INTERNATIONAL SOCIETY FOR
SOIL MECHANICS AND
GEOTECHNICAL ENGINEERING

SIMSG [} ISSMGE

s

This paper was downloaded from the Online Library of
the International Society for Soil Mechanics and
Geotechnical Engineering (ISSMGE). The library is
available here:

https://www.issmge.org/publications/online-library

This is an open-access database that archives thousands
of papers published under the Auspices of the ISSMGE and
maintained by the Innovation and Development
Committee of ISSMGE.



https://www.issmge.org/publications/online-library

coefficient of elasticity also varles with the
amount of sinking as described in the figures
1, 3.

* ““These curves show that the coefficients
by which the mechanical properties of soil
under considerations are characterised vary
during the bearing test.

We assumed that these coefficients are
constant, then these facts are to be inter-
preted as follows, i.c. the average values of.
these coefficlients if these are constant from
the beginning of the test to the instant un-
der consideration, vary with the amount of the
sinking of the plate,

From these curves we conclude that the
resistance of the soil by elastic properties
is considerable when the test was begun dbut
shortly this resistance falls down when the
sinking of the plate attained some value, say
A end then it decreases slowly.

_Contrary to this, the resistance of soil
by viscous properties increases steadlily and
atteins its maximum when the sinking of the
plate is, say; Ay . When the soil is not stiff
the viscous resistance decreases when the
sinking of the plate passes Av .

The stiffness of the soil is character-
ised by the value ofAg and Ay. The stiffer
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soil bas larger A, yAvend Agy-A;

From the above considerations we may taeke the
value of Asor A-as the critical amount of
sinking, as the case may be.

If we compare these values with that ob-
tained by Mr. Housel from the consideration
that the smount of sinking of the plate is
critical when K2 atteins its maximum, we con-
clude that his value is approximately equel to
our Avy.

Figure 5 shows the results calculated from
the data of the test performed by Mr. Housel
in 1933, for the foundation consisting of two
layers of soil. The curve shows that the
resistance of the lower layer is growing after
the upper layer loses its power of resisting.
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I. INTRODUCTION.

The stability and conditions of incli-
nation of natural and built-up slopes are in-
fluenced in a definite manner by the condit-
ions of flow of the water in the pores. Then
we have to desl either with steady perco-
lat flow or with the known unsteady bhydro-
dynamic tension phenomena of the pore water.
In close connection with this stand sbove all
the slipping phenomena taking place in dif-
fe:ent phases on hill-sides saturated with
wavere.

Pig. 1 illustrates diagrammatically the
two first phases of such a slipping pheno-
menon, It has been assumed that a source of
water on the slope at A has first of all
caused a slipp of the steep slope between
A en B on a shell-shaped slidding surface.
The material fallen down causes a sudden
loading on the adjoining zone of slope down-
wards C -~ Dy Under the aotion of this load
a region of pore water subjected to compress-
ive stressing starts in.loam soil which has a
very small permesbility. A seepege, directed
towards the free slope C = E on the valley
side, exists in parallel with the gradusl ex-
pan of the pore water, and in the neigh-
bourhood of the slope msy be regarded approx-
imately as parallel flow. The flow pressures
thereby occurring cause a disturbance in the
equilibrium of the lower parts of the slope

in the form of a fresh sliding as second
phase of a process which,by a repetition of
such sliding phenomena, progresses downwards
step by step and may attain formidable pro-
portions, depending on morphological and
geological conditions, The sequence of slip-
ends in the form of wave peaks, and sagging
zZones as wave troughs, gives that greatly cut
relief which is characteristic of hill-sides
that are' in denger of sliding and creeping.

In contrast to the above case of a move-
ment of gore water directed outwards and dis-
turbing the equilibrium, is the case of an
percolating flow directed inwards, which acts
not as a disturbing factor, but as a stabil-
ising factor on the equilibrium of the slope in
question, If, for instance in en earth dam as
sketched in Fig, 2, the percolation gradient
along a stream line is increased by the damm-
ing of the water, this ceuses sn increased
1ift in the zone of the dam freshly submerged,
and with this a relieving of the slope is con-
nected.

Closer investigation of the conditions of

‘stability of a slope with seepage shows that

the problem may be regarded as purely static
and without seperation between solid and li-
quid phases. In the first place the question

of the lf:ldraulic gradient 1 along a normal to
the s ace o e slope comes into consider-



Suddently appearing /oad
on the old slope surface

Preliminary shp 5 7

béz/f/ow of water
from the face of
g S/opeé

rface~
surfa S

\

=2 s # 7/ M_,Dhase

Zone of pressed pore water

Secondary slip surface

Slides and parallel flow. Seepage from the
inside to the surface. i=0 x<@.

FIG. 1

L‘
i
P S

f ™
i/ :
‘I\.,«-"‘l Flow -/ines

Equi -potential-lines

Slope under water, seepage from the outside to
the inside (i<0);04 > %

FIG. 2

ation. As a case for comparison we use the
part of the slope under water through which
there is no flow, where normal hydrostatic
conditions are to be found with vertically
directed lifting forces. We construct the ratio
between the limiting inclination of the slope
with parallel seepage and the slope with no
seepage. If this quotient is greater than 1,
the seepage has a stabilising effect; if on
the other hand it is less than 1, the effect
will be to disturb the equilibrium.

Quite a similar problem has been solved
by Bernatzik by the introduction of the slope
circle 1). A more general treatment of the
static conditions of slopes with seepage has
been effected by Meyer-Peter, Favre & Muller
2) and 3).

II. CONSIDERATIONS OF EQUILIBRIUM.

The slope of unlimited height, built up
with uniform material, is subjected to a pa-
rallel flow in any desired direction. To be
found is the' limiting inclination o, of the
slope with seepage, in which unsteble equili-
brium has been reached.

The calculation below 1s based on the
following assumptions: The angle d), of the
apparent internal friction of the material
is taken as being identical with the angle
of the natural slope of the loose sediment
without seepage. Strictly speaking this as-
sumption is only fulfilled in material with-
out any cohesion foxr which the angles of ap-
parent and of true internal friction are
identical. But our theory may be applied with
an approximation also to coherent loose sedi-
ment, in so far as its compacting corresponds
in all points to the locally changeable con-
ditions of tension. In this special case it
is alsg possible to reckon with a constant
angle 4" of the apparent internal friction,




which is practically identical with the angle
of the slope.

With regard to the pressure conditions
in the pore water, the only assumption holding
good is that the lines of uniform water press-
ure (equi-pressure lines), which are not i-
dentical with the known lines of uniform po-
tential or piezometer conditions (equi-potent-
al lines) must run parallel to the surface of
the slope. This condition is only fulfilled
with parallel flows when the surface of the
slope is free. If the slope lies under water,
ag for instance in Fig, 2, the following theo-
Ty is not applicable, On the other hand the
assumption made regarding the run of the lines
of uniform water pressure with free surface of
slope is as a rule fulfilled even in the case
of bent parallel flow (Fig. 7a)e.

For solving the present problem we first
of all consider the equilibrium of a prismatic
element coinciding with the surface of the
slope, the element consisting of solid and
%iquid phases and being completely saturated

Fig. 3).

The base dF of the mentioned element 4V
forms a possible sliding surface running pa-
rallel to the surface of the slope, and is at
the same time a surface of uniform water press-
ure. In the limiting case of equilibriwm, the
resulting tension p on the surface dF makes
with the normals to the surface the anglef, |,
i.e. the following hold good: is

o .
;:tg Pef2Lim* 6= Fs )

The following forces act on the element
dV: Its own weight dG, the symmetrical lateral
forces dE which mutually cancel each other,and
the 1ift dP. From the partial forces dG and 4P
the tensions 0° and T acting on the surface
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dF can be calculated as follows:
Weight : 4G = ¥ dVv i
Lift : dP=dp d.F:d—p- .dV (2)

]
According to Fig. 2 the pressure gradiens

9P ig getermined first of all for any desired
angle <o
Lim
d_‘p_=du cosa+dy sina. tgt
w

E (3)

—E=(cos a+ainx tgi) g,

du

Substituting equation(3) in equation {2)

we have:
dP=(cosa+sina tg i)y, dv (4)

By introducing this value of 4P into the
equilibrium conditions (2), the tensions T
and ¢ are obtained, whose quotient in the
liniting case according to equation(l) gives
the limiting angle % lim which was sought.

e dF=dG. cosx-dP= (g{e' COSx-COSAY -

sinatgi g )dv
rdF=[cos G(X'e‘xw)‘s.ln « tgi ‘Yw]dv (5)

TdF=y sina dV (6)
Tim _ g o I toi 5
() t9mum S tatactgg,  (5q)

tg %im=

T &)
¥ ctg ¢ +yw tgi
The coefficient factor ¢ serves as a
measure for the influence of the seepage on
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the angle of inclination of  the slope in the
limiting position of equilibrium:

7= 9%, Yo~ Jw e
tgq, Yo +1. tgitg %,

g’ -1
w +tgi tg LA
N4

=— — A= _’;eﬁ
A+l Vw
This equation shows that, with a given
material which is characterised by its unit
weight at saturation ( %) and its angle to
the apparent internal friction ¢, ,the
limiting angle x ;. of the slope with seepgge
depends solely and alone on the hydraulic
gradient i along a normal to the slope.Amongs:
others the following special cases are of in-
terest (Fig. &) :

a) The limiting angle of the slope with see-
page reaches a right angle, 1l.e.

u=tai tgg, (9

™
ot= —— and Z:oo

Condition: u=-A'; tgi=- Ie ctaq,
.4

w

b) The limiting anglea ., of the slope with
gseepage is equal to that of the slope with-
out seepage, i.e.

c’"lim=_‘r¢_‘,; Z"
Condition: u=4, tgi=-ctgy; i=¢-—
) A "

In this case the slope has seepage verti-
cally from above.

¢) The flow is parallel to the surface of the
slope. Consequently there camnot be any
flow gradient at right angles to the slope,
i.e. i becomes = O and thereby u= 0.
Equation (8) then passes over into the condi-
tion derived at amother place (&4).
‘_4 * - y
72 A Pl S ¢ (9)
A Te a/"/
d) With a gradual increasing of the hydraulic
gradient i (Fig.4), the limiting les

oim become theoretically alweys amaller
until finally the horizontal is reached (%iim
= 0 for i = w0 )., This extrapolation, how-
ever, does not hold good whenever the gradient
i is exceeded at which hydraulic rupture of
the soil occurs. If the gradient 1 is increas-
ed beyond this critical value, it is no longer
the danger of slipping but the denger of soil
rupture which is decisive for stability.
Equation(8) then becomes of no importance.
In order to £ind the position of tremsition
from the region in which sliding conditions
hold good to that of the usual soll rupture
condition, we calculate the ragpective limit-
ing angle o, by introducing as first approx-
imation in equation(8) the critical gradient

ig = :—’— for material without cohesion.
¥ i
I — Xﬁ[g" e Y 1o
Y+ Foo-tgg, %ﬁuu”z (19)

where ). " means the specific gravity under
water, i.e. y.r= yo-x.

From equation(l0) it also follows:
4

tga, =7, 19¢,- ey (Y

Since the deriving of the critical gradient

for soil rupture is with reference to a flow
directed vertically from below to above,whilst
the normal to the slope in which the gradient
1 is measured deviates from the vertical by
the angle « k, equations(10) and(1l) hold
good only approximately.

In addition they can only be adopted for ma-
terial without cohesion, since we have taken
the tensile strength of the material = O when
deriving the eritical gradient iy, 5).
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ln Fig. 5 the coefficient factors &
are represented as parameter as a function of
the gradient i tor different unit welghts ;. .
This group of curves shows that seepage from
within requires a considerable reduction of
the limiting. angle o, with respect to the
angle ., of the natural slope. As tramsition
between seepage from within to percolation
from the outside, the caseu = O or i =0
appears, tor which the flow is directed pa-
rallel to the surface of the slope. From -the
point u = O the curves lie steeply to the
common point of inversection C, which is given
by the ordinate ¢ = 1 and the abscissa u = -1,
In this case the seepage - which takes place
here from the outside - has no influence on
the stability on the slope ( X(in=Fs).
After closer consideration it is found that
we are dealing here with a percolation of the
material in the vertical direction from above
to below. To the left of C the curves ap-
proach their corresponding vertical asymptotes
in a steep rise, the position of the asymp-

totes)ipeins given by the abscissa sections
u= -



The corresponding limiting angle amounts to

o i = which corresponds to a ver-
tical slope. At the righthand side of the dia-
gram the validlty of the group of curves is
limited by the region of validity of the soil
rupture condition, whose extent also depends
on Y, . A3 an examgée the limiting lines
for ¢y, = 300, 350, 40° and 45° have been
plotted in chain-dotted lines. Beyond these
limiting lines the gradient i cannot be in-
creased, even with a horizontal material sur-
face, without the occurrence of rupture of the
ground.

IIT. CONCLUSIONS.

Ag can be seen clearly from the above theo—
ry, in determining the gteability of a slope
saturated with water, the wvelocity of flow
plays no part; it depends exclusively on the
presgure ratio in the pore water. or on the
run of the lines of uniform water pressure
(equi-pressure lines) which are not to be con-
fused with the lines of uniform potential (e-
qui-potential lines). Of course this holds good
only under the supposition that no fine parti-
cles are swept away by the percolation process
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or are chemically dissolved.

in the case of little-pervious fine-grain-
ed slopes percolation can very often be scarce-
1y perceived, the evaporation on the surface of
the slope being sufficient to remove the issuing
water; this is very frequently the case in dams,
Although in this case the velocities of flow
are practically = O, the slope in question is
nevertheless subjected to untavourable conditi-
ons of stability for the material through which
the flow occurs, since it just depends on the
run of the equi-pressure lines which, like the

6l

flow picture, are kmown to be independent of
the coefficient of permeability and thersby of
the speed of percolation.

In order to make clear the difference be-
tween the equi-pressure and the equi-potential
lines, three different cases of parallel flow
are iilustraped in Fig.6 .FPig.6a shows a flow
from inside directed at an angle - to the alope,
where the equi-pressure lines, which here run
parallel to the surface of the slope, enclose
with the equi-potential lines the angle (¥ -w)
Fig. 6b shows a flow parallel to the surface
of the slope, where the tlow and equi~pressure
lines coincide, whilst the equi-potential lines
are at right angles to the slope., In these two
cases a) and b) the surface of the slope will be
slightly trlooded over. Case c¢) shows a parallel
flow at right angles to the slope and directed
outwardc, as 1s normally observed below the
surface of the water. Here the equi-potential
lines are parallel to the slope, but the
equi-pressure lines on the other hand are di-
rected obliquely to it. Our theory is there-
tore not applicable in this case, Only if the
discharge takes place on the free slope, with-
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out being submerged, so that the slope is only
slightly tlooded over, the lines of uniform
potential and uniform pressure will also in
case ¢) be identical and parallel to the sur-
race of the slope and thereby rulfil the as-
sumptions of the theory.

Three further cases of practical import-
ance are illustrated in Fig. 7. Fig. 7a shows
a bent parallel flow issuing on the slope at
an acute angle w- ,whilst in Fig. 7b the
circumstances are indicated which arise under
the influence of capillary forces with no



52

t+low and horizontal ground-water level. lhe
tact 1s important that the equi-pressure lines
in this case run horizontally, so that the
li¥ting forces, which are also etfective 1n
the closed capillary region, remain vertical.
Jhe equilibrium of such a slope way therefore
be investigated in vhe usual manner with bent
sliding surfaces. The weights of the solid amd
liquid phases may then be inserted in the cal-
culation either separately, by introducing
the capillary rorces as an external loading;
or cuch a separavion is not adopted, the unit
weight yo of the saturated material above
water being introduced i1nto the calculation,
a proceeding which is much simpler. If the
water evaporates on the surtiace of the slope,
a certain percolating movement directed up-
wards takes place in consequence of the capil-
lary rise above the groundwater level. No
change is thereby made in the external static
conditions of the slope, since the frictional
rorces that occur neutralise each other muwu-
ally as action and reaction in the interior of
the static system. As polar opposite of the
cepillary rise of the water, the case of ver-
ticsl parallel tlow from above to below is
illustrated in Fig. 7¢ ; this may occur for
instance with rain of with the melting of snow.
The vertical percolation of the slope 1s here
characterised by the pressure of the pore wa-
ter at all points, and therefore also along a
normal to the slope, being everywhere equal to
atmospheric pressure,i.e. i =¢,-T and u=-1
This case thus correspongs to the point
of intersection C in Fig. 5, for which, in ac-
cordance with what has been said already, the
liniting anglex(;,, becomes identvical with ..

‘‘'he zbove comparisons show that i1n gene-
ral the slighv tlooding of the surface of the
slope has an untavourable influence on its
stability. Account must be vaken ot this fact
esvecially when slopes are being drained. Cer-
tainly, even if there is no tlooding,seepage
flow directed down the slope may occur within
the closed capillary region, and this has an
adveise erfect on the equilibrium, dbut 1t will
take place as a rule with a very small gradient
i. On the other hand, 1t may frequently be ob-
served that the evaporating surface withdraws
1nto the interior of the slope and an evapora-
ting crust is tTormed through dryinz,and this
acts a2s a stabiliser. Also the latest attempts
to improve the stability of slopes with see-
page by adopting electro-osmotic methods 7)
should be noted in this connection.

If it iz desired to investigate the con-
ditions of eguilibrium of a slope with an angle
of inclination « and parallel seepage, this
slope being in a stable condition, two differ-
ent methods may be adopted with a given gra-
dient i: Either the limiting inclination tgw«y,
is calculated according to equation(?7) and the
degree of safety N i1is found i1n the rorm:

N= aoim (42)
tgx

or the angle § 1s calculated, which 1s includ-
ed by the parallel directed resultants pdF of
own weight and lift with the verticals (cf.
Fige 3 . This angle 6 +therefore gives partic-
ularly valuable conclusions, since the influ-
ence of the parallel flow on the equilibrium-
of the slope may be regarded as a field of

gravity rotated about the angle and somewhat
reduced in intensity. The criterion for the
equilibrium of the slope is then:

oécps—é (13)
(ef. fig. 13)

The angle 5 1is easily calculated from
equation (') by substituting the sum of the

angles @a+4& for qg ;3 then we obtain:
W
N
4+tal tgo
tg é ot 9 (14)

%‘ tga 4—%‘5‘ ctga-tgi

From this equation the rapid increase of §
with increasing gradient i can be clearly
seen.

Finally it should once again be pointed
out that the above theory, derived in the
first place for cohesionless material, is
only applicable to a coherent material if the
cohesion increases from O at the surface of
the slope proportionally to the depth, so
that the a-line of the shear diagram remains
valid at all points of the slope,correspond-
ing to a constant angle of the apparent
internal friction. Such cohesion conditions
may for instance arise with the compacting of
fresh sediment under its own weight, also the
modulus of plasticity then increasing in pro-
portion to the depth 5)end 6). If on the
other hand a loose sediment of another kind
of cohesion conditions - for instance with
constant cohesion - as considered the stabil-
ity of the slope with seepage may be examined
only with the help of known methods by adopt-
ing bent sliding surfaces.
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