e e v a e r t , 1953) fo r norm ally loaded clay agree quite 

well. T e r z a g h i ’s  (1925) m easurem ents, using friction  strips, 

mobilized cohésion so th a t his values should lie betw een the 

curve and  unity.

1-0

0-5

1-0
^  Activity 

Fig. 2 Factor F for ultimate equilibrium 

Coefficient F  pour l’équilibre limite

Comparison with Published D ata

Three sources o f  varia tion  from  the simplified conditions o f 

rem oulded soils a t equilibrium  m ust be considered.

(1) Scatter o f  the true <f>u< 4>e, 4>d values from  the adop ted  

values. T he variation  in F  fo r 1° varia tion  in these param eters 

is shown in Fig. 2.

(2) Failure  im plies m ovem ent w hich m obilizes cohésion to a 

value depending on  the sensitivity o f  the clay and  the degree o f  

rem oulding. P artia l cohésion decreases the observed value o f  

F. H owever, continuai flow o f  over-consolidated clay m ay 

cause an  expansion and  softening so increasing F  to  the lim its 

in Fig. 2.

(3) Field conditions w hich cause an  increase in confining 

pressure will low er F  and  vice versa. A  p roper study o f  any 

failure w hich has occurred som e tim e after construction  can only 

be m ade by carrying ou t an  effective stress analysis in term s o f 

<f> =  <f>e and c =  r .c e, where r is to  be determ ined.

The labora to ry  tests o f  C a s a g r a n d e  and  W i l s o n  (1951), the 

field evidence o f  P e t e r s o n  (1953), G o l d e r  and  P a l m e r  (1955), 

and H e n k e l  and  Sk e m p t o n  (1955), ail p lo t on Fig. 2 in  a  way 

roughly com plem entary to  the calculated curves. L im itations 

of space prevent the full discussion o f  these cases. G e u z e ’s  

(1943) to rsional creep tests canno t readily be in terpreted  in 

terms o f  Fig. 2, bu t the clay appeared to  have an  activity greater 

than unity.

Natural C lay Slopes

Sk e m p t o n  (1948d) records th a t the steepest n a tu ra l slope 

found in L ondon  clay is ab o u t 10 degrees. A ccording to  

G ib s o n  (1953) <j>e =  10-5 degrees. Because o f  the fissures, this 

is not conclusive evidence. I t  w ould be interesting to  collect 

the activities and  natu ra l slopes o f  in tact clay. G eologists

t a n 2 (4 5 -1 /2  (p 

¥ I

1

A

em) \2  ----------------------

X l 1

/ Tschebotarioff 

?  7 p p v n p rt

L/  t a n 2 (4 5 -1 /2  tpe

3  Terzaghi

)

100 200 300
PI ■

Fig. 3 At-rest earth pressure coefficient for normally loaded re­
moulded soils

Le coefficient de pression du sol au repos pour les sols 
normalement consolidés et remoulés

Secondary Compression

Secondary com pression, described as ‘the graduai adjust- 

m ent o f  the soil structure to  stress’ (T e r z a g h i  and  P e c k , 1948) 

increases w ith activity and  is reduced by rem oulding. This 

could therefore be creep o f  the cohesive bonds due to  re- 

dundancy o f  structure.

Pressures on Structures

H o u s e l  (1943) records graduai increase in  pressure on a 

tunnel in  clay over a period o f  10 years. P e c k  et al (1948) 

records th a t creep o f  clay beneath  and  adjacent to  retaining 

walls is a  com m on cause o f  failure. T s c h e b o t a r io f f  and 

W e l c h  (1948) observed the la téral pressures against a  m odel 

wall retain ing fluid clay o f  P I 20 per cent and less during  con­

solidation. H e  found  a  triangu lar d is tribu tion  w ith a latéral 

pressure coefficient K  o f  0-50. Since the clay was norm ally 

Consolidated, the im m ediate strength  w ould be p ropo rtional to 

dep th  according to  équation  3. Follow ing classical theory  

using im m ediate strength  tests,

Kay z  — 2 c \ / K a — K y z

whence, K = K a -  2 V K a -
sin <f>u 

1 — sin <f>u

A ssum ing <f>u =  18-3 degrees and  <f> in  the im m ediate test =  0, 

K  =  0-08. However, according to  the hypothesis,

K  =  ta n 2 (45  -  y )  =  0 '45
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I t  is clear th a t th e  ra te  o f  creep is a  function  o f  the w ater con­

ten t o r true  cohésion. T hus, in  dealing w ith a  soft fill norm ally 

C o n s o l i d a te d  under a  few feet h e a d ,  t h e  equilibrium  S ta te  was 

reached rapidly, w hereas fo r an  in tac t pre-consolidated clay, 

the pressure increase w ith creep on  a  new wall m ight take 

hundreds o f  years. T herefore fo r active o r soft clays, the 

hypothesis is in  agreem ent w ith T schebotarioff’s ‘neu tra l earth  

pressure ra tio  design m e th o d ’ w ith the slight distinction th a t 

fo r low PI values and  yielding walls, <j>e, ra th e r th an  <f>em, is 

mobilized.

F o r fissured pre-consolidated  clay, local softening speeds up 

the creep. T he Civil Engineering Code o f  Practice  (1951) sug- 

gests using the im m ediate streng th  c fo r softened clay. F o r 

L ondon  clay th is is given as 800 to  300 lb ./sq . ft. over 20 to  50 

years. E quating  the load  on  the wall, height H , by <f> =  0 

analysis, to  th a t tak ing  ce =  0, <f> =  <f>e,

H y ,H  -  2c)(H  -  s  ta n 2 (45 _

whence ^  \ [ l  -  tan  (45 -  & ) ]

T aking <f>e =  1 0 i degrees fo r L ondon  clay, c =  300 lb ./sq. ft., 

y s =  130 lb ./sq. in., we ob ta in  H  =  25 ft. F o r  greater wall 

heights, the softened strength  m ethod  gives larger loads on  the 

wall a t  50 years th an  th a t due to  fully drained clay w ith ce =  0, 

and  vice versa fo r sm aller heights. T his m ay explain w hy a 

range o f  ‘fully softened streng th s’ is necessary in  the  C ode to 

m eet agreem ent w ith observations on  walls o f  varying heights.

L aboratory  Tests

Tests have been confined to  rem oulded clays. A fter ail 

consolidation  m ovem ents ceased a  deviator stress w as applied

Fens cl(

•

Æ °

O f

—«

Drained • • 

Undrained ° *

Failed
4n

after 3 weeks
--‘W 0. - /

/ •

Bentomte

0 0-05 0-10

Creep raie:
& log lime

A

Fig. 4 Creep rate increase with activity and mobilized cohésion

Augmentation de la déformation de glissement avec l’activité 
et la cohésion mobilisée

and  the subséquent vertical stra in  p lo tted  against log tim e over 

periods up  to  6 m onths. A  m easure o f  the degree o f  perm anent 

stress to  the cohésion is given by the ra tios rd and ru.

F o r drained  tests, rd =  ^ — i f
9d ~  9e

F o r undrained  tests, ru =  ~
r u Y u q

V alues o f  r  and  the creep ra te  are  p lo tted  in  Fig. 4, fo r a  Fens 

clay, activity 1 -7, and  fo r bentonite, activity >  5. Tests with 

M anchester clay, activity 0-5, showed very little creep unless 

stresses close to  the m axim um  were applied.
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