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Three-dimensional Stress Distribution and Slip Surfaces in Earth 

Works at Rupture

La Répartition Tridimensionnelle des Contraintes et les Surfaces de Glissement dans les Massifs 

en Terre, à la Rupture

by J. K o p â c s y ,  Dr ., Budapes t, Hungary  

Summary
As s uming the  va lid ity  o f s tatica l e quilib r ium o f Co u lo m b ’s équa ­

tion and o f the  m in im u m  pr inc iple  a t  r upture , the  three - dimens ional 
diffe rential équa t ions  o f s lip surface  a nd  stress dis tr ibution  in  e arth 
works  are  de rived.

Basic Principles
The dé te rmination o f stress d is tr ibution for  the  ca lcula tion 

of the s tability  o f engineering structures is  generally based upon 
the theory o f e las tic e quilibr ium . T his  means  tha t the  inte rnai 
de formations  a t any p o in t o f the  s tructure  are  propor tiona l to 
the corre sponding deve loped stresses. Ye t for  e arth pressure 
problems, since the  time  o f Coulom b, atte mpts  have  been made  
to compute  the  inte rnai stress d is tr ibution according to  the  
plastic e quilibr ium  o f mate rials . In  the  plas tic  range stresses 
are no t propor tiona l to  the  corre sponding de formations  al-  
though the  magnitude  o f stresses also in  this  range  w ill be 
s imilar to  tha t o f the  e las tic range . In  the  mass shear surfaces 
will deve lop, a long which re lative  s lip o f particle s  o f mate rial 
and so- called plas tic  flow w ill occur.

In  recent years there  has  been a  growing tendency to  base 
s tability ca lcula tions  o n  the  plas tic  be haviour  o f mate rials .

(a) F o r  the  dé te rm ina tion o f the  diffe re ntial équations  o f 
inte rnai stress d is tr ibution—in  the  e las tic range—the follow ing 
conditions  are  necessary and sufficient: (1) the  équations  o f 
statical e quilib r ium ; (2) Hooke ’s law, which déte rmines  the  
re lation o f stresses and s trains ; and (3) com pa tibility  équations .

According to  the  pre vious  conditions , characte ris tic d if­
fe rential équations  o f stress d is tr ibution may be  de te rmined. 
This system o f équations  toge the r w ith  the  corre sponding 
boundary conditions  enable  us  to  e s tablish the  d is tr ibution o f 
stresses in  any case o f enginee ring practice .

(b) In  the  plas tic  range  there  is  no  s imple  stress- strain 
re lation s im ila r  to  Hooke ’s law, therefore  the  com pa tibility  
équations  o f the  e las tic range  cannot be used. Ye t from  the  
équations  o f e quilibr ium  and othe r principle s  such systems o f 
équations  may be de rived which w ill give the  diffe re ntial 
équation o f stress d is tr ibution and o f shear surfaces. The 
necessary conditions  are  as follows  : (1) the  s ta tical e quilibr ium  ; 
(2) the  law  o f rupture , de fining the  re lations  o f stress com-  
ponents a long the  s lip surface  ; and (3) the  m inim um  princ iple  : 
this w ill be  the  shear surface  caus ing the  stress dis tr ibution con ­
sistent w ith the  smalle s t load producing rupture  or  plas tic flow.

This approach has  already been applie d by several authors  
(Fellenius , e tc.), in  the  case o f a previous ly assumed shape o f s lip 
surface. T he  a im  o f this  pape r is  to  e s tablis h the  équa tion o f 
stress d is tr ibution in  the  case o f s lip surfaces o f unknow n shape. 
Calculations  on the  m inim um  princ iple  w ill be made  according 
to the calculus  o f variations . The s o lution o f this  diffe re ntial 
équation to  corre spond w ith boundary conditions  w ill déte r ­
mine the  s lip surface  and the  corre sponding stress d is tr ibution.

Sommaire
A partir  de l’hypothèse de la validité de l’équation de Coulomb, et du 

principe minimum à la rupture, on établit les équations différen­
tielles à trois dimensions pour la surface de glissement, et on en déduit 
la répartition des contraintes dans les massifs en terre.

Assumptions
Rigorous  mathe matical s olution is  based upo n a  set o f 

as sumptions  which correspond approximate ly to practical 
conditions . These are  as follows  :

(a) T he mate rial o f the  body is  homogeneous , is otropic  and 
o f cons tant un it  we ight y.

(b) The e arth mass is lim ite d by continuous  surfaces defined 
by équations , which have  continuous  firs t pa r tia l derivatives  
except a long some curves finite  in  numbe r  (F ig . 1).

(c) The exte mal load acting on the  surface is  a continuous  
dis tribute d load system lim ite d by closed boundarie s .

(d) Plas tic be haviour occurs  as a  conséquence o f graduai 
increase o f load. T his  load increases in  propor tion and 
w ithout change  in  dire ction on the  loade d boundarie s .

(e) Shear or  s liding surfaces are  continuous  surfaces defined 
by équations  o f continuous  firs t pa r tia l derivatives . Stress 
dis tr ibution a long the m is  also continuous  except a long some 
curves finite  in  numbe r.

(f) T he we ll know n Coulom b équa tion w ill be applie d as the 
law  gove ming rupture . Accordingly there  is  s till e quilibr ium  
a t rupture  a long the  s lip surface  and the  normal stress cr and 
the  tange ntia l stress r  w ill be  re lated by the  follow ing expression

r  =  <7 . t a n <f> +  c . . . .  (1)

where  <f> is  the  angle  o f inte rnai fr ic tion and c the  cohés ion.
F rom  Coulo m b’s law  it  follows  tha t a t othe r points  o f the  

e arth mass
t  <  cr. tan<f> +  c 

which means , tha t e quilibr ium  exists there . Othe rwise  e quili­
b r ium  would be imposs ible  and movement would s tart.

(g) Equilib r ium  w ill be  inves tigated, when the  load q has  
been increased to  a  value  where  one  s lip surface  reaches the  
ground level a long its  fu ll extent. The com m on cutting line  
a- a (F ig . 1) divides  the  mass  in to  two parts  A  and B . F o r  any 
furthe r  increase o f q the  e quilibr ium  ceases and par t A  slides 
dow n or  starts  moving.

Notations
The follow ing symbols  and mathe matical expressions w ill be 

used in  the  discuss ion o f the  m inim um  proble m :
(a) The s lip surface  w ill be defined w ith re ctangular co-  

ordinate s  (x , y  z ) by the  équa tion 
z =  z (x ,

and the  surface  o f the  body by the  équa tion 
2* =  zx(x , y )
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In  the  mathe matica l discuss ion the  vectorial me thod w ill be 
used fo r  purpose  o f s im plifica tion. Accordingly us ing rect-  
angular  coordinate s  and re fe rring to un it  vectors /, j ,  k  the  
équa tion o f the  s lip surface  z =  z (x , y ) is expressed by the 
ve ctorial équa tio n

iXr(x , y , z) =  x . i +  y j +  z (x , y )k  =  < y  - -  (2)
[2z (x , y )

The symbolic pa r tia l derivatives  a t any po int (x , y , z) are as 
follows  :

. . . .  (3)
1 fl
0

f y =  1
0

.- x 1U;’
The corre sponding normal vector :

n =  f x x  ry =  j  -  zy - -  (4)

T he un it  normal vector :

h f x x  r,,
. . . .  (5)

u («2) i {{fx x  r ,)2 p  

One  o f the  tange ntial vectors :

ï  =  f X +  4<fy =  {«A . . . .  (6)
U * +  02 y

where y  is a value  changing between — 00 and +  °o.

The  unity  vector:

to =
t

( P ) *

+  ¥ y
(7)

{('* +  4>fy W  

The surface  e lement is defined by équa tion 

d r =  (n2)ldx dy  =  {(rx x  r>.)2}-
=  (zx2 +  zy2 +  1 )idx dy  - -  (8)

Sim ila r  formulae  w ill be used fo r  the  te rms connected to  
surface  o f body n*, n0*, t *, t0i and dT *.

The follow ing vectorial identifie s  w ill be used :

â(b x  c) =  (â x b)c . . . .  (a)

(iâ X b)(b x  c) =  (âb)(bc) — (âc)b2 . . . .  (b)

â x (5 x  c) =  (âcjb — (àb)c . . . .  (c)

(â X b)2 =  â2b2 -  (âb) 2 • • •■ (d)

â x  b =  — b X à . . . .  (e)

i  =  j  x  k, j  =  k x /, k  =  j  x j . . . .  (f)

OIIHIl

(g)

(b) Stresses a t the  s lip surface  p  =  p{x , y ) w ill be resolved 
in to  two compone nts  as scalar functions  o f the  coordinate s  x , y
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conforming to  Coulom b’s équa tion. One  o f these w ill be the 
norm al stress

a  =  o(x , y )

the  second w ill be the  tange ntia l stress 

t  =  t (x , y )

As the  rés ultant stress we obta in

p  =  cth0 +  r/'o - -  (9)

The dis tribute d load w ill be

q =  q(x , y )

(c) The surface  and body forces ac ting on the  elementary 
prism a long the  s liding surface  and body surface  are  as follows : 

On the  surface o f s liding

/ (n2) i \
dP =  p d r  =  (an0 +  Tt0)(n2)ldx dy  =  \ ah +  T jj^ t jd x d y

On the  surface  o f body

dQ  =  qdrx =  q(iixz)idx dy

The body force

dG =  y (fx — r)dx dy

The Extremum Problem

Now  the  extremum proble m may be expressed mathe-  
matica lly  as follows  :

Wha t w ill be the  s lip surface  z =  z (x , y ) and the  norm al stress 
d is tr ibution a =  cr(jc, ÿ ) a long it, and furthe r  the  dire ction of 
tange ntia l stress </>(x , ÿ ) caused by the  smalles t résultant Q  of 
the  d is tr ibution load q system acting on body par t A  in  the  case 
o f e quilibr ium  ?

Force  Q w ill be a m inim um  when its  compone nts  are  smallest, 
because the  dire ction o f the  q  compone nts  does no t change. 
T herefore the  m inim um  may be  referred to the  compone nt Q , 
para lle l to the  z axis  as follows :

03 =  Ik id r *  -  m in
T

The équations  o f conditions  are  as follows  :

Sum m ation o f stresses gives the  ve ctorial équa tion :

h  =  J  J[(cr«0 +  r t 0) ( n 2) i  +  y ( r x  —  r) +  q (n x ) i] d x d y  =  0
T

The intégra tion range  be ing the  proje ction o f the  surfaces 
lim ite d by line  a- a (F ig . 1) a t the  coordinate  plane  x , y .

T his  vector équa tion include s  three  scalar équa tions : the 
mome nt o f stresses a t the  p o in t 0 (F ig . 2) is  e qual to  zéro, i.e.

h  =  J / l /  x  (<T«0 +  Tf"0)(n2) i +  r x  y (rx — r)
T

+  rx X q(nx2)^]dx dy  =  0

The intégrais  7 and ï 2 re fer to the  same range  T  and their 
functions  depend on functions  r{x , y , z), a(x , y) and 0(x, y). 
Therefore  the  extremum proble m is  a  proble m o f the  calculus  
o f var iations . According to  Lagrange  the  conditiona l ex­
tre mum is  de fined by the  général extremum o f func tion

Q  =  Q 3 +  À/j +  f il2 — m in.

where  Lagrange ’s cons tant factors  are  regarded as com­
pone nts  o f vectors and w ill be chosen conforming to  the 
boundary conditions .

The nota tions  Â and p. are the  vectors o f compone nts

[Al . f^1 
A =  < A2 /j . =

U j  1^3



Writte n in  détail according to équations  5 and 7 we find

n  =  / J [ (A  x  f  +  +  T^ ï ' )  + y (f i *  >~' +  -  f )
T

+  (f i x  r x +  ~\ )q(fix2) i +  ç 3(^Jr2) iji3rxrf>' =  m in 

The express ion be hind the  intégra tion symbol denoted by F is  

F(4>, a, Z, Z „ zy , x , y) =  â>(oh +  +  y w (fx -  f )

From  équa tion 6

+  (la X rx +  À )q(nx2) i +  q 3(nx2) ï 

If  we introduce  the  no ta tion

8 b _
~ d i  ** ~

0IIIc^

d 8
Fa ~ — F  —

8x  °x

OII

8 ^ 8 _
F-z - —- F~— —

dx  Zx

OIIIc^

tih — >'v

(10)

f M2 z  — p i  y  +  At 

=  (i X r" +  À =  |  f a x  — n iz  +  Aj . . . .  (11)
iMlJ' — h-2x  +  ^3

-A =

Afte r  s ubs titution and m ultip lic a tion by (r2)* : 

cô. ryï 2 — (t . fy)(â>ï) =  0

P utting  in  this  the  express ion for  t from  6 we obta in: 

(ü ry)(rx +  <l>ïy)2 -  [(rx +  <pry)fy][ü(rx +  ijiry)] =  0 

Therefore the  express ion o f </j  w ill be :

(w rx)(f xry) -  (ôjry) r ^  =  (w  x  rx)(rx x  fy) _  ^
ÿ 2 (t~\ y  r \ (f v  f  \  ytW ( V » )  — ( û f x) f /  (â> x  ry)(fx x  ry)

<wxii
ôjf .n

T hus  from 7

t  f x  +  ¥ y (iiâ>)n — n2tü

. . . .  (12) 

(â> x  n) x  h
(t2) i {(rx +  >pfy)2}t {n2â>2 — (nâ>)2} i(ii2) l (â> x  n )i.(n 2) i

when cons ide ring the  vector ide ntity  c and d, furthe rmore  the  
te rm 4 o f « and express ion

â)t

m

{(nû>)2 — n2oj2}i

m î («2) i

According to the  calculus  o f var ia tions  the  func tion <j>(x, y ), 
u(x , y ) and z (x , y , z ) have  to satis fy Eule r ’s pa r tia l diffe re ntial 
équations :

(I)

ai)

( III)

Diffe rential Equations

The s olutions  o f Eule r ’s diffe re ntial équations  give the  
diffe rential équations  o f stresses and s lip surfaces. Therefore  
équation 10 for  F  w ill be subs titute d into  Eule r’s équations  to 
obtain

F/,x =  F^y Fax =  Fay =  0

(a) Afte r  s ubs tituting équa tion I  the  te rm w ill be :

F* =  “ T m iip  W i = 0

As the  te rm r (/ i2) i cannot be  ide ntica lly e qual to  zéro it  
follows tha t

- I L - n  
W 84> [ i

Afte r par tia l difFerentiation it  may be  written

l i t  . '

Subs tituting the  latte r express ion in to  équa tion 10 for  F  we 
obta in

F  =  ow n — r{cû2/i2 — (â>n)2}i — y(â>xf  — A rx) +  cûxq(nx2) i

+  g}(.nx2) i . . . .  (13)

where
wx =  f i x  f x +  A

(b) By s ubs tituting express ion 13 for  F  in to  Eule r’s équa tion 
II  we obta in

ûih — tan <f>{w2ii2 — (â>n)2} i =  0 . . . .  (14)

or  cons ide ring the  ide ntity  d

û>h — tan^{(<ü X n)2}* =  0 . . . .  (15)

14 can be written

*  ~  (” s )! -  â s y + i “ w  " 0

T his  is  the  three- dimens ional diffe re ntial équa tion o f the  s lip 
surface  o f which, corre sponding to  te rms 4 and 11, the  scalar 
form  w ill be :

<t> =  [(n2z  -  H- iy +  Ai)z x +  f a x  — ^ z  +  Aàz y

-  (my -  n2x +  A3)]2 -  t a^  +  1̂ ^2Z -  w  +  Al ) 2^

+  0 *3*  — Pi2 +  A2) 2 +  (fJ-iy — fi2x +  A3) 2]

(zx2 +  z 2y +  1) =  0 . . . .  (17)

T his  complicate d équa tion may be s implifie d by a  trans for ­
m a tion o f the  coordinate  system. If  po in t O  o f the  coordinate  
axes is  transposed in to  the  end po in t o f vector (f i x  A)//Z2 

(F ig . 3a), i.e . le t:

f  =  P +
p. x  A

the n the  new pos itiona l vector w ill be : 

P =  "
=  0

V —1 -----

.£(£ y )

LL X A

P-2

(18)

(19)

341



(c) The vector w, cons ide ring ide ntity  c, w ill be :

= p x r +  X — p x p — p x
fi x A

= p, x p + ^2p - -  (20)

Now  the  coordinate  systems axe rotate d in  such a  way tha t, 
firs t, the  w axis is  made  para lle l to  the  un it  vector p f tp 2)* and 
secondly, tha t the  /x and v axes are  also brought para lle l to  the  
un it  vectors ë j and è2 (F ig . 3b)

T he n:

rpë  i =  p. 
pë2 =  v

p( 0 ) i  =

U = më2 =  [p  X r +  | ^ ) ê i  =  (p  X p)êx =  -  p(p, x  ë1)

V  =  wê2 =  p (p i) ï and W =  =  a (p i)l

where

l lX 

a =  ï*
(22)

and finally

<5 =  0 l2)i|ji ”

And las t when introduc ing cylinde r coordinate s  then

'  — p s in #

<u&

(23)

(21)

r p cos & rcos & r
< p s in #  pp =  <s in #  P„ =  <,
[w(pi&) U p  l

C— w pp cos #  =
A =  pP x  p& = — (oy> s in #  =

l  P

and 

F rom  which

and

r— p s in #  

<5 =  p cos  &

U

w p  =  p(a — aiâ) 

w 1 =  a2 +  pz

. . . .  (25)

. . . .  (25a) 

. . . .  (26)

Cons ide ring the  ide ntity  a  for  the  compone nt o f vector â> 
in  dire ction o f u we ge t:

ûA_
p z h

=  — pë2(p 2) i — v (p2) i
Similar ly

p 2 =  1 +  w 2 +  (a>2)l(p 2) . . . .  (27)

Subs tituting these terms in to  équa tion 16 the  scalar dif­
fe rential équa tion o f the  s lip surfaces in  cylinde r coordinates 
w ill be  obta ine d as follows  :

*  -  pKa -  . , ) *  -

[p2(<V +  i) +  <V] =  o (28)

The général and complété s o lution o f this  équa tion is  to be 
found in  mathe matica l lite rature . W ith o u t geometrical or 
mathe matical inte rpré ta tion it  may be  me ntione d tha t it 
generally defines a  screw surface  w ith an axis  para lle l to  the 
dire ction o f vector p,  having the  characte ris tics  o f the  loga-  
r ithm ic  spiral.

(c) Subs tituting the  express ion o f F  in to  the  Eule r ’s dif­
fe re ntial équa tion III  the  diffe re ntial équa tion o f stress dis tri­
butio n on s lip surface  may be  derived.
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