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Session 4/25

On the Bearing Power of Soil under a Uniformly Distributed 

Circular Load
De la force portante du sol sous une charge circulaire uniforme

by  T.  M i z u n o , Pr of essor  at  t he Facul t y of  Engi neer i ng,  Ky us hu  Uni ver si t y,  Fuk uok a,  Japan

Su mma r y

The aut hor  r epor t s of  a pr ocess t o det er mi ne t he bear i ng val ue 

and t he sl i di ng sur f ace of  soi l  under  an axi al  symmet r i c uni f or m 

ci r cul ar  l oad,  under  t he same consi der at i ons as i n a t wo- di mensi onal  

pr obl em r epor t ed i n a pr evi ous paper  (Mizuno, 1948) .

The t ransi t i on r egi on bet ween t he wedge of  act i ve ear t h pr essur e 

bel ow t he l oadi ng ar ea and t he r egi on of  passi ve ear t h pr essur e i n 

t he out er most  par t  i s di vi ded i nt o a number  of  smal l  sol i ds.  For  t hese 

sol i ds t he equi l i br i um condi t i on of  f or ces ar e appl i ed successi vel y 

and at  t he same t i me t he sl i di ng sur f ace i s dr awn by means of  t he 

sl i di ng condi t i on,  st ress component s bei ng f ound by Mohr's ci rcl e.  

An d  i n such a way  at  l ast  t he bear i ng capaci t y can be obt ai ned.

At  t he end of  t hi s paper ,  a di agr am of  t he bear i ng power  i s gi ven.

Sommai r e

L ’aut eur  r end compt e d ’un pr océdé pour  dét er mi ner  l a r ési st ance 

du sol  et  sa sur f ace de gl i ssement ,  sous une char ge de f or me ci r cu­

l ai re symét r i que par  r appor t  à l ’axe vert i cal ,  et  di st r i buée uni f or mé­

ment .  Ce résul t at  s’obt i ent  par  l a mê me  consi dér at i on que dans l e 

cas du pr obl ème à deux di mensi ons r appor t é pr écédemment  (Mi- 
zuno, 1948) .

La r égi on de t ransi t i on,  ent r e l e coi n de pr essi on act i ve sous l a 

base d ’appui  et  l a r égi on de pr essi on passi ve l e pl us ext ér i eure,  est  

di vi sée en beaucoup de pet i t s sol i des.  On  appl i que successi vement  

aux di t s sol i des l es condi t i ons d’équi l i br e et  de gl i ssement ,  t out es 

l es composant es des ef f or t s ét ant  données par  l e cer cl e de Mohr. 
Ai nsi ,  on dét er mi ne f i nal ement  l a sur f ace de gl i ssement  et  l a capa­

ci t é por t ant e.

L ’aut eur  donne àl a f i n decet r ai t é un di agr amme déchar gé por t ant e.

Gener al  As s umpt i ons

I n Fi g.  1,  l et  p be t he l oad i nt ensi t y f r om a st r uct ur e havi ng 

t he di amet er  2 b and q be t he sur char ge i nt ensi t y out si de t he 

st r uct ur e base.

Fig. 1 General A ssum ptions on Loads and Stresses
Suppositions générales concernant charges et efforts

Th e  aut hor  assumes  t hat ,  bel ow t he bear i ng ar ea,  t he wedge 

of  act i ve ear t h pr essur e woul d  t ake pl ace,  al t hough s ome  

aut hor s suggest  ot her  shapes of  wedge (K. Terzaghi, 1948;  

J. Ohde, 1952) .  Th e  passi ve ear t h pr essur e r egi on i s as s umed 

t o ar i se i n t he out er most  par t .  Then,  i f  q i s t he angl e of  i nt er nal  

f r i ct i on,

<ABC = 0o = j + j  

and

<NBD = n — 0n = — —  —  
4 2

(1)

(2)

At  t he i nst ant  of  sl i di ng,  t he uni f or m l oad p i s consi der ed 

t o be di vi ded i nt o t he f ol l owi ng t wo par t s: p' whi c h i s r esi st ed 

by  t he uni f or ml y di st r i but ed r eact i on p„ on  t he coni cal  sur f ace 

BC and A C, a n d p" whi c h i s r esi st ed by  t he t r i angul ar  r eact i on 

p'o on t he s ame sur f ace.  We  have

P =P' + p" (3)

On  t he wedge sur f ace,  t he act i ve ear t h pr essur e pi ,“' due t o 

t he wei ght  of  soi l  i s t o be added t o t he above r eact i ons.
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As,  at  t he i nst ant  of  sl i di ng,  p'„ and p i — p", +  p 1,',“ al ong 

BC shoul d ma k e  an angl e g wi t h t he nor mal  t o t hi s l i ne,  we  

obt ai n t he f ol l owi ng val ues by  t he equi l i br i um condi t i ons of  

t he cone ABC.

Stresses along BC  and  BD

p'o =

Po

p cot  0,

3 p"r
cot  0o cos 0„

= yr cos 0o

(4)

(5)

(6)

Wher e,  y i s t he uni t  wei ght  of  soi l .

Si mi l ar l y p'n and p„ al ong BD, t he f or mer  bei ng t he st r ess 

due t o t he sur char ge q and t he l at t er  t he st r ess due t o t he 

wei ght  of  soi l ,  shoul d ma k e  an angl e g wi t h t he nor mal  t o BD. 
Th e n  t hey ar e gi ven as f o\ l ows:

p'n = —q cot  0„  

PÎ = — yr cos B„

(7)

(8)

Equi l i br i um Condi t i ons  i n t he Ax i al  Sy mmet r i c  Pr o b l e m

I f  we  desi gnat e t he st r ess c omponent s  i n a cyl i ndr i cal  c o ­

or di nat e syst em (x, z, <p) by  ax, az, r  and as s hown  i n Fi g.  1,  

we  have t he f ol l owi ng equat i ons of  equi l i br i um,  compr essi on 

bei ng t aken as posi t i ve.

do dr  a —  av

+  T -  +  — - - - - “ =  0ox oz X
dr do7 r

+  _ *  + - - - - y  =  0
OX OZ X

(9)

For  t he act i ve ear t h pr essur e,  t he st r ess c omponent s  ar e 

ax = k ( p  + yz) 

az =p + yz ( 10)

T  = 0

wher e

k =
1 —  si n g
1 +  si n g 

Ther ef or e,  f r om (9)  we  get

For  t he passi ve ear t h pr essur e,  si mi l ar l y

°x = (a +  vz)

nz = <i +  yz 
T  =  0

cr<p =  o x

t i onal  t o r. St r i ct l y speaki ng,  t hi s i s not  cor r ect  i n t hi s case 

because t hese st r esses do not  sat i sf y equat i on (9).

Howev er ,  t he abov e t wo f undament al  assumpt i ons have been 

pr oved t o be pr act i cal l y adequat e by  numer i cal  cal cul at i ons,  

i n whi ch t he equi l i br i um condi t i ons of  mo me n t s  ar e al most  

sat i sf i ed.  An  ex ampl e wi l l  be s hown l at er .

Pr ocess of  Fi ndi ng p

I n t hi s case,  t he o wn  wei ght  y of  soi l  i s not  t aken i nt o ac ­

count ,  and t he st r esses al ong any  r adi al  l i ne ar e consi der ed t o 

di st r i but e uni f or ml y.

I n Fi g.  2,  l et  CSD be a sl i di ng sur f ace.  A  sol i d BRST, 
whos e base RST  i s t angent  t o t he sl i di ng sur f ace at  S and 

whos e ver t ex angl e i s equal  t o a smal l  angl e Ad, i s supposed

(11)

( 12)

( 13)

( 14)

F ig. 2 Stresses on a D ivided Solid  

Efforts sur un so lide divisé

t o be bound  wi t h t wo ver t i cal  pl anes passi ng t hr ough t he s y m­

met r i cal  axi s O C and mak i ng  a smal l  angl e A <p wi t h each ot her .  

I n t hese t wo ver t i cal  pl anes t her e ar e no  shear i ng st resses.  

<RBS and <SBT  ar e t aken A6/2 each.  Th e  t r ansi t i on r e­

gi on i s di vi ded i nt o a n u mb e r  of  such sol i ds.

Th e  f or ces act i ng upo n  t he sol i d BRS ar e P'm_*  and P'm 
whi c h ar e r espect i vel y r esul t ant s of  uni f or ml y di st r i but ed 

st r esses on  t he sur f aces BR and BS, t he r eact i on Lm al ong t he 

sl i di ng sur f ace,  and t he hor i zont al  f or ce H'm r esul t ed f r om t he 

ci r cumf er ent i al  st r ess o9. Li kewi se u pon  t he sol i d BST wi l l  

act  P'm, P'm + i, R,n and H*.
No w,  f or  t he conveni ence,  t he r eact i on st r ess sm and t he 

ci r cumf er ent i al  st r ess or[m ar e as s umed const ant  al l  over  t hese

Accor di ngl y al so i n t he t r ansi t i on r egi on,  we  mi ght  as s ume 

appr opr i at el y

°< P = (15)

i n or der  t hat  t he st r esses be cont i nuous,  al t hough a r i gor ous 

val ue of  <yrp i s not  k n o wn  i n t hi s r egi on.

Next ,  we  as s ume appr oxi mat el y t hat  t he st r esses al ong any  

r adi al  l i ne t hr ough B consi st  of  t wo t er ms;  t he one,  i ndepen­

dent  of  t he r adi al  di st ance r f r om B, and t he ot her ,  pr opor -

t wo smal l  sol i ds.

A <p
As  t he hor i zont al  c omponent  of  i s

t =  2<t „  si n - ■ o< pA< p

Hfc and Hj}t are respectively

Hk = a wmA<p(ABRS)\

H* = ormA<p(ABST) |

Lm and Rm are respectively 

L„, =  s,n (area RS) |

R,„ = sm (area S T) J

( 16)

( 17)

( 18)
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An d  P'„„ P'm.vi ar e

P'm-i = Pm- 5 ( ar ea BR) j

P'm = Pm ( ar ea BS) ( 19)

P'm : i =  p'„,- 1 ( ar ea BT) )

Si nce s„, and <Jqm =  axm ar e t he c omponent s  of  p'„„ t hese ar e 

obt ai ned by  Mohr's ci r cl e f r om p'm as s hown  i n Fi g.  3.  At  t he 

s ame t i me t he angl e fim at  whi ch t he sl i di ng sur f ace i nt er sect s 

wi t h t he r adi al  l i ne BS, i s gi ven by  t he s ame st r ess ci rcl e.

P'm-<, i s k n o wn  by  t he f or egoi ng comput at i on.  I f  a t r i al  val ue 

of  t he angl e 8m whi ch p',„ mak es  wi t h t he nor mal  t o BS l i ne 

i s sel ect ed,  sm and /?,„ ar e det er mi ned,  t aki ng p'm as a uni t ,  

and ar eas BRS, RS, BS as wel l  as f or ces H ,̂ Lm, P'm ar e o b ­

t ai ned.  Then  f r om t he f or ce pol ygon,  by  means  of  t he equi -

7

F ig. 3 E xpression o f  Stress-C om ponents by M ohr 's C ircle
E xpression de com posantes des efforts par cercle de M ohr

l i br i um condi t i on,  p'm and ôm val ues ar e comput ed,  and t hi s 

r esul t  i s c ompar ed wi t h t he f i rst  t r i al  val ue.  Accor di ng t o such 

a t r i al  cal cul at i on,  we  get  t he f i nal  val ues of  p'm and &m. I n t he 

next  cour se,  H%, Rm and P'm + i ar e cal cul at ed.

Thus,  st ar t i ng f r om 60, we  can obt ai n successi vel y P' and t he 

sl i di ng sur f ace unt i l  Qn at  l ast .  At  6„,  of  cour se,  t he di r ect i ons 

of  P'n and t he sl i di ng sur f ace mus t  coi nci de wi t h t hose of  t he p; g 5 

passi ve pr essur e r egi on.  Th e  c omput ed P'n bei ng put  equal  t o

t he passi ve pr essur e,  t he bear i ng val ue p' i s obt ai ned as a f unc ­

t i on of  t he sur char ge q.
Besi des,  P'm mus t  act  at  t he cent r oi d of  ar ea BS, or  t he pr es­

sur e l i ne mus t  pass t hr ough t he cent r oi d of  any  r adi al  sur f ace.  

Thi s condi t i on i s necessar y f or  t he equi l i br i um of  mo me n t s

°  /  2 3 i  t  i  t  t

à 4  s  6 7 $

- - - *■ <t/b1

D iagram  o f  Bearing Power 

D iagram m e de la force portante

Fig. 4 A  N um erical Exam ple, p ' for <? =  30° ,
Un exem ple num érique, p' pour 0 =  30° /In ye  oj ÎÆ-mal Fricfcm. j3 -3 0
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and i s seen t o be al most  sat i sf i ed i n t he numer i cal  ex ampl e i n 

Fi g.  4.

Thi s f i gur e i s a gr aphi c r epr esent at i on of  / »' - cal cul at i on f or  

q =  30° .

P r o c e s s  o f  F i n d i n g  p"

Her e,  t he sur char ge q i st  out  of  consi der at i on and onl y t he 

r esi st ance due t o soi l  wei ght  y i s r equi r ed.  I n t hi s,  al l  t he 

st r esses ar e pr opor t i onal  t o t he r adi al  di st ance f r om B, and 

so t he cal cul at i on i s mo r e  t r oubl esome t han i n t he pr ecedi ng 

case.  Mor eov er  t he wei ght  of  ever y di vi ded sol i d mus t  be t aken 

i nt o t he equi l i br i um condi t i on.

At  t he begi nni ng of  cal cul at i on,  p" needs t o be as s umed as 

a mul t i pl e of  by. A  good t r i al  val ue of  p" i s about  hal f  of  t he 

cor r espondi ng p" val ue i n t he t wo- di mensi onal  case and i t  i s 

i mpr ov ed by  r epeat ed cal cul at i ons.

A n  exact  val ue of  t he t ot al  bear i ng capaci t y woul d not  agr ee 

wi t h t he si mpl e s u m of  p' a n d p" f ound r espect i vel y i n t he t wo 

f or egoi ng par agr aphs,  as k n o wn  f r om t he aut hor ’s pr evi ous 

paper  f or  t wo- di mensi onal  case ( T. Mizuno, 1948) .  But  si nce 

t hese s ums  wi l l  gi ve s omewhat  saf er  val ues,  t hey ar e pl ot t ed 

as bear i ng power  val ues i n Fi g.  5 f or  var i ous q val ues.

Li kewi se as i n t he pr evi ous paper ,  f or  cohesi ve soi l  we  shal l  

be abl e t o obt ai n t he bear i ng val ue f r om t hi s di agr am by  i nt r o­

duci ng t he Caquot met hod.
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D iagram  o f  Bearing C apacity
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