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Three-dimensional Stress Distribution and Slip Surfaces in Earth

Works at Rupture

La Répartition Tridimensionnelle des Contraintes et les Surfaces de Glissement dans les Massifs

en Terre, a la Rupture

by J. KopAcsy, Dr., Budapest, Hungary

Summary

Assuming the validity of statical equilibrium of Coulomb’s equa-
tion and of the minimum principle at rupture, the three-dimensional
differential equations of slip surface and stress distribution in earth
works are derived.

Basic Principles

The determination of stress distribution for the calculation
of the stability of engineering structures is generally based upon
the theory of elastic equilibrium. This means that the internal
deformations at any point of the structure are proportional to
the corresponding developed stresses. Yet for earth pressure
problems, since the time of Coulomb, attempts have been made
to compute the internal stress distribution according to the
plastic equilibrium of materials. In the plastic range stresses
are not proportional to the corresponding deformations al-
though the magnitude of stresses also in this range will be
similar to that of the elastic range. In the mass shear surfaces
will develop, along which relative slip of particles of material
and so-called plastic flow will occur.

In recent years there has been a growing tendency to base
stability calculations on the plastic behaviour of materials.

(a) For the determination of the differential equations of
internal stress distribution—in the elastic range—the following
conditions are necessary and sufficient: (1) the equations of
statical equilibrium; (2) Hooke’s law, which determines the
relation of stresses and strains; and (3) compatibility equations.

According to the previous conditions, characteristic dif-
ferential equations of stress distribution may be determined.
This system of equations together with the corresponding
boundary conditions enable us to establish the distribution of
stresses in any case of engineering practice.

(b) In the plastic range there is no simple stress—strain
relation similar to Hooke’s law, therefore the compatibility
equations of the elastic range cannot be used. Yet from the
equations of equilibrium and other principles such systems of
equations may be derived which will give the differential
equation of stress distribution and of shear surfaces. The
necessary conditions are as follows: (1) the statical equilibrium;
(2) the law of rupture, defining the relations of stress com-
ponents along the slip surface; and (3) the minimum principle:
this will be the shear surface causing the stress distribution con-
sistent with the smallest load producing rupture or plastic flow.

This approach has already been applied by several authors
(Fellenius, etc.), in the case of a previously assumed shape of slip
surface. The aim of this paper is to establish the equation of
stress distribution in the case of slip surfaces of unknown shape.
Calculations on the minimum principle will be made according
to the calculus of variations. The solution of this differential
equation to correspond with boundary conditions will deter-
mine the slip surface and the corresponding stress distribution.

Sommaire

A partir de ’hypothése de la validité del’équation de Coulomb, et du
principe minimum & la rupture, on établit les équations différen-
tielles a trois dimensions pour la surface de glissement, et on en déduit
la répartition des contraintes dans les massifs en terre.

Assumptions

Rigorous mathematical solution is based upon a set of
assumptions which correspond approximately to practical
conditions. These are as follows:

(a) The material of the body is homogeneous, isotropic and
of constant unit weight y.

(b) The earth mass is limited by continuous surfaces defined
by equations, which have continuous first partial derivatives
except along some curves finite in number (Fig. 1).

(¢) The external load acting on the surface is a continuous
distributed load system limited by closed boundaries.

(d) Plastic behaviour occurs as a consequence of gradual
increase of load. This load increases in proportion and
without change in direction on the loaded boundaries.

(e) Shear or sliding surfaces are continuous surfaces defined
by equations of continuous first partial derivatives. Stress
distribution along them is also continuous except along some
curves finite in number.

(f) The well known Coulomb equation will be applied as the
law governing rupture. Accordingly there is still equilibrium
at rupture along the slip surface and the normal stress ¢ and
the tangential stress = will be related by the following expression

T=oc.tand + ¢ e (D
where ¢ is the angle of internal friction and ¢ the cohesion.

From Coulomb’s law it follows that at other points of the
earth mass

r<a. tanqS +c
which means, that equilibrium exists there. Otherwise equili-
brium would be impossible and movement would start.

(g) Equilibrium will be investigated, when the load ¢ has
been increased to a value where one slip surface reaches the
ground level along its full extent. The common cutting line
a-a (Fig. 1) divides the mass into two parts 4 and B. For any
further increase of g the equilibrium ceases and part A4 slides
down or starts moving.

Notations

The following symbols and mathematical expressions will be
used in the discussion of the minimum problem:

(a) The slip surface will be defined with rectangular co-
ordinates (x, y z) by the equation

z = z(x,y)
and the surface of the body by the equation
z* = z*(x, y)
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In the mathematical discussion the vectorial method will be
used for purpose of simplification. Accordingly using rect-
angular coordinates and referring to unit vectors i/, j, k the
equation of the slip surface z = z(x, y) is expressed by the
vectorial equation

x
f(x,y,z)=x.i+yj+z(x,y)k=Jy .. (@
2z(x, y)
The symbolic partial derivatives at any point (x, y, z) are as
follows:
1 1
Fr =<0 F, =40 A )
2 lz,
The corresponding normal vector:
r— Zx
A=F, X F,=<—2z, oo (B
1
The unit normal vector:
T Fx X Fy %
Mo =GR T @ x 7)o - O
One of the tangential vectors:
1
t'=r'x+¢'fy={l// e (®
z; + 2y
where y is a value changing between — o and + .
/é distributed load
Z /
0 X !
Surface of
i 4 / earth mass
a
Slip surface
Fig. 1
The unity vector:
1 i Pt P,
=BT G+ )5 -
The surface element is defined by equation
dr = (A)¥dxdy = {(F, x F )2}
=2+ z2+ Didxdy .... (8)

Similar formulae will be used for the terms connected to
surface of body a*, ng*, i*, fy’ and dT*,
The following vectorial identities will be used:

ab x & = (@ x by ee.. @
@ x by x ¢) = (ab)(b¢) — (ac)b? ()]
a x (b x & = (a8)b — (ah)¢ ee.. (©
@ x b)2 = a2h? — (ab)? (s )]
dxb=—bxa N ()]
i=jxk j=kxi k=ixj o (O
j=jk=ki=0 vl (®

(b) Stresses at the slip surface § = p(x, y) will be resolved
into two components as scalar functions of the coordinates x, y
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conforming to Coulomb’s equation. One of these will be the
normal stress

o =o(x,y)
the second will be the tangential stress
T=1(x,y)
As the resultant stress we obtain
b =oiig + iy e (9
The distributed load will be

g =4q(x, »)

(c) The surface and body forces acting on the elementary

prism along the sliding surface and body surface are as follows:
On the surface of sliding

.t

L)

dP = pdr = (ofiy + TEo)(?)¥dxdy = (ot + T% )axdy

On the surface of body
dQ = gdr* = §(i*=)tdxdy
The body force
dG = y(i* — Pdxdy

The Extremum Problem

Now the extremum problem may be expressed mathe-
matically as follows:

What will be the slip surface z = z(x, y) and the normal stress
distribution o = o(x, y) along it, and further the direction of
tangential stress (x, y) caused by the smallest resultant Q of
the distribution load ¢ system acting on body part A4 in the case
of equilibrium ?

Force Q will be a minimum when its components are smallest,
because the direction of the ¢ components does not change.
Therefore the minimum may be referred to the component Q;
parallel to the z axis as follows:

Q3 = [[q3d7* = min

The equations of conditions are as follows:
Summation of stresses gives the vectorial equation:

I, = [[l(ofiy + Ti)(i2)} + y(F* — 7) + §(x)t)dxdy = 0

The integration range being the projection of the surfaces
limited by line a—a (Fig. 1) at the coordinate plane x, y.

This vector equation includes three scalar equations: the
moment of stresses at the point 0 (Fig. 2) is equal to zero, i.e.

jz = [[[F X (ong + Tip)A2E + 7 X p(F* — F)
+ 7% X §(n*2)tldxdy = 0

The integrals Qs,  and I, refer to the same range T and their
functions depend on functions F(x, y, z), o(x, ») and ¥(x, »).
Therefore the extremum problem is a problem of the calculus
of variations. According to Lagrange the conditional ex-
tremum is defined by the general extremum of function

Q = Q4+ M; + il, = min.

where Lagrange’s constant factors are regarded as com-
ponents of vectors and will be chosen conforming to the
boundary conditions.

The notations A and 7 are the vectors of components

B A [Pl
= AZ p, = M2
L/\s LPa



Written in detail according to equations 5 and 7 we find

Q= fj[(# X F+ )‘)(0'1 + T(fl)i ) + y(@ X 7+ A(@F — F)

+ (& X P + gD} + g2 |dxdy = min

The expression behind the integration symbol denoted by Fis

F§,0,2 25 2, X%, ¥) = ‘"("” g T((rz;& ) + y&(F* — )

+ (& %X ¥ + DJAX2)E + g3(Ax2)k . (10
If we introduce the notation
- Bz — 3y + A
-=‘axf )\= ,u.3x—y.12+)t2 .(11)
By — pox + A
q dT surface of
earth mass
V4

_dT slip surface

=7l

According to the calculus of variations the function ¥(x, ),
a(x, y) and z(x, y, z) have to satisfy Euler’s partial differential
equations:

) 8

Fy = 55Fox — 3l = 0 (D
2 2

F, — 5=F,, a_,F"y =0 an
3 2

F: - — = =0 . (IID

Differential Equations

The solutions of Euler’s differential equations give the
differential equations of stresses and slip surfaces. Therefore
equation 10 for F will be substituted into Euler’s equations to
obtain

Flﬁx:Fll‘y F.

ﬂx=

F,, =0
(a) After substituting equation I the term will be:

F, = ar(n )*31/1 (tz)’.' =0

As the term 7(n2)* cannot be identically equal to zero it
follows that

=0

H-l -~

@

Q»
‘SI @
~

After partial differentiation it may be written

Iw(tz)* = (2t

From equation 6
fy=7,
After substitution and multiplication by (#2)}:
&.PEr — (1.7 ) @f) =0

Putting in this the expression for 7 from 6 we obtain:

(@F )Py + ¥7)2 — [(Fx + YRR N G(F, + $F)] =0
Therefore the expression of ¥ will be:
_ (@ X PP X F))  @F,i
(@ X F)(Fy X

l/l (wrx)(rxry) . (w’y)rx
(wrv)(f.xrv) e (wrx)r 2=

12)
Thus from 7
Rt oA — RS (@ XM XA
(B {(Fx + ¢7) (202 — ()R~ (@ X R (M)

when considering the vector identity ¢ and d, furthermore the
term 4 of # and expression

BF _ _ {(@)2 — (@ x Rt
@ (79t (7t
Substituting the latter expression into equation 10 for F we
obtain

F = oan — r{oA2 —

2aYr

(@2 — y(@%F — AP) + arg(-d)

+ gy(A2)* - (13)
where
@ =g X FF+2A

(b) By substituting expression 13 for Finto Euler’s equation
II we obtain

on — tan ¢p{a2n2 — (oA)H =0 . (14)
or considering the identity d
afn — tandf(d x HYF =0 . (1%
14 can be written
= tan?¢ _, _
= 2 AR Sher o
(oh) anlg + ;9 0 . (16)

This is the three-dimensional differential equation of the slip
surface of which, corresponding to terms 4 and 11, the scalar
form will be:

D = [(poz — pay + A)zx + (3x — iz + Az,

tan? ¢

— (py — pax + A2 — m[(ﬁzz way + A2z,

+ (uax — p1z + A2 + (1Y — pox + A2

@2+, +1)=0 Y

This complicated equation may be simplified by a transfor-
mation of the coordinate system. If point O of the coordinate
axes is transposed into the end point of vector (& x A)/a?
(Fig. 3a), i.e. let:

X A

F= — ... (18
i (18)
then the new positional vector will be:
; )
X A
p= <l @ .. (19)
LE )
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(c) The vector @, considering identity ¢, will be:
A XA
ﬁz

@=pXF+A—pgxp—pagx + A

i
=pxp+’-;—2p ... (20)

Now the coordinate systems are rotated in such a way that,
first, the w axis is made parallel to the unit vector i/(z2)* and
secondly, that the ﬁ and v axes are also brought parallel to the
unit vectors €, and é, (Fig. 3b)

Then:
[Pél =p
a ﬁe-z =0
= = Sy (21
P [ B _ s (21)
z ’
R
/ij, L /ﬂ-
a2 ‘
NG o
X . |
p 4 0 ZLJ
£ ~7
e ¢

@

Fig. 3

Considering the identity a for the component of vector @
in direction of u we get:

R 2o _ GA_\ _ : _
U=w2=(yxf+’—;—zp)e1=(pxﬁ)e1=—p(p.Xel)
= — pE(E)t — v(Ed)t
Similarly
P B
V=aé=pn@EH and W= m(p.z)* =@ a(a?t
where
A
a=F-1—2 veen (22)
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and finally

-0
@ = (;‘12)*{41 . (23)
a
And last when introducing cylinder coordinates then
Irpc0519 Jrc0519 lf—-psin&‘
p=<psin? p,=<sind p,=<pcosd .... (24)
Lot w, wo
, (— wypcost? = wssind
p=p, X po=1<— (w,psin® = ws cos ¥
P
"— psind
and ¢D=Jpcos:9 ... (29)
a
From which
op = pla — wo) ... (252)
&2 = a2+ p? ... (26
and
B2 =1+ w2 + (0,962 e @D

Substituting these terms into equation 16 the scalar dif-
ferential equation of the slip surfaces in cylinder coordinates
will be obtained as follows:

_tan’¢ o, 2
tan2¢~+1(a TP

[PHw2 + 1) + w1 =0

The general and complete solution of this equation is to be
found in mathematical literature. Without geometrical or
mathematical interpretation it may be mentioned that it
generally defines a screw surface with an axis parallel to the
direction of vector @, having the characteristics of the loga-
rithmic spiral.

(c) Substituting the expression of F into the Euler’s dif-
ferential equation III the differential equation of stress distri-
bution on slip surface may be derived.

D = pa — wp)? —

... (28)



