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Application of Stress Functions to Consolidation Problems

Application des Fonctions d’Airy aux Problèmes de Consolidation

by G . d e  Jo s s e l i n  d e  Jo n g , Ir., S ub-d irec to r o f  the Soil M echanics L abora to ry , D elft, N etherlands

Summary

The number o f stress functions necessary and sufficient for the 
solution o f consolidation problems in axial symmetry is three: one 
for compression, one for rotation and a function satisfying V2F  =  0. 
The boundary conditions referring to the grain skeleton, as well as 
to the pore water, are then accounted for.

The use is shown for the case o f a rigid sphere embedded in an 
infinité soil mass and loaded with a vertical force, and for the case 
o f a semi-infinite solid loaded uniformly over a circular area o f its 
surface, considering both an impervious and a pervious boundary.

A useful method in elasticity for determining stress-distri- 

butions is the application of stress functions. In order to 

satisfy the conditions of equilibrium and compatibility these 

functions, F, must be solutions of the équations

V2V2F =  0 or V 2 f = 0  . . . .  (1)

From  these functions the stresses and strains are obtained by 

differential opérations (Lo v e , 1892).

W hen body forces act inside an elastic medium, the basic 

équations for the stress functions change, and it has been shown 

(by R a y l e ig h , 1894; La m b , 1895) in the case of vibrations that 

two types of stress function are needed, one for compression 
and the other for rotation.

When pore water is present in a soil, this water causes hydro- 

dynamic pressures which, by their gradients, act as body forces 

on the soil.

I t has been shown (d e  Jo s s e l in  d e  Jo n g , 1953) how this con­

ception leads to Bio t ’s  (1941) basic équation for consolidation 

in three dimensions

c V2e =  êe/ët . . . .  (2)

where c =  k ja yK =  consolidation coefficient; k  =  permea- 

bility; yH, =  density of water; a =  compressibility o f grain 

skeleton ;e =  volume dilatation of grain skeleton; and t =  time.

F or the water pressure w we then find

(l/a)V 2e =  V2W . . . .  (3)

These formulae refer to the compression and are based on the 

supposition that the pore water is incompressible compared 

with the soil skeleton. The pore water therefore takes part 

of the normal stresses, and because o f its viscosity the dissi­

pation of superfluous water is slow and the water pressure 

decreases gradually.

Similarly the viscosity of the water may influence the defor­

mations of the skeleton itself, especially when the stresses 

between the soil particles are supported by bounded water of 

greater viscosity (as in clay). We will, however, in this study 

disregard the time dependence of the deformation moduli and 

suppose that ail strains of the grain skeleton take place simul- 

taneously with the stresses. Because by these simplifying sup­

positions the shear strains are not retarded, the stress functions 

for the rotation are equal to those in elasticity and we will, in

320

Sommaire

Le nombre de fonctions de tension nécessaire et suffisant pour 
résoudre les problèmes de consolidation, en symétrie axiale, est de 
trois. La première se rapportant à la compression, la seconde à la 
rotation et la troisième répondant à la condition V 2F  =  0. Les 
conditions aux limites sont alors satisfaites, aussi bien pour la phase 
solide que pour l’eau interstitielle.

Une application est faite au cas d’une sphère rigide, placée au sein 
d’un massif de terre indéfini, et chargée verticalement, d’une part, et 
au cas d’un m assif semi-infini supportant une charge circulaire uni­
forme, à sa surface, d’autre part. Ces cas sont traités dans les deux 
hypothèses de surfaces de contact perméables ou imperméables.

our results, obtain instantaneous deformations due to shear 

strains.

By separating the effects of shear and compression we can 

appreciate their importance and décidé which of the two must 

be studied the more according to the soil properties.

T a n  (1954) has shown how the time dependence of the 

deformation moduli can be introduced from  the beginning. 

However, the com putations become too intricate even with 

over-simplified flow properties of the soil.

Finally we will suppose the grain skeleton to be an elastic 

medium with shear modulus G and Poisson’s ratio  /x.

Thus the previous introduced compressibility coefficient, a, 

is equal to

fl =  (1 -  2fi)/2(l -  y)G

In reality there is no resilience and the relationship between 

stresses and strains is not linear.

Axial Symmetry 

F or brevity we will treat here the case of axial symmetry. 

In  terms of displacements ur and uz (ue =  0 because of sym­

metry) we can express the volume dilation e and the rotation 

wrz as

e = \  +  (.ôujëz) -----  (4)

curz =  (ëu jd r) -  (ëur/dz)

We now introduce the stress functions E  and Q  in the follow- 

ing way :

2Gur =  (1 -  2y )^ E Ië r ë z )  -  2(1 -  iï)(d2Q/ërêz)

2Guz =  (1 -  2^)(S2£/0Z2) +  2(1 -  | [ r ^ ] )  . . . .  (5)

By inserting these expressions for the displacements in expres­

sion 4 we obtain :

2Ge =  (1 -  2u)|-V 2E  

2Gcorz =  2(1 -  /x )-V 2 ^

which indicate how the stress functions are separated according 

to compression e and rotation a>rz.



The operator V2 in the case of axial symmetry is equal to

The détermination of the stresses from the stress-functions 

is obtained by application o f the usual expressions for the 

stresses in terms of displacements, as given by the theory of 
elasticity :

<j z =  2G[(/x/(l — 2fj.))e +  d u jë z ], etc.

Elaboration of these relations then gives

^  =  Yz V1[ixE +  2(1 “  ^  +  S [(1 “  W  ~  2(1

°r =  JZ^ E ]  +  £  g [ ( l  -  2yi)E -  2(1 -  r )Q \

. . . .  (7)

^  -  2p)E  -  2(1 -  i,)Q]

T" = | V2[(1 “  V-)Q] +  J d ? [(1 “  2̂ E ~  2d -  H-M

So far compatibility and elasticity have been accounted for. 

The further considération of equilibrium nécessitâtes that

(dor/dr) +  [(ar — ae)/r] +  (Sr„/3z) =  R  ----- (8)

(dojdz) +  (8rrJ8r) +  (rr2/r) =  Z

where R  and Z  are the body forces exerted by the water 

gradients in radial and axial directions respectively, so that 
R =  8w/8r and Z  =  dw/dz.

A combination of expressions 7 and 8 gives

“ - 4 â ; vlE- 3s s V2°] -

If V2 =  0, it is easily verified that équations 9, 3 and the 

first of 6 are satisfied by

w =  (i _  i±)[(d/dz) V2E  -  (d/dz)V2Q] . . . .  (10)

In équations 5, 7 and 10 ail displacements and stresses in- 

volved are expressed in terms of the stress functions E  and Q. 

In addition, we need the basic équations which have to be 

satisfied by E  and Q  in order to know which forms o f stress 

function are applicable. F rom  équations 2 and 6 it can be seen 

that E  has to satisfy

V2̂  =  cidE ^ët) o r V2£ 2 =  0 . . . .  (11)

As with respect to the rotation we use an expression for wrz 
derived from  8 by élimination of R  and Z, and by introduction 

of the displacements we obtain :

S2a>rz =

8r\r dr ) Sz2

Introduction of équation 6 shows that this condition may be 

satisfied if Q  is a solution of one of the two following équations :

V2V2£ 1 =  0 or V2̂ 2 =  0 . . . . ( 1 2 )

From these basic équations 11 and 12 we obtain 4 types of 

stress function: E u E2, Q i, The two functions E2 and Q 2 
are not différent from the function F2 satisfying V2F2 =  0, and 

if we take E2 =  Q 2, the strains and stresses derived from  them 

are identical to  those derived from  F2, as is easily verified. So 

there are essentially 3 stress functions to satisfy the boundary 

conditions.

Ln elasticity there are always, for axial symmetry, two stress 

functions and two boundary conditions: 2 stresses are given, 

or 1 stress and 1 displacement, or 2 displacements. In the 

consolidation problem there is one additional boundary con­

dition which refers to  the pore-water; so the third stress function 

is not superfluous but is necessary for the analysis to  be uniquely 

determined.

To show the use of the stress functions we will first give the 

solution for a  rigid sphere embedded in an infinité soil mass and 

loaded with a vertical force, and then the solution for a semi- 

infinite body loaded over a  circular area of its surface. In both 

problems we will consider two différent boundary conditions 

with respect to the pore-water : (A) the boundary is pervious 

and the pore-water pressure there is zéro ; (B) the boundary is 

impervious so the gradient o f water pressure normal to  the 

surface is zéro.

Rigid Sphere Embedded in Soil

For the case of a  spherical body embedded in a soil mass we 

need solutions o f équations 11 and 12 in the form of spherical 

harmonies, which are of the type:

E ! =  A R - ^ e - ^ S n+h{2qR)Wn

Ü! = BR<-~”+1W n . . . . ( 1 3 )

E2 = Q 2 = C R< --"-'W n

We adopted the following notations R = (r2 +  z2)i =  spherical 

coordinate; 5 n+-j =  polynomial in qR  as defined by Ta n  (1954, 

p. 136); W„ =  Legendre polynomial of first kind, T a n  (1954, 

p. 107); A, B, C =  arbitrary constants, adjustable according to 

boundary conditions ; q = {sic)i where s is the variable intro- 

duced in  Heaviside or operational calculus to  replace 8/St.
The solution for E { has been introduced by Rayleigh in 

dealing with vibration problems. Below we will indicate the 

Laplace transformations of the displacements and stresses by a 

bar over the symbol. Loads are supposed to be applied step- 

wise at / =  0, so the load P  when transformed equals P/s.
Considering a rigid sphere with radius R 0, loaded at time 

t =  0 with a force P  in the Z-direction, we have to satisfy the 

following boundary conditions at R  = R 0. The rigidity of 

the sphere gives

ür =  0 û2 =  constant . . . .  (14)

The force P  is supported by the sum of ail the stresses from

water and soil acting together on the surface. This gives

(P/s) =  2 J 27tR 2 sin W d  W [sin r rz +  cos W  (â, — tv)]

. . . .  (15)

These two conditions refer to the grain skeleton and are suffi- 

cient in the case of an elastic medium to determine the stresses 

uniquely. The additional condition referring to the pore-water 

is: (A) the sphere is pervious; (B) the sphere is impervious 

giving respectively

(A) iv =  0 (B) 8w/8R =  0 . . . .  (16)

These three boundary conditions are satisfied by taking the 

solutions 13 with n =  0, giving

=  A R - le-4R, Q i - BR, E2 = Q 2 =  CR~l
. . . .  (17)

Com putation of the displacements and stresses may be 

performed by the introduction of these stress functions in the 

expressions 5, 7 and 10. By introduction of these stresses and 

displacements further in the conditions 14, 15 and 16, it is easy
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to verify that the boundary conditions are satisfied by the 

following values for the constants:

B -  P/87t(1 — fi)s

A -  2Be»R°lq2N

C  =  fB [(l - h- W  +  (1 -  2/t)(3 +  3qR0 +  {qRüY ) W N

where N  =  1 +  qRo for the case (A); N =  1 +  qRo +  i(qRo)2 

for the case (B). Inserting these in  the expression for the 

vertical displacement gives finally

2Gûz =  (P/3t7/?0j)[1 +  (1 -  2fi)/4(l -  p)N]

From  this resuit the réaction of the sphere to  a  stepwise loading 

o f P is  obtained by the inverse transform ation giving for case (A)

2Guz =  (P!1t t R 0){\ +  ((1 -  2/j.)/4(1 -  M))[l -  re r fc to -m
(18a)

and for case (B)

2Guz =  (PI3t tR q){\ +  ((1 -  2M)/4(1 -  /*))

[1 -  cos (2r)(l -  5(2r)) +  sin (2r)(l -  C(2t ))]} (18b)

where S  and C  indicate Fresnel’s intégrais (M a n d e l , 1953, 

p. 35) and r  =  tc/R 02.

Fig. 1 The vertical displacement o f  a vertical loaded rigid sphere 
which is, (A) pervious, (B) impervious 

Déplacement vertical d ’une sphère rigide sous charge 
verticale (A) perméable, (B) imperméable

Fig. 1 shows these displacements as a  function of time, for 

H =  0. The terni between the square brackets in équation 18 

in both cases (A) and (B) equals 0 for t =  0, increases rapidly at 

first and then gradually attains a value of 1 a t t =  oo (without 

oscillating). So the displacements become: in cases (A) and (B)

2 Guz =  (P /I t t R q) t =  0

2Guz =  (P/3t tR 0)[(5 — 6/x)/4(l — [ï)] t =  go

We notice that there is an instantaneous displacement and 

an after-effect, which is zéro if ft =  i  (i.e. the medium is in­

compressible), and which attains a maximum value of \  o f the

instantaneous seulement for /n =  0 (i.e. the extreme case of 

compressibility for a  material). The instantaneous displace­

ment is due to  the shear deformation which, by our initial sup­

position, can take place unhindered by the enclosed water.

We see, therefore, that for the embedded sphere the shear 

properties o f the soil dominate the course o f the displacement 

and the consolidation effect is very small.

Surface Loading of a  Semi-infinite Body

F or the case o f a circular loaded area on the surface of a 

semi-infinite body, the boundary conditions a t z =  0 are as 

follows: A total load P  uniformly distributed over a circle of 

radius r0 gives a distribution of norm al stress az as a function 

of r equal to

S , =  -  (P/2m-0) J J  Ja Q ^J^X r^d X  . . . .  (19)

This expression implies that the stress is zéro outside the loaded 

area. Jn is Bessel’s function o f first kind, order n. The con­

dition may be that there are no shear stresses over the whole 

surface, giving

r rz =  0 . . . .  (20)

The third boundary condition refers to the pore-water and we 

will consider two différent cases: (A) the surface is pervious 

and the drainage o f squeezed out water is so effective that the 

pressure is zéro. This gives

iv =  0 . . . .  (21)

(B) the surface is covered with an impervious layer, so that

div/dz =  0 . . . .  (22)

The stress functions that may be used are now (see also M a n d e l , 

1953)

E i =  A e -^ J 0(Xr) (d/dz)Qi =  Be~^J0(Xr)

E 2 =  Q 2 =i Ce~^J0(Xr) . . . .  (23)

where

a2 =  X2 +  q1 =  A2 +  sjc

Again displacements and stresses can be computed using 

these stress functions, and the boundary conditions are applied 

in order to  determine the values o f the constants A , B  and C. 

We then obtain

A  =  (P/STrr 0) J  JiiXrojdXjaia — X)M

B  =  AaHa2 -  A2)/2A2 

C =  A( 1 -  2/u.)a2/2(l -  p)A2

with M  =  [(1 — jii)(a +  A) — (1 — 2/x)A] (for the case A), and 

M  =  [(1 — ji)(oc +  A)(a/A) — (1 — 2/x)A] (for the case B). So

the displacement of the surface becomes

2Gûz =  (jP/jwo) J  J  {(1/A) +  (1 -  2ix)IM}JQ(Xr)J1(Xr0)dX

. . . .  (24)

The inverse transform ation leads finally to the réaction o f the 

soil to stepwise loading and gives with the aid o f solutions from 

the operational calculus

2Guz =  (P/irroW  -  ft)[2L(0,0) -  L(0,1)] +  ^ ) }

. . . .  (25a)
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2Guz =  (P/7rr0m  ~  /*)[2L(0,0) -  £(0,1)] . . . .  (25b)

+  F(„ +  i ) - ( , - y ) [2L( f ^ _  +  , _ t o )  

where n =  i{(5 — 9/i)/(l — ^)}i and

L(p , q) =  f  e-Pu2c‘lr02erfc{qu(ctjr02)i}J0 (u—\ J- ^ - d u  
J o \  r0J u

Because for r =  0, L(p , q) equals 1 for / =  0 and zéro for t =  oo 

(if — p  <  q2) and £(0, 0) =  1 independently of time, both

Fig. 2 The vertical displacement of the centre of circular area loaded 
by a uniformly distributed pressure, (A) pervious surface, 
(B) impervious surface 

Déplacement vertical du centre d’une aire circulaire, chargée 
uniformément, (A) surface perméable, (B) surface im­
perméable

expressions 25a and 25b give the same settlement for the 

centre o f the loaded area a t t =  0 and t =  oo, being respectively

2Guz =  P /u r0 and 2 Guz =  2(1 — n)Plnr0

Here again an  instantaneous settlement is obtained in the 

solution corresponding to  the deformation o f the soil under 

shear. The after-effect is again zéro for an incompressible soi!

(fi =  i )  and has a maximum value for /j. =  0 which, at f =  oo, 

becomes equal to  the immediate displacement.

Fig. 2 shows how the settlement of the centre o f the loaded 

area progresses with time, for a  soil having /x. =  0, in both cases 

A and B, indicating the retardation due to  the impermeability 

o f the surface.

Conclusion

In the cases considered the solutions for the variation of 

settlement with time show an instantaneous displacement at 

the moment o f load application (t =  0) and an  after-effect.

In the extreme case of compressibility (^  =  0), this after- 

effect is equal to  \  of the initial movement for the rigid sphere, 

and is equal to  the initial movement for the loaded surface. 

The after-effect consists o f a compressive strain which is 

retarded by the enclosed water but shows no great influence on 

the way in which superfluous water can escape.

The instantaneous settlement is due to  shear deformation 

caused by shear stresses which, according to  the previous sup­

position of elasticity o f the soü, appear immediately. In 

reality the shear deformation has a  character resembling 

viscous flow, and it is therefore retarded by a time effect.

As a  combined com putation of consolidation and viscous 

flow properties nécessitâtes a still more complex mathematical 

treatment, it seems preferable to separate both effects and to 

determine first whether the consolidation has an appréciable 

effect, and if not (as in the case of the rigid sphere) to  con- 

centrate on the viscous flow properties only, which are in- 

dependent o f the geometry of the loaded soil mass.

The author wishes to acknowledge the kindness o f  D r R. E. 

Gibson fo r  his helpful discussion o f  this study.

References

Bio t , M. A. (1941). Theory o f three-dimensional consolidation.
J. Appl. Phys., 12 

J a h n k e  and E m d e  (1945). Tables o f functions. New York; Dover 
d e  J o s s e l i n  d e  J o n g , G. (1953). Consolidation around pore pressure 

meters. J. Appl. Phys., 24, 7 
L a m b , H. (1895). Hydrodynamics. Cambridge University Press 
L o v e , A. E. H. (1892). The Mathematical Theory o f Elasticity.

Cambridge University Press 
M a n d e l , J. (1953). Tassement d’un couche d’argile saturée d’eau 

sous l’effet d’une force concentrée à la surface du sol. Proc. 3rd 
International Conférence on Soil Mechanics and Foundation Engi­
neering, Vol. 1, p. 413 

R a y l e i g h , J. W. (1894). Theory o f Sound, Section 341 
T a n , T .  K. (1954). Onderzoekingen over de rheologische eigen- 

schappen van klei. Doctorsthesis, Delft

323


