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Session 4/19

Determination by the Theory of Plasticity of the Bearing 

Capacity of Continuous Footings on Sand
Détermination de la force portante d’empattements sur sable par la théorie de plasticité

by H . L u n d g r e n , Professor, D r. techn., and K n u d  M o r t e n s e n , M .S c ., Soil M echanics L aboratory, T echnical U niversity o f  

D enm ark, C openhagen, D enm ark

Summar y

By means of  t he t heor y of  pl ast i ci ty,  met hods ar e devel oped f or  

t he exact  det er mi nat i on of  t he r upt ur e l i nes as wel l  as t he bear i ng 

capaci t y of  cont i nuous f oot i ngs on a hor i zont al  sand sur f ace f or  any 

val ue of  t he sur f ace l oad.  The met hods ar e appl i cabl e t o r ough as 

wel l  as t o smoot h f oundat i ons.

For  a r ough base and (p = 30° , Nv i s f ound t o be 14.8,  whi ch is 

onl y 70% of  t he val ue general l y appl i ed i n t he Terzaghi f or mul a.  

Thi s f or mul a is based upon a l i near combi nat i on of  t wo t er ms con­

t ai ni ng y (uni t  wei ght )  and q (sur f ace l oad),  respect i vel y.  Thi s paper  

shows t hat  t he l i near combi nat i on is up t o 17% conservat i ve.

Sommai r e

Cet t e communi cat i on ét udi e l’empl oi  de l a t héor i e de l a pl ast i ci té 

pour  l a dét er mi nat i on de l a f orce por t ant e des f ondat i ons de l on­

gueur  i nf i ni e r eposant  sur  du sabl e.  En appl i quant  l a t héor i e de l a 

pl ast i ci té l es aut eurs ont  devel oppé des mét hodes pour  l a dét er mi na­

t i on r i gour euse des l i gnes de gl i ssement  et  de l a f orce por t ant e des 

empat t ement s r eposant  sur  une sur f ace de sabl e hor i zont al e avec une 

sur char ge arbi t rai re.  Les mét hodes sont  appl i cabl es à des f ondat i ons 

r ugueuses aussi  bi en qu’à des f ondat i ons l i sses.

Pour  des f ondat i ons r ugueuses et  q> = 30° , Ny est  cal cul é à 14, 8;  

cet t e val eur  représent e seul ement  70% de l a val eur  génér al ement  

empl oyée dans l a f or mul e de Terzaghi. Cet t e f or mul e est  basée sur  

une combi nai son l i néai re de deux t er mes cont enant  r espect i vement  y 
(poi ds spéci f i que) et  q (surcharge).  Dans cet  exposé,  il est  démont r é 

que l ’empl oi  de l a combi nai son l i néai re donne une mar ge mont ant  

j usqu’à 17%.

Gener al  Pr i nci pl es

Fi g.  1 shows an i nf i ni t esi mal  el ement  of  a sand mass,  whi ch 

i s assumed t o be i n t he st at e of  t wo- di mensi onal  pl ast i c f l ow 

wi t h t he i nt er medi at e pr i nci pal  st ress <r2 per pendi cul ar  t o t he 

paper  pl ane.  The maj or  and mi nor  pr i nci pal  st resses at  a poi nt  

sat i sf y t he rel at i on

a x +  a 3

wher e <p i s t he angl e of  i nt er nal  f r i ct i on.  The pl ane cont ai ns 

t wo syst ems of  r upt ur e l i nes,  t he a- l i nes and t he /3-l i nes,  whi ch

71
i nt ersect  at  an angl e of  — +  q>. The el ement  i n Fi g.  1 i s en­

cl osed by t wo set s of  consecut i ve r upt ur e l i nes.

Fr o m t he equat i ons of  equi l i br i um t he f ol l owi ng rel at i ons 

ma y  be der i ved af t er  some cal cul at i on:

— ( I n t +  2 6 t an <p) = — si n (0 +  <p) (2)
t

Fig. 1 Stresses A cting on an Infinitesim al Element between Rupture  

Lines
Contraintes d ’un élém ent infinitésim al entre des lignes de glisse­
ment
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—  (I n t -
o s ,

■ 2 0 t an rp) = — cos 0 (3)

Her e dsx and 3i 2 ar e t he l engt h el ement s al ong t he r upt ur e 

l i nes; t i s t he t ot al  st ress on t he f aces of  t he el ement  ( f or mi ng 

t he angl e <p wi t h t he nor mal ) ;  0 i s t he cl ockwi se angl e f r om 

t he hor i zont al  t o t he posi t i ve a- di r ect i on;  and y i s t he uni t  

wei ght  of  t he sand.  Eqs.  ( 2- 3)  ma y  be consi der ed as a t r ans­

cr i pt i on of  t he wel l - known Kotter’s equat i on,  Kotter (1888) .

I f  t he poi nt s a and b (Fi g.  1) ar e gi ven,  as wel l  as t he val ues 

of  0 and t at  t hese poi nt s,  t he poi nt  c can be f ound by i nt er ­

sect i ng t he /3-l i ne t hr ough a and t he a- l i ne t hr ough b, and Eqs.  

( 2- 3)  can be used t o det er mi ne t he val ues of  0 and t at  poi nt  c. 
By  r epeat ed appl i cat i on of  t hi s pr ocedur e i t wi l l  be seen t hat  

t he whol e syst em of  r upt ur e l i nes bet ween a gi ven a- l i ne and 

a gi ven /9-l i ne can be f ound,  pr ovi ded t hat  t he val ues of  t al ong 

t hese l i nes ar e known.  Thi s met hod of  const r uct i ng t he l i nes 

of  r upt ur e i s a speci al  exampl e of  “ t he gener al  met hod of  

char act er i st i cs” , whi ch i s c ommonl y  used f or  sol vi ng par t i al  

di f f erent i al  equat i ons of  t he hyper bol i c t ype.  The met hod of  

charact er i st i cs has been appl i ed t o pl ast i c f l ow pr obl ems i n 

pur el y cohesi ve mat er i al s by sever al  aut hor s,  f or  exampl e 

Ischlinslcy (1944) .

As  shown bel ow t he met hod of  char act er i st i cs can be used 

t o f i nd t he whol e syst em of  r upt ur e l i nes under  a cent ral l y 

l oaded f oot i ng of  wi dt h b r est i ng on a hor i zont al  sur f ace of  

sand whi ch,  out si de t he f oot i ng,  car r i es a uni f or m sur f ace l oad 

q. The syst em of  r upt ur e l i nes depends par t l y on t he r oughness 

of  t he base and par t l y on t he di mensi onl ess rat i o yblq. I n t he 

sect i ons bel ow t he whol e r ange of  t hi s par amet er  f r om zer o t o 

i nf i ni t y wi l l  be consi der ed.

Wei ght l ess Sand wi t h a Sur f ace L o a d

Wh e n  y = 0 and t he base i s smoot h,  t he bear i ng capaci t y 

pr obl em i s easi l y sol ved.  The sol ut i on shown i n Fi g.  4a was 

f ound by Prandtl ( 1920) .  Each a- l i ne consi st s of  t wo st r ai ght  

el ement s and a par t  of  a l ogar i t hmi c spi ral ,  wher eas al l  t he 

/3-l i nes ar e st rai ght .  The t wo t r i angl es wher e al l  r upt ur e l i nes 

ar e st r ai ght  pr esent  Ranki ne zones.

For  a r ough base t he same syst em of  r upt ur e l i nes appl i es,  

t he onl y modi f i cat i on bei ng t hat  t he Ranki ne zone under  t he 

f oot i ng wi l l  be i n an el ast i c st at e (Fi g.  4 b). Si nce el ast i c de­

f or mat i ons ar e negl ect ed i n compar i son wi t h pl ast i c def or ma­

t i ons,  t he t r i angl e under  t he f oot i ng may  be consi der ed r i gi d.

For  y =  0 t he r i ght  hand si des of  (2) and (3) vani sh.  Hence 

t i s a const ant  al ong st r ai ght  r upt ur e l i nes.  I n t he Ranki ne 

zone above OA

t = q t an (4)

I n t he zone OA C t he f ol l owi ng r el at i on can be der i ved f r om

(3),  AC bei ng a /?-l i ne:

(
n <p\ r  /  71 q>\

T + y )  - exp 2 I 0 — — +  —  I t an <p (5)

t ual l y r each t he sur f ace out si de t he f oot i ng.  Si nce t hi s di s­

cussi on i s beyond t he scope of  t hi s paper ,  i t wi l l  si mpl y be 

assumed t hat  t he pl ast i c zones do ext end t o t he sur f ace.  Then 

i t f ol l ows t hat  Ranki ne zones exi st  above t he l i nes OA.
The const r uct i on of  t he r upt ur e l i nes by t he met hod of  

char act er i st i cs must  st ar t  f r om OA and i n al l  di r ect i ons f r om O. 
I t  i s evi dent  t hat  i n t he i mmedi at e vi ci ni t y of  t he edge O t he 

wei ght  of  t he sand has negl i gi bl e i nf l uence,  t he st resses bei ng 

det er mi ned onl y by t he sur f ace l oad,  f or  whi ch t he Prandtl 
( 1920)  sol ut i on i s known.  Ther ef or e,  t he subsequent  consi der a-

Fig. 2 R upture Lines near the E dge o f  the F ooting  

a  =  Sm ooth  B ase b = R ough Base  

Lignes de g lissem ent près du bord de la fon dation  

a = fon dation  lisse b = fon dation  rugueuse

t i ons wi l l  deal  wi t h t he st at e of  st ress near  t he edge;  cf .  Fi g.  2 

wher e t he wi dt h of  t he f oot i ng i s assumed t o be ver y l arge.  

Al ong OA t he st resses ar e gi ven by t he expr essi on

(6)

7 1  < f

wher e 0 =  —-- - — al ong t he a- l i ne OA wi l l  r educe (5) i nt o (4)

and t hus sat i sf y t he boundar y condi t i on al ong t hi s l i ne.

Th e  Sand Has  Wei ght  and Car r i es a Sur f ace Load

I n t hi s case (Fi gs.  4c-d) i t wi l l  be a quest i on of  t he pl ast i c 

f l ow pr oper t i es of  t he sand whet her  t he pl ast i c zones wi l l  ac­

wher e s1 i s measur ed f r om O. At  t he poi nt  of  si ngul ar i t y O t he 

val ues of  0 and t wi l l  be desi gnat ed 0O and /0. Fr o m t hi s poi nt ,  

f or  a smoot h base (Fi g.  2a) ,  a f ami l y of  a- l i nes r adi at e cover i ng 

t he r i ght  angl e bet ween t he l i nes OA and O- 3- 7,  i .e. f or  t hese

71  <p 3 71  <p

a- l i nes 0O var i es f r om —- - - - - t o — - - - - - - . The cor r espondi ng
4 2 4 2

val ues t 0 can be f ound f r om (5) i f  0 i s subst i t ut ed by 0O. The 

a- l i nes t o t he l ef t  of  O-3- 7 st ar t  f r om t he base under  t he same 

angl e as 0- 3- 7 (cf .  Fi g.  4a). A  /S-l i ne i n t he vi ci ni t y of  O con­

si sts,  as i n t he Prandtl case,  of  t wo st r ai ght  par t s and a l oga­

r i t hmi c spi ral .  Wi t h t hese r emar ks suf f i ci ent  boundar y con­

di t i ons ar e gi ven f or  t he const r uct i on of  t he whol e syst em of  

r upt ur e l i nes (cf .  t he sequence 1, 2,  .. .  9 of  poi nt s) .  Wh e n  

mov i ng away  f r om O, t he a- l i nes cur ve because of  t he i nf l uence 

of  y.
For  a r ough ( and ver y wi de)  f oot i ng,  Fi g.  2b, t he l ogar i t hmi c 

spi ral  near  O cont i nues t o t he base.  The a- l i nes r adi at i ng f r om O 
cover  t he whol e angl e bet ween OA and t he base wi t h 0o- val ues

71  <p

var yi ng f r om —- - - — t o n. On  t he whol e,  t he const r uct i on of

r upt ur e l i nes pr oceeds i n t he same manner  as f or  t he smoot h 

base (cf .  t he sequence 1, 2,  .. .  13).  The cur ve 0- 5- 11 i s t he 

l ast  a- l i ne r adi at i ng f r om O.  The subsequent  a- l i nes st ar t  f r om 

t he base t o t he l ef t  of  O,  and si nce t he base i s r ough,  t hey ar e 

al l  t angent i al  t o t he base at  t hei r  st ar t i ng poi nt s.  The cur ve 

6- 12 i s one of  t hese a-l i nes.
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Fi gs.  2a-b show t he r upt ur e l i nes onl y i n t he vi ci ni t y of  t he 

edge (cf .  t he l engt h q/y i ndi cat ed i n t he f i gure).  The syst em of  

l i nes i n a l ar ger  r egi on wi l l  appear  f or  a r ough base f r om Fi g.  3 

( f or  whi ch t he scal e i s about  1/ 10 of  t hat  f or  Fi g.  2).

For  a f oot i ng of  f i ni t e wi dt h b, t he wi dt h must  be pl ot t ed 

i n Fi g.  3 t o t he same scal e as qly. Wh e n  t hi s i s done,  a si mi l ar  

syst em of  r upt ur e l i nes must  be i magi ned t o exi st  under  t he l ef t  

si de of  t he f oot i ng.  The resul t  of  t hi s symmet r i zat i on i s t he 

f ai l ure condi t i ons i l l ust rat ed by Fi g.  A c f or  a smoot h base and 

Fi g.  Ad f or  a r ough base.  Fi g.  Ac r equi r es no f ur t her  expl a-

Fig. 3 R upture Lines under a R ough B ase for <p  =  30°
Lignes de g lissem ent sous une fon dation  rugueuse pou r <p =  30°

nat i on.  I n Yig.Ad t he “  t r i angl e”  OOCc a n  be consi der ed r i gi d.  

The poi nt  C i s f ound on t he axi s of  symmet r y by t he condi t i on

3 71 <p
0 =  — - - - - —f or  t he a- l i ne O C f r om t he r i ght  edge,  t hus gi vi ng

a smoot h t r ansi t i on at  poi nt  C bet ween t he l i nes f r om t he r i ght  

and t he ( symmet r i cal )  l i nes f r om t he l eft.

I t  shoul d be ment i oned t hat  al l  f i gures i n t hi s paper  ar e 

dr awn f or  q> = 30° . The sol ut i on i n Fi g.  3 has been car r i ed so 

f ar  t hat  i t can be used f or  f oot i ngs wi t h val ues of  yb/q l ess t han 

11. 4.  For  smal l er  val ues of  t hi s par amet er  t he a- l i ne i n Fi g.  Ad 
t hat  f or ms t he boundar y of  t he r i gi d zone wi l l  ext end f r om C 

t o t he edge O. For  val ues l ar ger  t han 11. 4 t he a- l i ne f r om C 

wi l l  not  ext end t o t he ver y edge,  but  i t wi l l  become t angent i al  

t o t he base at  some di st ance f r om t he edge wher e i t wi l l  st op 

(cf .  t he a- l i nes i n Fi g.  2b).
The wi der  t he f oot i ng,  t he l ess i nf l uence has q on t he f ai l ure 

l oad.  Ther ef or e,  t he deepest  /3-l i nes i n Fi g.  3 must  be expect ed 

t o be ver y si mi l ar  t o t he r upt ur e l i nes f or  t he case q =  0.  As  

a mat t er  of  f act ,  t he const r uct i on i n t hi s f i gur e has been car r i ed

F /g. 4 o - f

Fig. 4 R upture Lines under Sm ooth and Rough Bases for <p  =  30° 

Lignes de glissement sous des fondations lisses et rugueuses 

po u r q> =  30°

so f ar  t hat  t he di f f er ence i n f ai l ure l oad i s rel at i vel y smal l .  

However ,  i t woul d not  be f easi bl e t o cont i nue t he const r uct i on 

t o i nf i ni t y.  Ther ef or e,  t he case q = 0 i s di scussed separ at el y 

bel ow.

Th e  Sand Ha s  Wei ght ,  but  Car r i es no Sur f ace Load

Thi s case can be sol ved by means of  t he di f f erent i al  equa­

t i ons and t he boundar y condi t i ons by t he met hod used by 

v. Kdrman ( 1926)  f or  t he pr obl em of  act i ve ear t h pr essur e on 

a ver t i cal  wal l  wi t hout  sur f ace l oad.  I n our  pr obl em t he wal l  

i s subst i t ut ed by t he f oot i ng and act i ve pr essur e by passi ve 

pr essur e.  The edge O of  t he f oot i ng (Fi gs.  4 e-f) cor r esponds 

t o t he t opmost  poi nt  of  t he wal l .

The pr obl em i s mat hemat i cal l y si mpl e because i t depends 

upon t he sol ut i on of  or di nar y di f f erent i al  equat i ons onl y.  Thi s 

i s due t o t he f act  t hat  al l  r upt ur e l i nes ar e si mi l ar  wi t h O as t he 

poi nt  of  si mi l ar i t y.

Fr om t he equat i ons of  equi l i br i um and t he condi t i on of  

f ai l ure t he f ol l owi ng t wo di f f erent i al  equat i ons can be der i ved 

af t er  a good deal  of  cal cul at i on:

dm
( cos 2 w —  cos 2a) ——  +  m si n 2 w = 2 cos2a • cos (0 —  2w), 

do

I 1 „  \  dm „  . „  dw .
- - - - - - - - - cos 2 w I - - - - - 1- 2m s m 2w———  3m si n 2w

' cos 2a /  dd de

2c os 2a
= - - - - - - - cos 0 .

C O S  2 a

71  w  (T3

Her e a = - - - 1- - - and m = —  , whi l e r denot es t he r adi us vec-
4 2 yr

t or  f r om O, w denot es t he angl e bet ween cr3 and r, and 0 de­

not es t he angl e bet ween t he hor i zont al  and r.
n  <p

The boundar y condi t i ons f or  0 =  —- - - — (at  t he Ranki ne

zone)  are:  w =  tc — a and m = cos a;  and f or  0 =  n (at  t he 

base) : w =  n f or  a smoot h base and w =  n —  a f or  a r ough 

base.

The numer i cal  i nt egr at i on must  st ar t  f r om t he base,  wher e 

onl y one boundar y condi t i on i s gi ven.  Ther ef or e,  t he val ue of  

m at  t he base must  be est i mat ed and i mpr oved by t ri al  and

n  rp
er r or  unt i l  t he boundar y condi t i ons f or  0 =  — — — ar e sat i s­

f i ed (Damgaard, 1951) .

For  a smoot h base t he l i nes of  r upt ur e ar e sket ched i n Fi g.  Ae. 
For  a r ough base t he resul t  of  t he cal cul at i on i s shown i n 

Fi g.  Af. Thr ough O onl y one a- l i ne (OA) passes.  The a- l i nes 

t o t he l ef t  of  OA ar e al l  t angent i al  t o t he base at  some di st ances 

f r om t he edge.

For  a f oot i ng of  gi ven wi dt h t he symmet r i zat i on i s done i n

t he same way  as i n Fi g.  Ad. Let  Q be t he poi nt  wher e t he

a- l i ne boundar y bet ween t he pl ast i c and el ast i c zones t ouches

t he base.  Then t he cal cul at i ons have gi ven t he f ol l owi ng

b b 
val ues:  OQ = 0. 104 — ; 0C =  140.8° ;  and OA = 2. 13 — .

Bear i ng Capaci t y

Si nce n o w t he syst em of  r upt ur e l i nes i s k nown f or  any val ue 

of  yblq, Fi g.  Ad gi vi ng a compl et el y smoot h t r ansi t i on bet ween 

4 b and 4/ ,  t he cor r espondi ng bear i ng capaci t i es can be easi l y 

comput ed.
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Fig. 5 Variation o f  n in (7)
V ariation de v  dans la form ule (7)

If, i n anal ogy t o Terzaghi's f or mul a,  t he bear i ng capaci t y 

i s wr i t t en as

Puh. =  /* (qNq + y y  Ny j  , (7)

t he coef f i ci ent  ¡1 wi l l  depend upon <p, t he rat i o yblq, and t he 

r oughness,  wher eas Nq and Ny ar e t he bear i ng capaci t y f act or s 

cor r espondi ng t o y =  0 and q =  0,  respect i vel y.

For  <p =  30°  t he val ues Ny =  14. 8 and Nq =  18. 3 have been 

f ound.  The coef f i ci ent  /j. i s pl ot t ed as f unct i on of  yblq i n Fi g.  5.  

I t  i s not ewor t hy t hat  t he val ue of  Ny amount s t o onl y 70 % of  

t he val ue usual l y appl i ed (e.g.  Meyerhof, 1951) .  I n t he Terzaghi

f or mul a ft i s negl ect ed; f r om Fi g.  5 i t appear s t hat  t hi s gi ves 

saf e val ues wi t h an er r or  not  exceedi ng 17%.

Fi nal l y,  i t must  be emphasi zed t hat  al l  t he syst ems of  r up­

t ur e l i nes i n t hi s paper  have been der i ved f r om pur e st ress con­

si derat i ons.  Ther ef or e,  t hey ar e st at i cal l y possi bl e,  but  t hey 

ma y  be or  ma y  not  be ki nemat i cal l y possi bl e dependi ng on t he 

act ual  st rai n pr oper t i es of  t he sand dur i ng pl ast i c f l ow.

Ther ef or e,  t he bear i ng capaci t i es f ound ma y  be sl i ght l y con­

ser vat i ve because t he “ act ual ”  f i gur e of  f ai l ure ( whi ch woul d 

i ncl ude sever al  r i gi d bodi es)  must  cor r espond t o a hi gher  l oad 

(cf .  Prager and Hodge, 1951) .

At  t he pr esent  st age of  knowl edge,  however ,  we t hi nk t hat  

t he bear i ng capaci t i es f ound by t he t heor y of  pl ast i c st resses 

must  be consi der ed a sat i sf act or y appr oxi mat i on t o t he t r ue 

val ues.
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