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5/ 10

S o m e  P r o b le m s o f  S o il P ressu re

Qu e l q u e s  P r o b l è me s  d e  l a Pr e s s i o n  d u  So l

by V. V. Sokol ovsky, Professor, Correspondent member of  the Academy of  Sciences, U . S . S . R .

Summary

T h is p a p er  is  d e v o te d  to  tw o  p la n e  p r o b le m s  o f  l im itin g  eq u ilib r iu m  
o f  a  s o il ,  ta k in g  in to  a c c o u n t  th e  w e ig h t. T h e  m a in  s y stem  o f 
é q u a t io n s  is  o f  a  h y p e r b o lic  ty p e  a n d  h a s  tw o  fa m ilie s  o f  rea l 
ch arac ter istic s .

T h e  first p r o b lem  d e a ls  w ith  th e  c o n s tr u c t io n  o f  th e  fr e e  cu rv il in ea r 
c o n to u r  fo r  a  s ta b le  se m i-a r ch  th e  lo w e r  p a r t o f  w h ic h  is  a  s lo p e , 
w h ile  th e  s e c o n d  p r o b lem  d e a ls  w ith  th e  d é ter m in a tio n  o f  c o n ta c t 
s tresses  a c t in g  o n  th e  cu rv il in ea r  c o n to u r  o f  a  r ig id  w a ll .

I n  g én éra l, th e  fo r e g o in g  p r o b lem s  a re  s o lv e d  b y  th e  n u m er ica l 
in tég ra tio n  o f  c o r r e sp o n d in g  d iffe ren tia l é q u a tio n s  o f  th e  ch aracter ­
is t ic s , a n d  fo r  s o m e  p a rticu lar  c a se s , e v e n  ta k in g  in to  a c c o u n t th e 
w e ig h t, th e  c lo se d  fo r m  s o lu t io n s  h a v e  b e e n  d e v e lo p e d .

T h e  p la n e  l im i t in g  e q u i l ib r iu m  o f  a  s o i l  w i t h  th e  u n i t  w e ig h t  y , 
t h e  a n g le  o f  in te r n a i f r i c t io n  <j>, a n d  t h e  c o h é s i o n  c o e f f ic ie n t  c  
i s  k n o w n  (Sokol ovsky, 1 9 4 2 )  t o  b e  d e s c r ib e d  b y  t h e  d i f ­

f e r e n t i a l  é q u a t io n s  o f  e q u i l ib r iu m  (w it h  th e  .y -a x is  d ir e c te d  
d o w n w a r d s )

, 8r = 0 + ^ z = y
S x  ê y  ’ 8 x  8 y

(1 )

a n d  b y  th e  y ie ld  c o n d i t io n  

\ ( <j x  —  <jy ) 2 +  t 2  =  ( ct*  +  a y  +  2 H ) 2, H  =  c  c o t  <j>

. . . .  (2)

I t  i s  c o n v e n ie n t  t o  tr a n s fo r m  t h is  s y s t e m  o f  é q u a t io n s  b y  
c h a n g in g  th e  s tr e s s  c o m p o n e n t s  f o r  th e  n e w  v a r ia b le s  a  a n d  9 
a c c o r d in g  t o  th e  f o r m u la e

rj =  a (  1 ±  s in  <j> c o s  2 9 )  — H ,  t  =  a  s in  cj> s in  2 9 (3 )

B y  i n t r o d u c in g  e x p r e s s io n s  3 i n t o  d i f fe r e n t ia l  é q u a t io n s  o f  
e q u i l ib r iu m  1 w e  g e t  a  s y s t e m  o f  t w o  é q u a t io n s  f o r  th e  v a r ia b le s 
a  a n d  9.  I t  b e lo n g s  t o  th e  h y p e r b o l i c  ty p e  a n d  p o s s e s s e s  t w o  
f a m i li e s  o f  r e a l  c h a r a c te r i s t ic s  w h ic h  a r e  d e f in e d  b y  th e  f o l lo w - 
in g  d i f fe r e n t ia l  é q u a t io n s  :

A y  =  d x  t a n  (9  qp j i )

do- T  2cr t a n  <f> A 9  =  y { à y  =F ta n  <f> d x )  ___ (4 )

I n  th e  x ,  y  p la n e ,  t h e  f o r e g o in g  c h a r a c te r is t i c  l in e s  f o r m  t w o  
i s o g o n a l  f a m i li e s ,  c o in c id e  w i t h  th e  s l ip  l in e s  a n d  in te r s e c t  e a c h  
o t h e r  a t  th e  a n g le s  2 / i  =  tt/2  — <f>.

L e t  u s  d e te r m in e  th e  l im i t in g  c o n t o u r  o f  a  s t a b le  s e m i-a r c h  
w h ic h  in  it s  lo w e r  p a r t  i s  c h a n g in g  i n t o  a  s lo p e ,  a s s u m in g  t h a t 
a lo n g  th e  h o r iz o n t a l  b o u n d a r y ,  i .e .  a lo n g  t h e  p o s i t iv e  *  s e m i- 
a x is ,  a  u n i f o r m ly  d is tr ib u te d  n o r m a l  p r e s s u r e p  i s  g iv e n  ( F ig . 1 ).

C o n s id e r  s m a ll  v a lu e s  o f  th e  p r e s s u r e  p  w h e n  th e  s e m i-a r c h  
l im it in g  e q u i l ib r iu m  g iv e s  th e  c u r v e  o f  s tr e s s  d i s c o n t in u i t y  O A .

I n  th e  d o m a in  x O A  th e r e  i s  th e  s im p le s t  s tr e s s  f ie ld  w h ic h  is 
d e f in e d  b y  th e  v a lu e s

_  y y +  p +  h
9  = (5 )

1 +  sin</> ’ ” 2

a n d  th e  c h a r a c te r i s t i c  l in e s  a r e  th e  p a r a l le l  s tr a ig h t  l in e s  in c l in e d  
t o  th e  * - a x i s  a t  th e  a n g le s  t t / 2  T  /x.

Sommaire

L a  p r é se n te  é tu d e  e s t co n sa c r é e  à  d e u x  p r o b lèm e s  p la n s  d e 
l ’éq u ilib re  l im ite  d e s  s o ls  c o m p te  ten u  d u  p o id s . L e  sy stè m e  p r in c ip a l 
d e s é q u a tio n s , a p p a rtien t a u  ty p e  h y p e r b o liq u e  e t  a  d e u x  fa m illes  d e 
c a ra ctér is tiq u es  rée lle s .

L e  p r em ie r  p r o b lè m e  v is e  à  co n str u ire  le  c o n to u r  l ib re  cu rv il ig n e 
d ’u n e  s em i-a rch e  s ta b le , d o n t la  p a r tie  in fér ieu re  p a s se  e n  p e n te  e t 
le  d e u x ièm e  p r o b lè m e  tr o u v e  le s  ten s io n s  d e  c o n ta c t su r  le  c o n to u r 
c u rv il ig n e  d e  la  p a r o i r ig id e .

E n  p r in c ip e , la  s o lu t io n  d e  c e s  p r o b lèm e s  a  é té  e ffe c tu é e  à  l ’a id e  d e 
l ’in tég ra tio n  n u m é r iq u e  d e s  é q u a tio n s  d ifféren tie lles  co r r e sp o n d a n te s 
d e s  ca ra ctér is tiq u es , e t  p o u r  les  c a s  p articu lier s, o n  a  d é term in é 
d e s s o lu t io n s , a p p r o c h é e s  te n a n t c o m p te  m ê m e  d u  p o id s .

C o n s id e r  th e  b o u n d a r y  c o n d i t io n s  a lo n g  th e  c u r v e s  O A  a n d  
O B  t a k in g  i n t o  a c c o u n t  t h a t  th e  n o r m a l  a n d  ta n g e n t ia l  s tr e s s 
c o m p o n e n t s  N  a n d  T,  a c c o r d in g  t o  é q u a t i o n  3 , a r e  e x p r e s s e d  
b y  th e  f o r m u la e

N  =  cr[l — s i n <(> c o s  2 (9  — a ) ]  — H

T  =  cr s in  <f> s in  2 (9  — a )  ___  (6 )

o r  b y  th e  s im i la r  f o r m u la e  in  w h ic h ,  in s te a d  o f  a ,  w e  h a v e  /3.

F ir s t  o f  a i l  i t  is  o b v i o u s  t h a t  a lo n g  th e  c u r v e  O A  th e  e x te r i o r  
s tr e s s  c o m p o n e n t s  N  a n d  T  a r e  c o n t in u o u s ,  b u t  th e  in te r io r  
c o m p o n e n t  N '  m a y  b e  d i s c o n t in u o u s ,  c o n s e q u e n t ly  N ' +  ^  N ' _

F ig . 1

L a  se m i-a rch e  e t  le s  ch a m p s d e  te n s io n  d isc o n t in u s

T h e r e f o r e ,  f r o m  é q u a t io n s  5 a n d  6 , a f te r  s im p le  t r a n s f o r m a ­

t i o n s  w e  o b t a in :

s in  ( 2 a  — 9) =  s in  <f> s in  9,  0  <  2 a  — 0 <  ^  

a n d  i n  a d d i t io n

_  y  y  +  p  +  H  s in  2 a  
a  1 +  s in  <f> s in  2 (9  — a )

T h e n  i t  i s  e v id e n t  t h a t  a lo n g  th e  c u r v e  O B ,  w h ic h  i s  a  s e m i- 
a r c h  c o n t o u r ,  th e  s tr e s s  c o m p o n e n t s  N  =  T  =  0 .  T h e r e f o r e , 
f r o m  6  i t  m a y  b e  f o u n d

H

d y
- r  =  t a n  a ,
d;c

(7 )

S  = tan̂ ’ 0  =  |8, (8)
1 — s in  <f>

I n  th e  d o m a in  A O B  th e  s tr e s s  f i e ld  i s  n o t  th e  s im p le s t  a n d  c a n  
b e  d e te r m in e d  b y  th e  n u m e r ic a l  in t é g r a t io n  o f  d i f fe r e n t ia l 
é q u a t io n s  4  o f  c h a r a c te r i s t ic s  u s in g  th e  a b o v e - m e n t io n e d  
b o u n d a r y  c o n d i t io n s  7  a n d  8 a lo n g  th e  c u r v e s  O A  a n d  O B .
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T h e  v a lu e s  o f  th e  a n g le s  a  =  a 0 a n d  /3 =  j90 a t  th e  u p p e r 
p o in t  O  a r e  e x p r e s s e d  b y  th e  g iv e n  p r e s s u r e  p .  I n d e e d ,  a s - 
s u m in g  t h a t  a  =  a 0 a n d  6  =  /30 w e  o b t a in

s in  ( 2 a 0 -  |80) =  s in  <f> s in  0  <  2 a 0 -  /?0 <  | - -- --  (9 )

E q u a t in g  th e  v a lu e s  o f  a  in  c o n d i t io n s  7 a n d  8 w h e n  y  =  0  
w e  s h a ll  f in d  :

1 +  s in  <j> s in  2 (|9 0 — a 0)

s in  <j> s in  2 a 0

y x / c : 0 0 8 0 1 8 0 -3 0 0 -4 3 0 - 6 0 0 -7 9 1 0 1 1 -2 5

y y / c : 0  0 5 0 1 2 0 -2 1 0 -3 0 0 - 4 4 0 -5 9 0 - 7 9 1 0 1

a n d  t h o s e  o f  th e  c u r v e  O B :

y x / c : 0  0 0 0  0 9 0 1 4 0 -2 0 0 - 2 7 0 -3 3 0 -4 0 0 -4 6

y y / c : 0  0 0 0  0 9 0 -1 5 0 -2 2 0 - 2 9 0 -3 8 0 -4 7 0 - 5 6

y x / c : 0 -5 4 0 -6 2 0 -7 0 0 -7 8 0 -8 6 0 -9 3 1 -0 0 1 0 5

y y / c : 0 -7 0 0 -8 3 0 -9 9 1 1 6 1 -3 6 1 -5 7 1 -8 2 2 -0 9

w e r e  o b t a in e d . T h e c h a r a c te r i s t ic l in e s , i . e .  th e s lip l in e s ,  o f

b o t h  fa m i li e s  w e r e  a l s o  c o n s t r u c t e d  ( F ig .  2 ).

I t  is  in te r e s t in g  to  n o t e  t h a t  w h e n  p  =  (2 H  s in  </>)/( 1 — s in  <j>) 
th e  a n g le s

a  =  a 0 = N'+ =  N'.

a n d  th e  d is c o n t in u i t y  c u r v e  tu r n s  i n t o  th e  c h a r a c te r i s t ic  s tr a ig h t 
l in e ,  w h ic h  m a k e s  th e  in c l in a t io n  a n g le  tt/2 — /x w i t h  th e  x  a x is . 
T h e n  th e r e  is  n o  o v e r h a n g in g  p a r t , o n ly  a  s lo p e  w i th  a  v e r t ic a l 
t a n g e n t  a t  th e  p o i n t  O .

A n a ly s e  a  p a r t ic u la r  c a s e  w h e n  th e  n o r m a l  p r e s s u r e  p  =  O , 
a n d  th e  s e m i-a r c h  c o n t o u r ,  th e r e f o r e , h a s  a  h o r iz o n t a l  ta n g e n t 
a t  th e  u p p e r  p o i n t  O  ( F ig .  3 ) .  H e r e  is  th e  w a y  t o  c o n s tr u c t 
a p p r o x im a t e d  s o lu t i o n  n e a r  th e  p o i n t  O , a s s u m in g  t h a t  a  — a 0, 
6  a n d  x ,  y  a r e  s m a ll  a n d  th e  r e la t io n  y / x  i s  a l s o  s m a ll .

B y  in t r o d u c in g  e x p r e s s io n s  3 in t o  e q u i l ib r iu m  é q u a t io n s  1

a n d  b y  e s t im a t in g  th e  o r d e r  o f  th e ir  v a r io u s  te r n is , w e  n e g le c t 
t h o s e  w h ic h  a r e  c o m p a r a t iv e ly  s m a ll .  A p p r o x im a t e ly

~  =  0 ,  (1 -  s i n $ | £  =  y  -  2ct0 s i n < ^  . . . .  (1 1 )

I x
C

-  î ]  . . . .  (1 0 )

I t  i s  n o t  d i f f ic u lt  t o  s h o w  t h a t  f o r  s m a ll  v a lu e s  o f  th e  a n g le s 
a 0 a n d  /30 in s te a d  o f  9  a n d  1 0  w e  h a v e  th e  a p p r o x im a te  
fo r m u la e

Q

a 0 =  (1 +  s in  p  =  H  s in  <f>Po2 =  c  c o s

H e n c e ,  w h e n  p i c  is  f ix e d , th e  a n g le s  a 0 a n d  /30 in c r e a s e  a s  th e  
a n g le  o f  in te r n a i f r ic t io n  <j> g r o w s .

I t  m u s t  b e  n o t e d  t h a t  w h e n  y  =  0  th e  d e s i r e d  c u r v e s  O A  a n d  
O B  b e c o m e  th e  s t r a ig h t  l in e s ,  a n d  th e  s e m i-a r c h  c h a n g e s  in t o  a 
w e ig h t l e s s  a c u t e  w e d g e  o f  a  s o i l  w h ic h  h a s  a lr e a d y  b e e n  c o n - 
s id e r e d  b y  Sha pir o (1952) in  s o m e w h a t  d i f fé r e n t  fo r m .

T h e  in c l in a t io n  a n g le s  a  =  a 0 a n d  j8 =  j90 w h ic h  th e  a b o v e - 
m e n t io n e d  s tr a ig h t  l in e s  O A  a n d  O B  m a k e  w i t h  th e  x  a x is  a r e 
d e te r m in e d  b y  th e  s a m e  f o r m u la e  9  a n d  1 0 ;  fo r  th e  s m a ll  v a lu e s 
t h e s e  a n g le s  a r e  d e te r m in e d  b y  th e  s u i ta b le  a p p r o x im a te d  
f o r m u la e  o r ig in a l ly  o b t a in e d  b y  Shiel d ( 1 9 5 4 ) .

T h e  p r o p e r  w e ig h t  a c t in g  c o m p le t e ly  c h a n g e s  th e  l im i t in g  
e q u i l ib r iu m  o f  a  s o i l  ; t h e n  O A  a n d  O B  b e c o m e  c u r v e d  s o  th a t 
th e  a n g le s  a  a n d  /S a r e  in c r e a s in g  f r o m  a  =  a 0 a n d  =  j90 a t 
th e  p o i n t  O  u p  to  a  =  t t /2  — /x a n d  /3 =  tt — <f> in  th e  l im it .

T h is  p r o p e r  w e ig h t  in f l u e n c e  is  e s p e c ia l ly  e v id e n t  w h e n  th e  
n o r m a l  p r e s s u r e  p  =  0 ;  th e n  th e  w e ig h t l e s s  w e d g e  t u m s  i n t o  a  
h o r iz o n t a l  s e m i-s t r a ig h t  l in e ,  i .e .  i n t o  th e  p o s i t iv e  x  s e m i-a x is , 
a n d  a  w e ig h t f u l  s e m i-a r c h  h a s  o n ly  a  h o r iz o n t a l  ta n g e n t  a t  th e  
p o in t  O .

A s  a n  e x a m p le  th e  s e m i-a r c h  fo r m  fo r  </> =  n / 6  a n d  /30 =  77/4 

w a s  e s t a b l i s h e d .  U s u a l  m e t h o d s  o f  th e  n u m e r ic a l  in t é g r a t io n  
o f  d i f fe r e n t ia l  é q u a t io n s  4  w e r e  a p p li e d .  A s  a  r e s u it ,  th e  
d im e n s io n le s s  c o - o r d in a t e s  y x / c  a n d  y y j c  o f  th e  c u r v e  O A  :

F ig . 2

T h e s e  é q u a t io n s  h a v e  th e  in té g r a is  :

6  =  6 {x ) ,  (1  — s in  <j>)cr =  [ y  — 2 a 0 s in  <f>d’( x ) ] v  +  f { x )

. . . .  (12)

w h ic h  c o n t a i n  t w o  a r b itr a r y  f u n c t io n s  o f  x .

F ig . 3 T h e  se m i-a rch  in  th e  c a se  w h e n  p  =  0 
L a  s em i-a rch e  d a n s le  ca s  o ù  p  =  0

T h e  c o n d i t io n s  7  a lo n g  th e  c u r v e  O A  m a y  b e  r e d u c e d  to

g  =  a = ( l + s i n ^ ,  =  r ^ s i ^  +  CTo(1 “  si n^ 2)

. . . .  (1 3 )

a n d  th e  c o n d i t io n s  8 a lo n g  th e  c u r v e  O B  m a y  b e  w r i t te n  a s

^  =  £  =  6, v  =  <*0 -----  (1 4 )

T h e  in té g r a is  1 2 , a f t e r  d e te r m in in g  th e  a r b itr a r y  f u n c t io n s

A n  e x a m p le  o f  th e  s lip  l in es  fo r  a  sem i-a rch 
U n  e x e m p le  d e s  l ig n e s  d e  g liss em e n t p o u r  u n e  sem i-a rch e
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6 (x )  a n d  f ( x )  f r o m  c o n d i t io n s  13 a n d  1 4 , m a k e  i t  p o s s ib le  t o  
f in d  th e  é q u a t io n s  o f  th e  c u r v e s  O A  a n d  O B :

,  =  ( l + s i n ^ f o, ,  =  24 o ....(15)

a n d  a s  w e l l  t o  g e t  th e  d e s ir e d  f u n c t io n s

_  c70 s in  <f>(i s in  <f> — l ) ( x 2 — 2 R 0y )  a _  x  

a  <7° -  2 / f 02( l  — sin < £ ) Ro

. . . .  (1 6 )

w h e r e  R 0 =  (3 H  s in  i s  t h e  v a lu e  o f  t h e  O B  c u r v a t u r e  r a d iu s 
a t  th e  p o i n t  O ,  a n d

H

^  1 — s in  <f>

T h e  a p p r o x im a t e d  in c l i n a t i o n  a n g le s  o f  th e  c u r v e s  O A  a n d  
O B  t o  th e  x  a x is  n e a r  th e  u p p e r  p o i n t  O  w i l l  b e :

a =  ( l + s i n p =  J X 7 =  ■ yX ■
2  3 H  s in  <j> 3 c  c o s  <f>

H e n c e ,  w h e n  y x j c  i s  f i x e d , th e  a n g le s  a  a n d  j8 a r e  in c r e a s in g  
a s  th e  a n g le  o f  in te r n a i f r i c t io n  </> g r o w s .

P

F ig . 4  T h e  a rch  c o n s is t in g  o f  tw o  id e n tica l  sem i-a rch es

L ’a rch e  q u i c o n s is te  e n  d e u x  sem i-a r c h e s  id e n tiq u e s

T h e  c o n s id é r a t io n s  g iv e n  a b o v e  m a y  b e  t a k e n  t o  d e te r m in e  
c o m p le t e ly  th e  l im i t in g  c o n t o u r  o f  a  s t a b le  a r c h , a s s u m in g  th a t 
a lo n g  th e  h o r iz o n t a l  b o u n d a r y ,  i . e .  a lo n g  th e  x  a x is  a  u n i f o r m ly  
d is tr ib u te d  n o r m a l  p r e s s u r e  p  is  g iv e n ,  b e c a u s e  s u c h  a n  a r c h  
c o n s i s t s  o f  t w o  id e n t ic a l  s e m i-a r c h e s  s y m m e tr ic a l  w i t h  r e s p e c t 
t o  th e  y  a x is  ( F ig .  4 ) .

N o w  l e t  u s  d e te r m in e  t h e  c o n t a c t  s tr e s s e s  a lo n g  th e  w a ll 
c o n t o u r ,  a s s u m in g  t h a t  a lo n g  th e  h o r iz o n t a l  b o u n d a r y  a  u n i ­

f o r m ly  d is tr ib u te d  n o r m a l  p r e s s u r e  p 0 is  g iv e n  ( F ig .  5 ).

F ig . 5  T h e  r ig id  w a ll  a n d  a  d is co n t in u o u s  stress  fie ld

L a  p a r o i r ig id e  e t  le  c h a m p  d e  ten s io n  d isc o n t in u

I n  th e  d o m a in s  A 10 10 x  a n d  x O A  th e  s im p le s t  s tr e s s  f ie ld s 
c o m e  i n t o  b e in g ,  w h ic h  a r e  d e te r m in e d  b y  th e  v a lu e s  5 , w h e r e  
P  =  Po +  y  h- T h e r e f o r e ,  a lo n g  th e  c u r v e  0 \ 0  f r o m  6  w e 
s h a l l  h a v e

xr i i t  i  i i +  s i n 0 c o s 2 j 3  ' 
N + H = ( y y  +  p  +  H )  r  ^

}  . . . .  (1 7 )

r - J

A s s u m e  t h a t  a lo n g  th e  c u r v e  O B  w h ic h  i s  a  w a ll  c o n t o u r  
b e t w e e n  th e  c o m p o n e n t s  N  a n d  T  th e  f o l lo w i n g  r e la t i o n s  
h o l d

T =  ( N  +  t f ) t a n 8 ,  8 < ^

T h e r e f o r e ,  o w in g  t o  6  i t  is  f o u n d  t h a t

s in  [2 (9  -  p )  +  8 ]  =  * 4 ^ ,  0  <  2 (6  -  p )  +  8  <  ?  . . . .  (1 8 )

H e n c e ,  in  th e  m o s t  in te r e s t in g  p a r t ic u la r  c a s e s ,  w h e n  8 =  0  
a n d  8  =  <f>, r e s p e c t i v e ly , w e  s h a l l  h a v e

6 =  p  a n d  9  =  p  +  p

T h e  p o i n t  O  m u s t  b e  s o  c h o s e n  t h a t  th e  c o m p o n e n t s  N  a n d  
T  b e  c o n t in u o u s .  F r o m  é q u a t io n s  17  a n d  18  i t  c a n  b e  fo u n d

P

F ig . 6  T w o  d o m a in s  o f  a  stress  fie ld

D e u x  d o m a in e s  du  c h a m p  d e  ten s io n

t h a t  th e  c u r v e s  O A  a n d  O B  h a v e  th e  c o m m o n  t a n g e n t  in c l in e d  
t o  th e  x  a x is  a t  th e  a n g le  a 0 =  p 0 w h ile

s in  (2 a 0 -  8 ) =  o  <  2 a 0 -  8  <  %
s in  <p 2

I n  th e  d o m a in  A O B  th e  s tr e s s  f ie ld  w i l l  n o t  b e  th e  s im p le s t 
a lr e a d y  a n d  m u s t  b e  d e te r m in e d  b y  th e  n u m e r ic a l  in té g r a t i o n  
o f  d i f fe r e n t ia l  é q u a t io n s  4  o f  c h a r a c te r i s t ic s  a c c o r d in g  t o  th e  
a b o v e - m e n t io n e d  b o u n d a r y  c o n d i t io n  7  a n d  18  a lo n g  th e  
c u r v e s  O A  a n d  O B  ( F ig .  6 ) .

T h e  v a lu e  <j  = ct0 a t  th e  p o i n t  O  m a y  b e  e x p r e s s e d  b y  th e  
p r e s s u r e  p .  I n  fa c t , f r o m  7  a n d  18  w h e n  y  =  0  w e  o b t a in :

p  +  H  s in  2 a 0 
0 1 +  s in  <f> s in  2 ( a 0 — 8)

P-Po

a b

F ig . 7 T h e  r ig id  w a ll  in  th e  c a se  w h e n  8 =  0 
L a  p a r o i r ig id e  d a n s  le  c a s  o ù  S =  0

I t  m u s t  b e  n o t e d  t h a t  w h e n  8 =  <f>, th e  a n g le s

« o  =  Po =  |  N ’+  =  N ' _

a n d  th e  d i s c o n t in u i t y  c u r v e  t u m s  i n t o  th e  c h a r a c te r i s t ic  s t r a ig h t 
l in e  w h ic h  fo r m s  th e  a n g le  tt/2  — y. w i t h  th e  x  a x is .

C o n s id e r  th e  p a r t ic u la r  c a s e , w h e n  8  =  0 , p  =  p 0 a n d , c o n s e - 
q u e n t ly  th e  w a ll  c o n t o u r  h a s  a  h o r iz o n t a l  t a n g e n t  a t  th e  u p p e r  
p o i n t  O  ( F ig .  7 ).

T h e  in té g r a is  1 2  a f t e r  d e te r m in in g  th e  a r b itr a r y  f u n c t i o n s  
6 (x )  a n d  f ( x )  f r o m  c o n d i t io n s  13 a lo n g  th e  c u r v e  O A ,  a n d  th e
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F ig . 8 A n  e x a m p le  o f  th e  s lip  l in e s  fo r  a  c ircu lar  w a ll

U n  e x e m p le  d es l ig n e s  d e  g liss em e n t p o u r  la  p a r o i c ircu la ire

w h e r e  R 0 i s  th e  v a lu e  o f  th e  O B  c u r v a t u r e  r a d iu s  a t  th e  p o in t  O  
a n d

_  P  +  H

a° 1 —  sin<f>

I t  i s  n o t  d i f f i c u lt  t o  s e e  th a t ,  w h e n  p  =  0  a n d  R 0 =  ( 3 / / s i n ^ ) / y ,  
f o r m u la e  1 6  a n d  2 0  g iv e  th e  s a m e  r e s u l t s .

A f t e r  th is ,  le t  u s  g iv e  th e  n o r m a l  c o m p o n e n t  e x p r e s s io n  N  
o n  th e  w a ll  c o n t o u r  n e a r  th e  p o in t  O  a s  th e  f u n c t io n  o f  th e  a r c 
l e n g t h  5. W e  h a v e  :

N  =  p  +  [ y  -  J  ( p  +  H )  s in

A s  a n  e x a m p le ,  a  c i r c u la r  w a ll  o f  r a d iu s  R  f o r  <f> =  t t /6 , 
S =  0  a n d  ( p  +  H ) / ( y R )  =  5  i s  c o n s id e r e d .  N e a r  th e  p o i n t  O  
t h e  a p p r o x im a t e d  f o r m u la e  a r e  ta k e n ,  w h i le  a t  a  d is t a n c e  f r o m  
i t  th e  m e t h o d s  o f  n u m e r ic a l  in t é g r a t io n  o f  d i f fe r e n t ia l  é q u a ­

t i o n s  4  a r e  u s e d .  A n d  s o  th e  d im e n s io n le s s  c o - o r d in a t e s  x j R  
a n d  y j R  o f  th e  c u r v e  O A  :

x / R :  0  0 0  0 - 2 0  0  31 0 -4 3  0 -5 5  0 -6 5  0 - 7 6  0 - 8 9  1 -0 4  1 -2 6

y / R :  0 - 0 0  0  0 2  0  0 4  0  0 7  0  11 0  15  0 -2 1  0 - 2 9  0 - 3 8  0 -5 5

a n d  th e  d im e n s io n le s s  v a lu e s  ( N  +  H ) / ( y R )  f o r  v a r io u s  v a lu e s  
o f  d im e n s io n le s s  l e n g t h  s / R  o f  th e  c u r v e  O B :

s /R :  0  0 0  0 -2 1  0 -3 3  0 - 3 9  0 - 4 8  0 -5 5  0 -6 3  0 - 7 0

( N  +  H ) l ( y R ) : 5 -0 0  4 - 8 6  4 -6 7  4 -5 5  4 -3 5  4 - 1 6  3 -9 7  3 -7 8

s / R : 0 - 7 7  0 -8 6  0 -9 5  1 -0 6  1 -1 7  1 -3 2  1 -4 7  1 -7 4

( N +  H ) / ( y R ) :  3 -5 9  3 -3 5  3 - 1 2  2 -8 5  2 - 6 0  2 - 2 9  1 -9 9  1 -5 4

w e r e  o b t a in e d .  T h e  c h a r a c te r is t i c  l in e s , i .e .  th e  s l ip  l in e s ,  o f  
b o t h  f a m i li e s  a r e  c o n s t r u c t e d  ( F ig .  8 ) .

I n  c o n c lu s io n  w e  s h a l l  n o t e  t h a t  th e  a b o v e  g iv e n  r e s u lt s  a r e 
c o n s id e r a b ly  s im p l if ie d  w h e n  th e  s o i l  h a s  n o  in te r n a i fr ic t io n , 
t h a t  i s  w h e n  <f> =  0 .  T h e n  a  m u s t  b e  c h a n g e d  f o r  a  +  H  a n d  
H  f o r  c  c o t  <f>; b e s id e s ,  th e  l im i t in g  tr a n s i t io n  w h e n  <f> —> 0  a n d  
S - >  0  m u s t  b e  r e a li z e d .  '
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c o n d i t io n  9 =  /? =  x / R 0 a lo n g  th e  c u r v e  O B ,  g iv e  th e  fo r m e r  
é q u a t io n  15 a n d  th e  d e s ir e d  f u n c t io n s :

_  cr0 s in  <f>(3 s in  <f> — l ) x 2 — 2 R 0( 2 a 0 s in  <f> — y R o ) y  
a  a ° ~  2 i? 02( l  -  s i n 0 )

X

e  =  f -  . . . .  (2 0 )
Ko
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