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Analysis of Seepage in Pervious Abutments of Dams 

Calcul des Infiltrations dans les Massifs d'Ancrage Lateraux des Barrages Lorsque ces Terrains 
sont Permeables 

by N. H. TWELKER, Soils Engineer, Shannon and Wilson, Seattle, Washington, U.S.A. 

Summary 

The analysis of seepage in a pervious abutment is a three-dimen
sional problem. Differential equations are presented for the general 
case, in which the lower boundary may vary in elevation, and for a 
special case, in which the lower boundary is horizontal. Two 
methods of solution are presented for the special case, utilizing flow 
nets. One flow net solution is presented for the general case. 
Examples are given for each case. The treatment of anisotropy is 
discussed briefly. 

Introduction 

The local of a dam adjacent to a body of pervious material 
is a common occurrence in glaciated regions. The presence 
of the pervious abutment is the result of filling of the pre-glacial 
valley with alluvial or morainal deposits, followed by the down
cutting of the stream. Remnants of the former valley fill may 
form one or both abutments of an otherwise attractive dam site. 

Seepage through a pervious abutment will be perceived to 
be three-dimensional, as opposed to the usual two-dimensional 
seepage with which the engineer deals. The path of water 
leaking from the reservoir is around the end of the dam and 
down. The boundaries of flow will, in general, consist of a 
lower impervious layer (frequently bedrock), the phreatic 
surface (which is doubly curved), the reservoir wall and river 
bank, and portions of the dam and its appurtenances. The 
assumption of steady-state seepage is both realistic and con
servative for the ordinary situation. 

Previous Work in Three-dimensional Seepage 

Although this problem has been met and dealt with on a 
practical basis at a number of dam sites, no method of seepage 
analysis appears to have been developed. A search of the 
available literature indicates that the study of three-dimensional 
seepage has been confined to wells. Mathematical solutions, 
both numerical and analytical, have been developed for a 
number of well problems. Sand-model, viscous fluid model, 
and electrical analogy model studies have also been employed 
in the solution of well problems. Most of this work applies 
exclusively to wells; however, several contributions in this field 
are sufficiently general to be applicable to the study of pervious 
abutments. 

FoRCHHEIMER (1886), in one of his early papers, started with 
a three-dimensional seepage element bounded by two equi
potential surfaces, two flow surfaces, a horizontal impervious 
lower boundary, and a phreatic surface. Employing Dupuit's 
assumption, he showed that if the depth of flow were great 
enough to allow it to be considered as constant in depth, 
Laplace's equation could be applied 

oZzfoxZ + ()Zzf8y2 = 0 .... (1) 

in which z = height of the phreatic surface above the hori
zontal impervious boundary, x, y = coordinates of the point 
in question on a horizontal plane. 

On the other hand, should the depth be small, so that its 
changes from point to point are appreciable in comparison to 
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its total magnitude, the applicable differential equation was 
shown by Forchheimer to be 

oZ(zZ)foxz + oZ(zZ)foyz = 0 .... (2) 

An example of a radial flow net was presented by TAYLOR 
(1948) in which he demonstrated that the curvilinear quadri
laterals, or fields, would no longer be square, but would have 
sides whose ratio of width (measured transverse to flow) to 
length (in the direction of flow) would vary inversely as the 
radius. This single example is confined to very simple boundary 
conditions and was produced very laboriously by the ordinary 
methods of sketching and erasing. 

Differential Equations of Three-dimensional Seepage 

The equation for the special case (horizontal bedrock) has 
been given by Forchheimer. Inasmuch as a horizontal lower 
boundary may not often be met in practice, it is essential that 
a more general equation be derived. Fig. 1 presents an element 
from a three-dimensional seepage system, having dimensions of 
dx and dy and bounded by a phreatic surface above and an 
impervious layer of variable elevation below. The elevation of 
the phreatic surface is represented by h, and the elevation of the 
lower boundary by r. Seepage is considered to enter two of the 
vertical faces of the element, and depart through the other two, 
the amount flowing into the element exactly equalling the 
amount which flows out. Any vertical filament is considered 
to have the same potential throughout. This is Dupuit's as
sumption; its use in the study of a pervious abutment will 
normally lead to negligible error, since the horizontal dimen
sions of a pervious abutment will usually be much greater than 
the vertical dimensions. The customary assumptions of iso
tropy and homogeneity are also made here. 

From Darcy's law and the continuity equation (neglecting 
higher order terms) the general equation for three-dimensional 
seepage in pervious abutments is obtained. 

azh o2h 
(h- r)axz + (/z- r)ayz = 0 00 00 (3) 

It is noted that this is a non-linear partial differential equa
tion; it is to be expected that its solution will be difficult, or at 

best tedious. 
The Forchheimer equation can be seen to be a special case 

of the general equation by allowing the elevation of the lower 
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boundary to assume a constant value, 'c· The height of the 
phreatic surface above the impervious boundary can then be 
expressed as 

Z = h- l'c 

Solving for h and substituting in equation 1 yields 

zv2z = 0 .... (4) 

using the conventional operator for the sake of brevity. This 

can also be written 

v2(z2) = o 

which is the same as the Forchheimer equation. 

Flow Net Solution of the Special Case 

Occasionally the lower boundary of a pervious abutment may 
be horizontal, or perhaps can be considered horizontal for the 

Phreatic 
h 

Fig. 1 Three-dimensional seepage element 
Volume elementaire dans une infiltration a trois dimensions 

purpose of a preliminary study. This case can be analysed in 
very nearly the same way as the ordinary two-dimensional 
problem by first noting that the Laplacian is in z2 instead of z, 
and then employing the flow net method of solution, as described 
by CASAGRANDE (1937). The method is illustrated in the 
following example. 

Fig. 2 shows the plan view of a pervious abutment of semi
infinite horizontal extent, underlain by a horizontal impervious 
layer. The reservoir wall is considered to be vertical, an as
sumption which is justified by the great length of flow path, as 
compared with the usual slope length of a reservoir. In this 
simplified example zero depth of tail water is assumed. Because 
the length of the seepage path is so great, as compared with the 
vertical dimensions, the effect of a discharge face on the seepage 
pattern can safely be neglected. An impervious cut-off wall 
extends a short distance into the abutment as a means of 
seepage control. 

A flow net is constructed for the above described boundaries, 
employing square fields (just as though this were a two
dimensional problem). The resulting families of curves are 
lines which demark equal quantities of seepage (flow lines) and 
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lines which denote equal drops in z2. The contours of the 
phreatic surface can be quickly determined by recalling that 

Z = h- l'c (5) 

thus, 
h = (z2)t + rc (6) 

The dotted lines in Fig. 2 represent these contours. Seepage 

0 500ft 

Fig. 2 Pervious abutment seepage analysis-special case 
Calcul de !'infiltration dans un massiflateral permeable-cas 

particul ier 

quantity computations can be made by a direct application of 
Darcy's law to any field of the derived flow net. 

Flow Net Analysis Applicable to the General Case 

A different approach to the problem can be made to yield 
flow net solutions for either the general or the special case. 

Hlne 

Horizontal 
H =Total net head reference plane 
ne= No. of equipotential drops 

Fig. 3 Three-dimensional flow net element 
Lignes de courant dans l'espace a trois dimensions 

This is accomplished by considering a three-dimensional seepage 
element whose boundaries are flow surfaces and equipotential 
surfaces. Fig. 3 shows such an element, with two fields pro-



jected on to a horizontal plane. Application of Darcy's law 
to the first field gives: 

q_ = iA = (_!!_ )b1(hi - r1) 
k ned: 

.... (7) 

and to the second field, 

CJ. - (_!!_ )bihz - rz) 
k nedz 

.... (8) 

These equations are identical; moreover, this relationship can 
be extended to the remaining potential drops in the net, so that 

(h )
bl bz bn 

1 - r1 J;, = (hz - rz)d
1 

= (hn - rn)d, = C . . . . (9) 

Inspection of this relationship discloses that the field ratio 
b/d, varies inversely with the depth of flow, h - r. If a flow 
net is imagined to be superposed on a contour map of the 
bedrock and each field somehow adjusted so that: 

(h - r)bfd = C .... (10) 

the resulting pattern would be the solution of the seepage 
problem. 

This method can be applied as a check on the example of 
the special case previously solved. Substituting equation 6 in 
equation 10 yields 

zb/d = C .... (11) 

If five equal drops in potential are assumed between elevation 
200 (pool level) and the discharge elevation of 100, the average 
values of z within each drop would be: z = 90; z = 70; z = 50; 
z = 30; z = 10. It is necessary only to select some value for 
C such that the field ratios in fields 1 and 5 will have approxi
mately the same degree of elongation, in order to avoid the 
inconvenience of very long, narrow fields. Selecting a value 
of 30 for C results in field ratios which appear in Table I. 

Table 1 

Potential drop Av. z Field ratio 

1 90 0·33 
2 70 0·43 
3 50 0·60 
4 30 1·00 
5 10 3·00 

The solution is effected by constructing a flow net in which 
each of the fields in each potential drop is adjusted to the ratios 

prescribed in Table 1. The three-dimensional flow net thus 
obtained is shown in Fig. 4, and it is, of course, the same as the 
solution previously obtained for this problem. 

To demonstrate the application of this method to the general 
case, the example shown in Fig. 5 is presented. This is similar 
to the previous example, except for the presence of irregularly 
sloping bedrock and 20 ft. of tail water. The flow net is 
adjusted in accordance with equation 11, in which values of r 
for any given field are obtained from the contour map of bed
rock. The solution is begun by selecting a definite number of 
potential drops in order to fix values of h1 and h2, etc. As 

bld=O·JJ 

Z=IOOft. 

h=200ft. 

rc =100ft. 

Re:servoir 

500ft. rc= 100ft. 

Fig. 4 Three-dimensional flow net solution-special case 

Reseau des !ignes de courant dans l'espace a trois dimensions 
-<:as particulier 

before a value of C is selected, with the principal consideration 
of avoiding elongate fields as far as possible. With values of h 

and C fixed, a relationship can be plotted for rand bfd for each 
potential drop. Thus a series of curves is created which 
govern the field ratios for each potential drop throughout the 
flow net. Five potential drops were used, and a value of 
C = 28 was selected. The five governing curves which result 
are shown in Fig. 6. The solution is reached when all fields 
are adjusted in accordance with these curves. Incidental to the 
solution is the intersection of the phreatic surface with bedrock. 

Comparison of Flow Net Adjustment Formulae with Differential 
Equations 

A consistent relationship is shown to exist between the equa
tions used in adjustment of the flow nets and the differential 
equations for the various types of seepage, as Table 2 illustrates. 

Intersection of phreatic surface and bed rock 
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Fig. 5 Seepage analysis of pervious abutment-general case 

Calcul de !'infiltration dans un massif lateral permeable-cas general 
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Table 2 

Comparison of flow net adjustment formulae with differential 
equations 

Compariason des formules pour l'ajustement des reseau de lignes 
du courant avec des equations differentielles 

Case 

Two-dimensional 

Three-dimensional special case I 

Three-dimensional general case 

Three-dimensional general case 
with impervious upper 
boundary* 

Differential 
equation 

Flow net 
adjustment 

b 
(h- r)d = C 

• B = elevation of upper boundary (artesian condition) 

Mechanical Flow Net 

An attempt to construct a net whose field ratios are governed 
by the set of curves just described, using the ordinary method 

4 hav.=f10fl. 

3 

2 

1 

0 20 40 60 120 

3 

2 

hav..=90fl. 

/ b/d2 
/ 

/ 

V) 

0 ._g 20 40 100 120 
0 .... 

1:) 3 
Q; 

iJ: 2 

hiM= 70ft. 
J b-/d3 

I 
/ 

/ 

0 20 40 60 80 100 120 

2 
have= 50ft. 

1 

60 80 100 120 

2 hov~30ft. 

0 20 40 60 80 100 120 

Bed rock contours ft. 

Fig. 6 Field ratio curves for example of Fig. 5 

Courbes de variations du rapport b/d dans l'exemple de Ia 
Fig. 5 

of sketching and erasing, leads to such discouraging results that 

it is quickly apparent that some other method of constructing 
a flow net would be very desirable. A mechanical flow net 

was therefore devised in which the flow lines and equipotential 
lines are represented by 0 ·020 in. music wire, and the boundaries 
by 0·041 in. wire. In order to maintain the orthogonal 
relationship between the two families of curves, small links 
were fashioned from brass tubing, and drilled in such a manner 

that while sliding was permitted, angular tolerance was at a 
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m1rumum. The details of the links are shown in Fig. 7, and a 
photograph of a portion of a mechanical flow net appears in 

Fig. 8. 
Loosely coiled stainless steel fishing leader is used for the 

interior wire, and drill rod for the boundaries. The boundary 

3/16 in.diam. brass tubing 

Interior link Boundary link 

Fig. 7 Details of links for mechanical flow net 
Details des fils pour representation mecanique du reseau des 

!ignes de courant 

wires are cut and bent to the proper shape, and then pinned to 
a large sheet of fibre board. Inasmuch as the wire cannot be 
tightly bent without causing a permanent set, or at least 
difficulty in moving the links, the scale to which the solution is 

constructed is much greater than would be the case in the sketch-

Fig. 8 Photograph of portion of mechanical flow net 
Photographie d'une portion d'une representation mecanique 

des lignes de courant 

and-erase method. Mter the flow net is 'threaded up' the 
adjustment proceeds according to the curves which govern the 

field ratios. Flow channels may be added or subtracted during 
the adjustment. The outermost flow channel is usually a 

fractional flow channel, and the field ratios of this channel must 
be multiplied by its percentage of a full channel. Adjusted 
fields are held in place with map tacks. Adjustment cannot take 



place in one field at a time, however, due attention must be paid 
to the appearance of the entire net. 

Effect of Anisotropy 

Because of the initial adoption of Dupuit's assumption, the 
study of the effects of anisotropy cannot be undertaken directly 
with the ordinary method of transformed sections. A method 
of approximating these effects has been developed utilizing two
dimensional analyses of transformed profiles, taken along the 
paths of flow. Prior to the transformation of the dimensions 
of the flow-profile the lower boundary is modified to com-

pensate for the horizontal vanat10n in thickness of each 
individual flow channel. The effects of anisotropy may be 

small, however, if the length of the flow line is very much 
greater than the total net head. 
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