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SUB- SECTION I c
PHYSICAL AND PHYSICO-CHEMICAL PBOFERTIBS OF SOIL

I C 1 CONTRIBUTION TO THE THEORY OF SHRINKING

fi. HAEFELI and G. AMBERG

Laboratory fo r  Hydraulic Research and S o il  Mechanics 
of the Swiss Federal I n s t itu te  o f Technology, Zurich

I .  INTRODUCTION.

A fter  the theory o f s o il  mechanics under 
the guidance o f Terzaghi had conquered i t s  
own sp ec ia l t e r r ito r y  o f c i v i l  engineering 1), 
i t  has in  recent years penetrated other brandi
es with f r u i t f u l  r e s u lts . In addition to the 
science o f snow and g la c ie r  mechanics,mention 
should be made here p a r tic u la r ly  o f the t e s t 
ing of moulding sand and o f work in  connection 
with the c la y  industry, with whose problems 
our In s t itu te  had to occupy i t s e l f  very close
l y  during "florid War II  2) and 3)*

Experience shows th a t the process o f 
shrinking i s  o f d ecisive  importance fo r  the 
q u a lity  o f the products o f the c la y  industry, 
p a r t ic u la r ly  in  the manufacture o f b rick s  and 
t i l e s ,  since the undesired "stru ctu res" pro
duced by the moulding process are la t e r  in 
fluenced to a considerable degree by the 
shrinking process. In order to in ve stig a te  
more c lo s e ly  the p ecu lia r behaviour o f the 
c la y  during shrinkage, exhaustive t e s ts  were 
carried  out in  our laboratory to the order o f 
the Swiss A ssociation  o f Brick and T ile  Makers 
and Buhler Brothers L td ., engineers, Uzwil.
These te s ts  d ea lt c h ie f ly  with threedimension
a l shrinking. The t e s t  p ieces used were prin
c ip a lly  cubes with sid es 2 cm long and the 
corners cut o f f  (F ig . 1 ) .  Four d iffe re n t kinds 
o f c la y , whose princepal c h a ra c te r is tic s  are 
shown com paratively in  tab le  1 , were used as 
m aterial to be te s te d . The t e s ts  were carried  
out and evaluated with the co llab o ratio n  o f 
W. Eng, engineer. For valuable support and 
suggestions we have also to thank Dr. A. Stutz, 
d irecto r o f the Brick and T ile  Works Passavant- 
I s e lin  & C ie. A .-G ., A llsch w il, B asle.

TABLE

by a group o f curves in  which the preparing- 
water content p la ys the p a rt o f  parameter. The 
higher the preparing-w ater content -  i . e .  the 
water content present at the b e g inning o f  the 
compacting -  the g rea ter w i l l  be the water 
content remaining fo r  a given compacting press
ure, although the compacting i s  in  I t s e l f  more 
in ten se.

An analogous phenomenon may be noted also 
during the shrinking o f  c la y . This i s  not sur
p ris in g  when consideration  i s  taken o f the 
re la tio n sh ip  between the shrinking process on 
the one hand and the compacting under the a c t
ion o f external fo rce s  on the other hand. The 
shrinking process i s  indeed nothing e ls e  than 
a compacting taking p lace under the a ctio n  o f 
c a p illa r y  pressure which in creases in  accor
dance with th e o re tic a l p r in c ip le s , in stead  o f 
under the actio n  o f extern al mechanical forces.

As K. von Terzaghi and O.K. F roh lich  have 
already determined, two phases must be d is 
tinguished during the shrinking process 4 :
In the f i r s t  phase the evaporating o f the wa
te r  takes p lace on the surface  o f  the sample. 
Hand in  hand with th a t, a reduction in  s iz e  o f 
the pores takes p la ce , caused by a steady in 
crease in  c a p il la r y  p ressure, u n til  f in a l ly  
the maximum i s  reached, which Terzaghi design
ates shrinking p ressure. Here the second phase 
begins, in  which the evaporating surface with
draws into the sample. The change in  volume o f 
the sample i s  com paratively small during th is  
period; the c a p illa r y  pressure remains approx
im ately constant. Nothing d e fin ite  can e x a ctly  
be stated  with regard to the actual' magnitude 
o f the shrinking pressu re. On the other hand

1

C h a ra cte ristics of the m aterial tested

No. Laboratory Lim its of consistency
C o e ffic ie n t 
of compres
s i b i l i t y

Cof 5)

C o e ffic ie n t 
o f perme

a b i l i t y
*10°

• • • CIS/ S0C

Void 
r a t io  
based 

on o 
(J = 1 kg/cm

f  % a % p %

1 1632 55,7 22,9 32,8 9,12 2,0 . 10-8 0,965

2
B1

76,6 34,7 41,9 6,53 3 ,7  . 10-8 1 ,2 7

3 1406 56,0 20,1 35,9 8,80 6 ,1  . 10-9 0,940

4 1407 54,0 18,9 3 5.1 9,37 7,0  . 10-9 0,923
(vacuum)

I I .  EXTERNAL CHARACTERISTICS OF THE SHRINKING 

PROCESS.

To-day, i t  i s  a known fa c t  th at the water 
content or the void  r a tio  o f a saturated, 
fin e-gra in ed  loose sediment cannot be express
ed as a simple function  o f the pressure. The 
dépendance in  question can only be i l lu s tr a te d

the equivalent compacting pressure (sh rin king 
pressure equivalen t) n everth eless allow s the 
order o f magnitude o f the e f fe c t iv e  fo rc e s  to 
be determined. By t h is  i s  understood the com
pacting pressure which produces in  the te s t  
sample in  an oedometer the same water content 
as the shrinking process does. 5)
In Fig. 2 is illustrated on the one hand the
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Shrinkage measuring.

FIG. 1

dependence o f the degree of three-dim ensional 
shrinking on the water content (curve 1 ) ,  and 
on the other hand the r e la tio n  between the wa
te r  content and equivalent shrinking pressure 
(curve 2 ).

In the fo llow in g considerations we must 
f i r s t  o f a l l  make a c le a r  d is tin c tio n  between 
two conceptions: the preparing water content 
w^ and the i n i t i a l  water content wa . By the 
former we mean, as i t s  name im plies, the water 
content possessed by the sample immediately 
a fte r  i t  has been prepared, w h ilst the la t t e r  
means the water content when the shrinking 
process begins, ^uite excep tion ally  we sh a ll 
have wa = wa. F ir s t  o f a l l  we assume th a t ,a fte r  
the sample has been prepared, a compacting 
process i s  f i r s t  performed in  the oedometer 
u n til a ce rta in  consolidation  has been reached. 
Secondly, a fte r  that the shrinking process 
s ta r ts  and continues u n til the sample in  the 
drying cupboard at 105° C no longer g ives o f f  
any water. In th is  case the i n i t i a l  water con
ten t d if fe r s  from the preparing-water content; 
in  fa c t  i t  i s  sm aller. I t  has now been found 
that fo r  a given c la y  the compacting, or the 
unit weight reached a fte r  completion o f the 
shrinking process, depends only on the prepar
ing water content. The higher the la t t e r  was 
chosen, the le s s  was the f in a l  compacting, in  
other words, the dry un it weight o f the re s
p ective  te s t  m aterial was also le s s .  From th is  
the above-mentioned re la tio n sh ip  between the 
compacting process in  the oedometer on the one 
hand, and the shrinking process on the other 
hand, can be seen very c le a r ly . S t r ic t ly  speak
ing we have here fundamentally one sin gle

8 \N 16 20 24 28 32 36 iv % 
I Water content

>\
'Shrinkage limit

S h rin k age-lin e. Three dimensional shrinking o f 
a c la y  c y linder as a fu n ction  of the water 
conten t. Clay No. 1632.

FIG. 2

process taking place in  two d iffe r e n t  forms.
This p a rtic u la r  behaviour o f c la y  during 

the co n solid atin g  process can be explained by 
the fa c t  th at there i s  a q u ite  d e fin ite  texture 
corresponding to each preparing water content, 
and that during the consolid ation  a change 
c e r ta in ly  occurs in  the textu re in  the sense 
o f a compactingwithout the p rin c ip le  fe a tu r 
es o f t h is  textu re  being lo s t .  A sudden a lt e r 
ation  in  the inner stru ctu re  may only be caus
ed by intense shaking or mechanical d is tu r
bance. This change i s  termed breakdown of 
stru ctu re .

I I I .  ANALYSIS OF THE SHRINKING PROCESS

( l3 t  phase).

In the fo llow in g  th e o re tic a l investigation  
we deal only with the f i r s t  phase o f the shrink
ing process, which we presume to la s t  u n til 
the s tra ig h t l in e  o f shrinking shown in  F ig . 2 
and 3 in te r s e c ts  the a x is  o f the a b sc issa  at 
the point N. The corresponding sectio n  o f the 
a x is  w« i s  in  the fo llow in g  termed the shrink
age lim it .

F ir s t  o f a l l  the r e la tio n s  between degree 
o f shrinking and water content sh a ll be de
termined. The fa c t  th at the sample remains 
saturated with water during the f i r s t  phase 
o f the shrinking process j u s t i f i e s  us in putt
ing the change in  water content equal to the 
change in  volume o f the sample. Accordingly
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the fo llow in g holds good:

v -  vs + vw = Gs ( y s+ y w)

dV~ x t  'dw > Gs=Ve' ^

d V  q <Je 
------ - dT7-=—  d
Ve i w

JTe
‘ tg o c .d w

(1)

(*)

(3 )

Where V - volume o f the sample

Vg -  volume of so lid s

V « volume o f water portion

V « volume o f dry sample ( a fte r  the
shrinking process)

= un it weight of dry sample.

N eglecting the change in  volume due to 
the second phase -  the to ta l extent o f shrink
ing being considered as the r e s u lt  o f the 
f i r s t  phase, -  the equation o f the stra ig h t 
lin e  o f shrinking i s  obtained from equation
3) in  the follow in g form:

07= _  i £ ( w - W ' ) ;  t g ^  = i £  ( 4 )

Ve tfw  '  Xw
The in c lin a tio n  tg  cC o f the shrinkage- 

lin e  i s  consequently id e n tica l with the unit 
weight r a tio  Cfy ( c f .  F ig . 3). The r e la tio n  
between the tnree-dim ensional shrinking and 
the lin e a r  degrees of shrinking (3x, by, dz) 
in  the d irec tio n  o f the three axes in  space 
is :

ir=  c>x + au + 3 ^ .+  ĉL, + (5)

Now i f  shrinkage te s ts  are made with a 
given m aterial with d iffe re n t  preparing water 
contents and the r e s u lts  are p lo tted  graphic
a l ly ,  a corresponding number o f  shrinkage- 
lin e  s with d iffe re n t  in c lin a tio n s  and d i f fe r 
ent sh rin kage-lim its w ill  be obtained. F ig . 4 
shows two such id e a lise d  shrinkage-1ines with 
d iffe re n t preparing water contents. Between 
these two s tra ig h t lin e s  there are in te r e s t
ing re la tio n s  which we formulate as fo llo w s. 
F ir s t  o f a l l  the fo llow in g holds good fo r  
jhree-dim ensional shrinking:

Ve Ve
-1 ( 6 )

where ¡fa' represents the un it weight o f the 
m aterial with water content w, w h i l s t r e 
presents the un it weight o f the dry m aterial.

Solving equation(6) with respect to 
we obtain: 1 +1?"

^ T T w '^1 (7)
The unit weights o f the dry m aterial in  

two p a r a lle l te s ts  with d iffe re n t  preparing 
water contents wa, but with the same water 
content w, are th erefo re  in  the fo llow in g 
re la tio n  to each other:

( c f .  F ig . 4) 0 )
Â ê î =
¿fe2

1 +■ 

1

For the change o f the shrinkage lim it  due 
to a change in  the preparing water content, -  
which i s  also to be seen in  F ig . 4), -  the 
fo llow in g  re la tio n  can be obtained between the 
a x is  sectio n s %  and the corresponding unit 
weights o f  the ary m aterial:

w  = w  . K* W
N r N

W.
N,

W.
N< 1 + i72 i'e1

( t o )

Since 2 and l/j > l72, then wN >̂wNj. Since
on the other hand w ^ b elon gs to the shrinkage 
t e s t  with the higher preparing water content, 
i t  i s  seen c le a r ly  from equations(9)and(10) 
th a t the shrinkage lim it  becomes greater with 
in creasin g  preparing water content.

I t  i s  now necessary to determine the 
p o s itio n  o f in te rse c tio n  S o f  the two shrink
age lin e s  o f the same m ateria l. F ir s t  o f a l l  
the ordinate o f t h is  point may e a s ily  be c a l
cu lated  as fo llo w s from equation(8) and F ig .4:

l+i>, tg .< i 

1 + -Û2 t g o < 2 -1_?5 + 1?2

i7s= - l
( " )

Su b stitu tin g  t h is  value in  equation(4), 
the ab scissa  o f the point S i s  f in a l ly  obtain- 

f \ if (12)

w
N if  e

or d ire c t  from F ig . 4) in  another form:

ws = wt -(i
0 e*

( 13)

The f in a l  e q u a tio n s ( ll) , (12) and(13) may 
be in terp reted  as fo llo w s:

From equations(12) and(13) i t  i s  evident 
th at the ab scissa  wg o f the point S depends 
only on the elements o f one s in g le  s tra ig h t 
l in e .  But t h is  i s  only p o ssib le  i f  a l l  stra i^ it 
lin e s  o f shrinkage o f one and the same material 
in te r s e c t  at one common point S. Since wy i s  
normally le s s  th a n j^ , wg i s  as a ru le  negat
iv e . On the other hand, from e q u a tio n (ll)  i t  
i s  evident th at the ordinate o f  the point 3 
has the same value fo r  a l l  m ateria ls, namely 
•>4“ -  1« Consequently the p o in ts S fo r  a l l  

m aterials l i e  on a h orizon ta l lin e  at a d is 
tance iJ&= -  1 below the o r ig in  A.

These r e s u lts  may be expressed in  the 
fo llow in g terms and d e fin it io n s :
1 )  The point of in te rse c tio n  S o f a l l  shrink- 

a g e-lin e s  fo r  one and the same m aterial i s
defined as the shrinking cen tre .
2) The shrinking centres o f a l l  m ateria ls l i e  

on the h orizon tal lin e  o f the equation
-  1 , which i s  defined els .the shrinkage

a x is .
3) The ab scissa  w3 o f a given shrinking centre 

i s  termed the shrinking ra te  o f the material
in  question. The behaviour o f the loose sed i
ment during the shrinking process in  question 
i s  to a la rg e  extent ch aracterised  by t h is  
s in g le  magnitude.
4) The toted o f  a l l  p h y s ic a lly  p o ssib le  straigjit 

l in e s  o f shrinking o f one and the same
m aterial l i e s  w ithin  the so -ca lle d  shrinkage 
fa n , whose apex i s  the shrinking cen tre. With 
in creasin g  * reparing water content the shrink -  
a g e -lin e s  ro ta te  clockw ise round the shrink
ing centre w ithin the shrinkage fan . Accord
in g ly  also the shrinkage lim it  Wfj in creases 
with in creasin g  preparing water content.
5) The angle % o f  opening o f  the shrinkage fan 

i s  termed the shrinkage reg io n . To d eter
mine i t ,  a t le a s t  two t e s ts  are required: A 
f i r s t  te s t  with as high a preparing water 
content as p o ssib le  g iv e s  the sh rln k in g -lin e  
with the g rea te st slope, and a second t e s t
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of the water content during shrinking

Shrinkage-line (diagrammatic)

FIG. 3

a / Shrinkage line 
'T

Water content

Shrinkage 
centre [<

_____
Shrinkage axis

Shrinkig rate

Degree o f three-dim ensional shrinking fo r  d i f f  
fe re n t  preparing water contents (diagramm atic).

FIG. 4

with the minimum preparing water content g ives 
the steep est s tra ig h t  l in e  o f  shrinking.
6) The locus o f  a l l  preparing water contents,

i . e .  the l in e  connecting the p oin ts A, we 
define as the preparing; water curve. For 
c e rta in  kinds o f  c la y  th is  lin e  i s  p r a c t ic a lly  
s tra ig h t w ithin the shrinkage fan, fo r  other 
kinds i t  i s  b en t. T h e o re tic a lly  i t  i s  fo r  the 
moment not p o ssib le  to make any more accurate 
statement with regard to the shape o f t h is  
l in e .

The greater the p ossib le  v a ria tio n s  o f 
the m aterial in  question with resp ect to te x t
ure form ation, the g rea ter should be the 
shrinking regio n . The shrinking region w i l l  be 
caused to vary by addition s which, as fo r  
instance e le c tr o ly te s , a f fe c t  the coagulation  
and consequently the stru ctu re form ation to a 
great ex te n t. I t  should fu rth e r  be noted th at 
the formulae derived above are not confined to 
the shrinking operation, but hold good quite 
g en era lly  fo r  any process o f  consolidation  
which corresponds to the assumptions made: 
Continuance o f complete satu ration  with water 
during the whole process, and id e n tity  between 
the volume o f water given up and the corres
ponding change in  volume o f the m ateria l.

IV. EXPERIMENTAL RESULTS.

In order to check the correctn ess o f the 
th e o re tic a l assumptions, two samples o f one 
and the same c la y  with d iffe r e n t  preparing 
and i n i t i a l  water contents were submitted to 
the shrinking process. The water content and 
also the corresponding degree o f shrinkage, 
was then determined at d iffe re n t  phases o f the

Unit weights

I Kv, = 11,3 % \̂

20 24 28 30 

Water content in %

R esults o f two shrinkage te s ta  with the same 
c la y  fo r  d iffe r e n t  preparing water contents.

FIG. 5



shrinking process and p lo tted  grap h ica lly  
(F ig. 5)« From the measured un it weights ¿fei  
and^e2 o f  the dry m ateria l, the to ta l  degree 
o f shrinkage v ai  and i7a2 and also  the known 
i n i t i a l  water content wa  ̂ and Wn2* the c o e f f i 
c ien ts  wit, ws and-\Ts given in  F ig . 2, were 
calculated, on the b a s is  o f the equations 
derived in sectio n  3; th e ir  s ig n ifica n ce  can 
be seen from F ig . 5»

in  r e a l i t y  withdraw to a c e r ta in  extent into 
the in te r io r  of the sample during the f i r s t  
phase o f the shrinking process; th is  was 
n eg lected  in  the theory a lso  the assumed iden
t i t y  between the volume o f water given o f f  and 
the corresponding change in  volume i s  not 
e x a ctly  re a l .zed. The measured shrinking centre 
moves somewhit more to the l e f t  in  comparison 
with the ca lcu la ted  cen tre . But sin ce a  s a t ie -  

TABLB 2

1?

Evaluation of the t e s t  r e s u lts

Clay Test WA % wa % >  t/m* e a % wN % Wg % es %

1406

1406

I

I I

-----

30,25

42,5

17,55

27,4

2,023

1,976

12,6

28,3

11 ,3

13 ,1

ca lc u

-  38,0

-  38,0

-  100 

-  101

In conjunction with F ig .5* these r e s u lts  
lead  to the fo llow in g conclusions:
a) The measured interm ediate points o f the 

same shrinkage curve a c tu a lly  l i e  on a
stra ig h t lin e  during the f i r s t  phase o f the 
shrinkage process. The existence o f the shrink
age-lin e  i s  thus proved experim entally.
b) The slope o f the stra ig h t lin e  of shrinking

II  with higher preparing water content i s
somewhat le s s  than th at o f the s tra ig h t lin e  
o f shrinking I ,  and th is  i s  in  agreement with 
the theory.
c) Test I I  with the higher preparing water 

content g iv e s , in  agreement with the theory
the lower unit weight o f the dry m aterial 
but the greater shrinkage lim it  wfj-, than t e s t  
I .
d) The ab scissa  values wg o f the shrinkage 

centre S, as ca lcu la ted  independently fo r
each separate degree o f shrinking, are practic
a l ly  id e n tic a l; as an tic ip ated  by theory.
e) The values (iTs = -  1 = 100 %) o f the ord i

nate o f the shrinking centre, as c a lc u la t
ed fo r  each separate degree o f shrinking, 
agree p r a c t ic a lly  com pletely with the theore
t ic a l  va lu es.
f )  The curve o f unit weights / e obtained when 

passing over from the f i r s t  into the second
phase o f the process, becomes a maximum. This 
also agrees with our assumptions, since the 
weight-dim inishing in fluence o f the a ir  makes 
i t s e l f  p ercep tib le  in  the second phase.

The experimental proof o f the applica
b i l i t y  o f the th e o re tic a l laws has thus been 
demonstrated fundam entally. Complete accordance 
between theory and measurement could indeed 
not be reached. As a ru le  the slope o f the 
measured sh rin kage-lin es was always somewhat 
le s s  than the slope ca lcu la ted  th e o r e t ic a lly  
from the unit weight o f the dry m ateria l. This 
can be explained by the fa c t  that- the menisces

fa cto ry  accordance between theory and measur
ing has otherwise been determined, the theore
t i c a l l y  accepted laws may be adopted as a 
b a s is  fo r  ca lc u la tin g  the shrinking process in  
the region o f the f i r s t  phase. On the other 
hand, fu rth er explanation 6)and 7) i s  req u ir
ed fo r  the behaviour o f  the lin e a r  degrees o f 
shrinking, which depend to a very great extent 
on the o rien tatio n  o f the f in e s t  c la y  laminas 
and thus b r ir g  about the anisotropy o f the 
consolidated m ateria l.
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