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Session 8/14

Saturated Steady Flow in Non-Homogeneous Media 

and its Applications to Earth Embankments, Wells, Drains

Ecoulement permanent en milieux saturés hétérogènes avec application aux barrages en terre, 

puits et drains

by  S.  I r m a y ,  I sr ael  I nst i t ut e of  Technol ogy,  Hai f a,  I sr ael

Su mma r y

T h e  D arcy  law , w hen  app lied  to  sa tu ra te d  iso tro p ic  no n -hom ogene- 

ous m ed ia , co m b in ed  w ith  th e  e q u a tio n  o f  co n tin u ity , leads tow ards 

a  p a r tia l d ifferen tial p o te n tia l eq u a tio n , o f  th e  P oisson  type. N e ith e r  

c o n fo rm a l m ap p in g  n o r th e  u sua l flow net m e th o d  is app licab le . T h e  

in tro d u c tio n  o f  h y d rau lic  resistiv ity  (im perm eability ), th e  inverse o f  

th e  h y d rau lic  con d u c tiv ity  (perm eability ), sim plifies th eco m p u ta tio n s .

In  one-d im en sio n a l con fined  flow, th e  p ressu re  decreases h o r i­

zo n ta lly  o r  upw ards. In  descending  flow, it m ay increase  o r  p resen t 

m ax im a  an d  m in im a, w here  resistiv ity  a tta in s  its average  value  a long  

th e  flow line. T h e  m ax im u m  is p ro n o u n c e d  w here  resistiv ity  increases 

rap id ly  a n d  th e  flow line fla ttens o u t. T h e  m in im um  is p ro n o u n ced  

w here  co n d u c tiv ity  increases rap id ly  an d  th e  flow line steepens. T h is 

is con firm ed  by p o re-p re ssu re  m easu rem en ts , in earth fill zoned  em ­

b an k m en ts , an d  by th e  a u th o r ’s o b se rv a tio n s o n  a s p h a lt lined  p o n d s 

(fo rm a tio n  o f  hu g e  a s p h a lt bubbles), o n  b rin e  p a n s  o n  th e  D e a d  

Sea, a n d  on  san d  dun es a fte r  ra in fa ll. A  cav ita tio n  p h en o m en o n  is 

fo reseen  a n d  ob se rv ed  in th e  so il w henever a  th in  im perv ious layer 

overlies a  th ick  perm eab le  one.

A v erag e  resistiv ity , an  im p o rta n t fac to r, is co m p u ted  in several 

cases.

A  fo rm u la  is developed  fo r a  h o rizo n ta l d ra in ag e  gallery  o r  d itch  

a n d  fo u n d  to  be iden tica l w ith  th a t  fo r  hom o g en eo u s soils w ith  

average  resistiv ity . W hen  tw o  galleries d ra in  a  u n ifo rm  ra in fa ll, th e  

w ate r tab le  is n o  lo n g er ellip tic. In  rad ia l unconfined  flow  to  a  well 

th e  d ischarge  obeys a  fo rm u la  d ifferen t fro m  D u p u it 's  fo rm u la  w hich 

is u sed  by  Tltiem , an d  th e  co rre c tio n  is d e term ined .

Sommai r e

L a lo i d e  D arcy, app liq u ée  au x  m ilieux iso tro p es hétérogènes 

sa tu rés , e t la  co n tin u ité , co n d u isen t à  u n e  éq u a tio n  au x  dérivées 

partie lles d u  type Poisson. N i la re p ré sen ta tio n  co n fo rm e  n i la  m é­

th o d e  des petits  carrés ne so n t app licab les. Les calculs so n t sim plifiés 

p a r  l ’in tro d u c tio n  de la résistiv ité  h y d rau liq u e  (im perm éab ilité ) qu i 

est l’inverse de  la  co n d u c tiv ité  h y d rau liq u e  (perm éabilité ).

P o u r  u n  écou lem en t confiné à  u n e  d im ension , la  p ress io n  d écro ît 

h o rizo n ta lem en t o u  vers le h au t. P o u r  u n  éco u lem en t d escen d an t elle 

p eu t c ro ître  o u  p résen te r  des m ax im a e t m in im a, là  o ù  la  résistiv ité  

a tte in t sa v a leu r m oyenne le long  d ’une tra jec to ire . Le m ax im um  est 

p ro n o n cé  là  o ù  la  résis tiv ité  c ro ît b ru sq u em en t e t la  tra jec to ire  s’ap- 

p la tit. Le m in im um  est p ro n o n cé  là  o ù  la  co n d u c tiv ité  c ro ît b ru sq u e ­

m en t e t la tra jec to ire  se ra id it. C eci est con firm é p a r  des m esures de 

p ress io n  su r  des barrag es en  te rre , e t p a r  les o b se rv a tio n s recueillies 

p a r  l’a u te u r  su r  des é tangs avec p e rré  a sp h a ltiq u e  (fo rm a tio n  de 

larges bulles d ’asp h a lte ), su r  les m ara is  sa lan ts  de  la M er M o rte , e t 

su r des dun es ap rès la pluie. U n  p h én o m èn e  de  cav ita tio n  e s t p révu  

e t observé  d an s le sol ch a q u e  fois q u ’une m ince co uche im perm éab le  

se tro u v e  au -dessus d ’u n e  couch e  perm éab le  épaisse.

L a résis tiv ité  m oyenne, fac teu r im p o rta n t, est calcu lée p o u r  qu e l­

ques cas.

U n e  fo rm u le  est p résen tée  p o u r  u n e  galerie  d ra in a n te  o u  fossé 

h o r iz o n ta l;  elle est id en tiq u e  à  celle des so ls hom ogènes de résistiv ité 

m oyenne. L o rsq u e  deux  galeries d ra in e n t u n e  p lu ie  un ifo rm e, le 

n iveau  d ’eau  n ’est p lu s e llip tique . E n  éco u lem en t n on -confiné  vers 

un  pu its , le d éb it o b é it à  u n e  fo rm u le  qu i diffère de  celle de  D upuit, 

u tilisée p a r  Thiem , e t la co rre c tio n  en  est calculée.

I nt r oduct i on

Th e  f l ow of  l i qui ds t hr ough sat ur at ed homogeneous  i sot r opi c 

i ner t  por ous  medi a at  l ow Reynold's number s  and const ant  

t emper at ur e i s gover ned by  t he Darcy f or mul a (Irmay, 1947) :

q = — kVE=  — A: gr ad £ . . . . . . . . . . . . . . . . . . . . .  (1)

wher e:  q =  vect or  of  speci f i c di schar ge ( di mensi ons LT-1); 
and E =  scal ar  t ot al  ener gy of  f l ow ( di mensi ons L).

E =  h +  v2l2g = (z +ply) + v‘/2g & h . . . . . . . . .  (1' )

h = pi ezomet r i c head;  ply =  pr essur e head,  r ef er r ed t o a t mo ­

spher i c pr essur e head as dat um;  y =  uni t  f l ui d wei ght ;  v2/2g 
=  ki net i c ener gy,  usual l y negl ect ed; k =  scal ar  ( i n non- i so­

t r opi c medi a k bec omes  t he second or der  hydr aul i c conduct i vi t y 

t ensor ,  whi ch degener at es i n i sot r opi c medi a i nt o an i sot r opi c
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t ensor ,  whos e si ngl e c omponent  i s t he hydr aul i c conduct i vi t y)  

hydr aul i c conduct i vi t y,  const ant  f or  gi ven por ous  me d i u m and 

f l ui d (Richards, 1952) ,  of t en cal l ed coef f i ci ent  of  per meabi l i t y 

( di mensi ons LT_1). Then:

q =  —  V(kE) =  —  V <p; <p = kE . . . . . . . . . . . . .  (2)

(p, whi ch i s pr opor t i onal  t o E, i s t he f l ow pot ent i al  ( Fi g.  1).

Sat ur at ed st eady or  unst eady f l ow of  a chemi cal l y i nact i ve 

i ncompr essi bl e f l ui d ( wat er )  i n t he absence of  compr essi bl e f r ee 

gases (ai r ,  vapour )  and i n a geomet r i cal l y st abl e por ous  me d i u m 

obeys t he cont i nui t y l aw:

di v? = —  div (kVE) = —  kV2E =  0 . .  . .  (3)

V2E = d2Eldx2 + d2E/dy2 + d2Eldz2 = 0 . .  . .  (3' )

E ( or  <p) i s a pot ent i al  obeyi ng Laplace equat i on (3' ).  Th e  sol u­

t i ons f or  st eady f l ow and gi ven boundar y  condi t i ons ma y  be 

c omput ed di r ect l y,  or  i n t wo- di mensi onal  f l ow,  by  t he met hod  

of  conf or mal  mappi ng,  k n o wn  al so as t he met hod  of  f l ownet s 

or  t he l i t t l e squar es.

Da r c y  L a w f or  No n - Ho mo g e n e o u s  Me d i a

Mo s t  soi l s ar e not  homogeneous ,  but  var y i n conduct i vi t y 

cont i nuousl y,  as i n t he nei ghbour hood of  a wel l  af t er  devel op­

ment  or  af t er  cl oggi ng by  pr ol onged use;  or  di scont i nuousl y,  

as i n a z oned ear t hf l l l  e mb a n k me n t  or  wh e n  t he f or mat i on 

changes suddenl y.  Her e A: i s a f unct i on of  x, y, z.
Darcy l aw (1)  was  appl i ed t o ( 2)  by  Boussinesq ( 1904) :

di v q =  —  di v (k VE) =  — [k V2E +  (VkVE)] = 0 (4)

V2E +  ( P I n k VE) = 0 . . . . . . . . . . . . . . . . . . . . . . . . .  (4' )

d2EI dx2 +  3 2EI dy2 +  d2EI 3 z2 +  ( 3 I n kl dx) ■ dEI dx +
+  (d In k/dy) • dEidy +  ( 31n/ c/ 3z)  • dE/dz =  0 . .  ( 4" )

Her e:  Vk = gr ad A:;  I n =  nat ur al  l ogar i t hm;  (AB) = scal ar  

pr oduct  of  t he vect or s A, B.
£  i s a pot ent i al  f unct i on of  t he Poisson t ype.  As  i t  does not  

obey  Laplace equat i on (3' ),  t he met hod  of  conf or mal  mapp i ng  

i s not  appl i cabl e i n t wo- di mensi onal  f l ow;  ( 2)  i s no  mor e  t r ue 

and <p l oses any  physi cal  meani ng.

( 4" )  i s a second or der  par t i al  di f f er ent i al  equat i on,  l i near  and 

homogeneous  i n E, wi t h addi t i ve pr oper t i es: i f  Eu E2 ar e any  

t wo sol ut i ons,  t hen C1E1 +  C2E2 i s a sol ut i on wi t h Clt C 2 any  

t wo const ant  number s .

Th e  c omponent  of  t he speci f i c di schar ge i n t he di r ect i on of  

f l ow ( pat h s) qs i s

qs = — kdE/ds=kJ  . . . . . . . . . . . . . . . . .  (5)

J = —  dEI ds i s t he ener gy or  hydr aul i c sl ope,  pr act i cal l y

Fig. 1 Energy Line

Ligne d ’énergie

i dent i cal  wi t h t he pi ezomet r i c sl ope —  3h/ds. Thus  (4' )  be ­

c omes

V2E =  / •  dlnklds . .  . . . .  (6)

Th e  vect or  q i s nor mal  t o any  equi pot ent i al  sur f ace E = const .

if------------------- L --------------- ±

s

' '  1 = jw.ds

S = l ,

Fig. 2 A verage H ydraulic Resistivity

R ésistance hydraulique m oyenne

A  ver y usef ul  concept  i s t hat  of  hydraulic resistivity w

w = l/k  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (7)

of  di mensi ons Z, -1 T.— Just  as t he i nt r i nsi c per meabi l i t y 

K =  kv\g ( wher e v =  ki nemat i c vi scosi t y of  f l ui d,  g =  gr avi t y 

accel er at i on)  i s i ndependent  of  t he f l ui d,  so al so t he intrinsic 
impermeability ma y  be def i ned by  W = 1 IK, and depends on 

t he por ous  me d i u m al one.  I n non- i sot r opi c medi a bot h w and 

W bec ome second or der  t ensor s bear i ng t he s ame names.

Th e  above equat i ons bec ome 

wq =  —  VE ( 8)

W,  =  J ■ ■ ■ ■ . . . . . . . . .  ( 8' )

V2E =  ( F I n wVE) = — / • 3 1 n v t ' / 3 j . . . . . . . . . . . . .  (9)

d2EI dx2 + d2E/ dy2 +  d2Eldz2 =  ( 3 I n w/ dx) dEI dx +

+ (dlnw/dy) • dEI dy +  ( 3 I n wl dz) • dEj dz . .  . .  ( 9;)

One - Di mens i ona l  St eady  Conf i ned F l o w

Ma n y  pr obl ems  i n st eady f l ow can be r educed t o one- di men ­

si onal  ones.  Her e:

q =  — kdE/ds = —  w^dEjds =  const .  . .  . .  ( 10)

I nt egr at i ng bet ween any  t wo poi nt s s0 and s al ong t he s t r eam­

l i ne,  we  get  t he l oss of  ener gy ( or  l oss of  head)  H:

H = E0 —  E = q { wds = ql; I = \ wds ( 11)
S =  S0 S — So
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Th e  i nt egr al  ma y  be c omput ed  by  gr aphi cal  i nt egr at i on ( Fi g.  2).  

Th e  upper  cur ve w( i )  i s pl ot t ed,  and t he ar ea subt ended by  i t  

i s t he i nt egr al  I r epr esent ed by  t he l ower  cur ve.  Th e  l oss of  

ener gy i s H =  ql.
Th e  aver age r esi st i vi t y w over  t he l engt h L =  s —  s0 i s

w =  11L =  L-1 J wds ( 12)
S =  S o

Th e  aver age hydr aul i c sl ope

j  = HIL = wq . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( 12' )

Th e  t ot al  di schar ge Q of  a f l ui d vei n of  const ant  cr oss- sect i on A
Q = qA = AJI w . . . . . . . . .  . .  ( 12" )

Th e  pr essur e head f r om (1' )  i s

ply aa E —  z =  E„ —  (H + z) = (E0 —  z0) —

—  [ * /  +  ( * - z o ) ]  . . . . . . . . . . . . .  ( 13)

Th e  sl ope i of  t he vei n axi s i s

i =  si n a =  dz/ds ( 14)

S

ply = (E0 —  Zq) J Fds; F =  wq +  i; dplds =  —  yF;
s =  s0

d2plds2 =  — ydF/ds =  — y[qdw/ds +  di/ds] ( 13' )

(a) I n st eady horizontal flow,
S

i =  0;  z =  z„ ;  J Fds =  ql = H = ~JL; F = wq> 0;
S =  So

dplds < 0  . . . . . . . . . . . . . . . . . . . . . . . . .  ( 15)

Th e  pr essur e decreases i n t he direction of  f l ow,  unt i l  at  t he 

out l et  p =  0 ( at mospher i c pr essur e) .

(b) I n ascending flow, whet her  ver t i cal  or  i ncl i ned,
S

i > 0;  z >  z„ ;  \ Fds =  H +  ( z —  z0) =  JL +  ( z —  z0) ;
S —  So

F = wq + i >  0;  dplds < 0  . . . . . . . . . . . . .  ( 15)

Th e  pr essur e decreases r api dl y i n t he di r ect i on of  f l ow.  I f  t he 

upper  out l et  has cont act  wi t h t he at mospher e,  t he vei n ma y  

r each t he poi nt  p = 0 ( z =  zp; s = sp) cal l ed phreatic water 
table. Ab o v e  t hi s poi nt  t he pr essur e bec omes  subat mospher i c,  

somet i mes  cal l ed negat i ve pr essur e,  suct i on,  or  t ensi on.  The  

vei n ma y  br eak up,  ai r  or  vapour  col l ect i ng i n pocket s,  and t he 

whol e syst em does not  obey  Darcy l aw except  i n a compl et el y 

modi f i ed f or m (Irmay, 1953) .  Wh e n  t her e i s no  at mospher e 

abov e t he nappe,  t he vei n br eaks up  onl y at  consi der abl y l ower  

pr essur es.

(c)  I n descending flow, i <  0;  z <  z0.

Wh e n  wq >  —  ;; F >  0:  t he pr essur e decr eases i n t he di r ec­

t i on of  f l ow at  hi gh di schar ges,  i mper vi ous medi um,  f l at  sl opes.

Wh e n  wq <  —  i; F <  0:  t he pr essur e i ncr eases i n t he di r ec­

t i on of  f l ow at  l ow di schar ges,  per meabl e medi um,  st eep sl opes.

Wh e n  wq = —  i; F = 0:  t he pr essur e r emai ns const ant  

al ong t he f l ow l i ne,  or  i t  passes t hr ough a ma x i mu m (dF/ ds >  0)  

or  mi n i mu m (dFI ds < 0) .  Thi s poi nt  i s r eached f or

w/w = —  ill, pr act i cal l y 1,  or  w w . . . . . . . . .  ( 17)

Th e  ma x i mu m or  mi n i mu m pr essur e i s r eached wher e resi st i ­

vi t y at t ai ns i t s aver age val ue.

Al l  t he above cases ma y  be r epr oduced i n a ver t i cal  per mea-  
met er  ( Fi g.  3)  t he wat er  f l owi ng downwar ds  under  J = HIL 
=  1.  Th e  pr essur e di agr ams cor r espond t o (a) w =  const ant ;  

(b) decr easi ng downwar ds  sl owl y;  and (c)  r api dl y;  id) i n­

cr easi ng;  (e) decr easi ng,  t hen i ncr easi ng;  ( / )  i ncr easi ng,  t hen 
decr easi ng.

An y  mi n i mu m or  ma x i mu m of  w cor r esponds t o an i nf l exi on 

poi nt  of  p.

W d e c r e a sin g

w  = c o n * t .

A  Jk.

w  h as a  m axim u m  

Pài

Fig. 3 Pressure Diagram s in Vertical Descending Flow

Diagram m es de pression en écoulement vertical descendant

Ex per i ment al  Ver i f i cat i on

Th e  mai n  n e w f eat ur e i s t he f or mat i on of  zones of  ma x i mu m 

and mi n i mu m pr essur es i n descendi ng f l ow.  Thi s has been ob ­

ser ved i n t he so- cal l ed por e- pr essur e di agr ams i n ma n y  earth- 
fill zoned embankments wi t h an i mper vi ous cor e ( Walker, 1948) .  

Th e  ma x i ma  ar e mor e  pr onounced as — d2p/ds2 i s l ar ger  or  

wher e t he i mper meabi l i t y i ncr eases r api dl y,  and t he sl ope of  

f l owl i nes f l at t ens out .  Th e  mi n i ma  ar e mo r e  pr onounc ed as 

d2p!ds2 i s l ar ger  or  wher e t he per meabi l i t y i ncr eases r api dl y,  

and t he f l owl i ne sl ope st eepens [ case ( / ) ] .

At  Ebr on ( I srael )  t he aut hor  i nspect ed a 10 f oot  deep pond, 
wi t h a gr avel l y ear t hf i l l  e mb a n k me n t  l i ned wi t h a 10 c m t hi ck 

asphal t - sand mi xt ur e.  Af t er  f i l l i ng wi t h wat er ,  s ome  seepage 

occur r ed.  Du e  t o t he sudden i ncr ease of  per meabi l i t y f r om 

asphal t  t o gr avel l y fi l l , a pr onounc ed pr essur e mi n i mu m was  

pr oduced [ case (c)] .  I n t hi s t ensi on zone ai r  and vapour  
bubbl es accumul at ed at  t he asphal t - l i ni ng,  t or e par t  of  i t and 

heaved i t  up  i n f or m of  huge bubbl es,  2 c m wal l  t hi ckness,  

30- 40 c m i n di amet er .  Wh e n  t he pond  was  empt i ed,  t he gases 

escaped t hr ough cr acks and t he bubbl es col l apsed.  We  ma y  

cal l  t hi s p he n o me n o n  cavitation i n t he soi l .

Af t er  r ai nf al l  t he upper  l ayer s of  coast al  sand dunes i n I sr ael  

bec ome sl i ght l y cement ed and a zone of  t ensi on i s f or med.  

Du e  t o evapor at i on s ome  wat er  meni sci  di sappear  and ai r  i s 

sucked i n pr oduci ng a hi ssi ng sound.  ( Or al  communi c at i on 

by  Dr .  J. Vroman, Hai f a. )

Th e  aut hor  i nspect ed open brine pans of  t he Pal est i ne Pot ash 

Co.  wor k s  at  t he De a d  Sea.  Th e  subsoi l  i s a per meabl e mar l y  

soi l ,  but  a heavy  deposi t  of  i mper vi ous sal t  over l i es i t. Wh e n  

occasi onal l y a pol e penet r at i ng t he subsoi l  i s ext r act ed,  nu me r ­

ous gas bubbl es accumul at ed bel ow escape i nt o t he br i ne.

Fig. 4 H orizontal Gallery or D itch  

G alerie ou  fossé horizontaux
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We  have seen t hat  t he aver age resi st i vi t y w ( or  i mper mea ­

bi l i t y)  i s mu c h  mor e  i mpor t ant  t han t he aver age conduct i vi t y k 
( or  per meabi l i t y) .  I t s val ue al ong a pat h L, wher e w var i es 

bet ween w0 and w, ,  i s gi ven by
L

w =  L -1 |  wds ( 12)
S = 0

The  f ol l owi ng t abl e gi ves s o me  val ues of  w f or  di f f er ent  cases 

of  w( i ) ;  a i s a soi l  const ant ,  as def i ned bel ow:

M ean R esistivity  w onl y on  t he sl ope of  t he wat er  t abl e,  whi ch ma y  occur  i n a qui t e 

di f f er ent  l ayer .

I n t he case of  t wo gal l er i es or  di t ches (at  x = ±  L, Fi g.  5)  

of  gr eat  l engt h b, dr ai ni ng a rai nf al l ,  t he r at e of  whi ch

Tabl e 1 Val ues of  Aver age Resi st i vi t y h>

No. Vf / Wo w/w0 a

1 1 1 _

2 1 + a  • s/L 1 + 0 -  5a (w1—w0)lw0
3 1 —a • s/L 1— 0 • 5a £1o£

4 (1 +a-s/L)-1 a-1 I n (1 +a ) (w0—w1)/wl
5 (1 —a ■ s/L)-1 a-1 I n ( 1— a) (w1—w0)lwl
6 q — a • sjL a - H l— h' i /m' o) \n(wjw,)
7 1 +  a si n ( / •  s/L) 1 + a / - 1( l — cos/ )

( -> 1 for / -»• oo)
8 1 +a(slLf 1 +a / ( «  +  1) {,w1—w0)lw0
9 W — W!

for 0 ^aiL
w = w2 3

for üj  L  ̂  s (ci! +a2)L w= £ Wi ai
w — w3 i=l
for ( at +  a2)L ̂  s ^

< ( a i  +  a„  +  a 3) L

H2 —  z02 = 2  Qlb \ wdx =  2 QwL/b . .

Fig. 5 Tw o Ditches and Rainfall

Deux fossés et précipitations

r ( m/ sec)  i s uni f or m,  and assumi ng ver t i cal  l ayer s,  symmet r i cal  

wi t h r espect  t o t he medi an pl ane (x =  0) ,  we  ma y  wr i t e:

Qx =  —  k (dzldx) bz =  bxr; w = 1 Ik 

I nt egr at i ng

L
z- =  2r |  wx'dx'

(20)

(20')
No.  7 s hows  t hat  i n al t er nat i vel y per meabl e and i mper vi ous 

l ayer s w i s pr act i cal l y const ant  and i ndependent  of  t he ampl i ­

t udes of  var i at i on.

No.  9 s hows  t hat  per meabl e l ayer s (e. g.  i f  w2«  wj  ma y  be 

r epl aced by  voi ds ( w2 =  0)  wi t hout  sensi bl y modi f y i ng t he f l ow.  

Thi s expl ai ns wh y  t he r esi st i vi t y of  a l i ned canal  i s di r ect l y pr o-  

’ por t i onal  t o t he t hi ckness and r esi st i vi t y of  t he l i ni ng,  and 

al most  i ndependent  of  t he per meabl e soi l .

Hor i zont al  Gal l er y  or  Dr a i nage Di t c h— Unc on f i ned  F l o w

A n  i nf i ni t e per meabl e wat er - bear i ng st r at um cont ai ns gr ound ­

wat er  ( dept h H abov e an i mper vi ous bot t om,  Fi g.  4) ,  and i s 

dr ai ned by  a hor i zont al  gal l er y or  di t ch of  gr eat  l engt h b at  

a r at e Q, t he wat er  t abl e dr oppi ng at  t he gal l er y (x =  0)  t o 

l evel  z0, el sewher e ( at  x) t o z.  Th e  d r a wd o wn  D = H —  z0 i s 

f el t  up  t o a di st ance x = L.
Let  t he soi l  l ayer s be ver t i cal .  As  t he sl ope of  t he wat er  t abl e 

at  equi l i br i um i s ver y f l at ,  we  ma y  as s ume wi t h Dupuit ( 1863)  

t hat  t he f l ow i s t wo- di mensi onal ,  hor i zont al  u p  t o t he wat er  

t abl e,  and t hat  t he vel oci t y al ong any  ver t i cal  depends  onl y on 

t he sl ope dzldx of  t he wat er  t abl e at  t hat  ver t i cal .  Henc e

Qx = bzq =  bzkdz/dx =  (bz/w) dzldx =  const  =  Q ( 18)

and by  i nt egr at i on

Onl y  wh e n  w =  const ,  do we  obt ai n an el l i pt i c wat er  t abl e,  

as usual .

Radi al  F l o w t o a Wel l — Unc onf i ned  F l o w

Her e t he Dupuit appr ox i mat i on ma y  agai n be used ( Fi g.  6)  

i f  t he l ayer s have ver t i cal  r ot at i onal  s y mmet r y  and  t he wel l  

penet r at es compl et el y t o t he i mper vi ous subsoi l .  At  t he r adi al  

di st ance x:

Q = 2nxzq =  Inxz ■ w~ldz/dx; w =  w{x) (21)

I nt egr at i ng bet ween x =  r ( wel l  r adi us)  and x = L ( r adi us of  

d r a wd o wn  cone)  we  get

( 19)

(QwlH2) (L/b) = D/H[l — 0. 5 D/H] . .  ( 19' )

whi ch ar e t he usual  f or mul ae f or  homogeneous  medi a,  wi t h w 
i nst ead of  w.

We  cannot  appl y Dupuit' s hypot hesi s t o hor i zont al  l ayer s,  

as i t  i s qui t e i mpr obabl e t hat  t he f l ow al ong a ver t i cal  depends

/ / Av / Av y AV/ AV/ ;/ ^MV/ Ay/ Ay>- c</ / ^y/ Ày/ Av/ ^ / / / \ v/ / (
1 *

Fig. 6 W ell in U nconfined Flow

Puits en écou lem ent sans pression

1
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( H 2 —  z / )  7iI Q =  \ wx~xdx = Mw0 (22)

Ref er r i ng t o t he t abl e of  sect i on 5,  we  f i nd f or  case:

No.  1;  h' / h’0 =  1;  M  =  I n (L/r)

No.  2,  3;  m' /h' 0 =  1 ±ax/L; M = ln(L/r)±a 
No. 4, 5 ;  w/w0 = (1 ±axlL)~1; M = l n( L/ r ) —  ( 23)

l n( l  ± a)  ±ar/L 
No.  8;  w/ wq =  1 +  a(xlL)"; M =  I n (L/r) +  a/n

I n homogeneous  soi l s (a = 0)  we  get  t he usual  Dupuit f or mul a

(H*-z$nlQ  =  wi n  ( L / r ) . . . . . . . . . . . . . . . . . . . . .  ( 24)

whi ch ser ves f or  t he det er mi nat i on of  k ( or  w) by  t he Thiem 
met hod.  I n het er ogeneous soi l s a cor r ect i on i s r equi r ed.

Exampl e:  H = 20 m;  z0 =  18 m;  k0 = 0. 001 m/ s  ( at  t he 

wel l ) ;  ki = 0. 0005 m/ s at  a di st ance L = 50 m;  r =  0. 25 m;  

L\r =  200;  w0 =  1000 s/ m;  =  2000 s/ m.  I n t he case of  

No.  2,  a  =  1;  M =  6. 3;  Q =  0. 038 m 3/s.

I f  we  appl y ( 24)  wi t h w =  0. 5 (h»0 +  i vj  =  1500 s/ m,  we  get  

Q = 0. 030 m 3/s, or  21 % l ess.
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