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ings one finds rapidly the value of 8 closing
the diagram and thus corresponding to the real
margin of safety.

EXAMPIE,

Figures 8 a and b give an example of all
the computations snd drawings necessary for

the determination of the factor of safety for
a determined sliding-circle., We find s = 0,8,

The same examination has be done with the
method of slices, also giving s = 0,8, :

The method of slices asked 2 hours, for
one trial. The complete determination by three
trials asked 5 hours.

The proposed method gives the real value
of the coefficient of safety within 1% hour,

= 0=0=0—0~0—0—

THE @ = O ANALYSIS OF STABILITY

AND ITS THEORETICAL BASIS,

A, W, Skempton M.Sc,, AM,I.C.E., F.G.S.

University Reader in Soil Mechanics and
Assistent Professor at Imperial College,
University of London.

I. INTRODUCTION.

It is known that saturated clays when
tested under conditions of no water content
change behave, with respect to the applied
stresses at failure, as purely cohesive ma-
terials with an angle of shearing resistance

@ equal to zero. This experimental observa-
tion is the basis for a method of stability
analysis which is now becoming widely used
and which is known as the @ = O analysis of
stability.

Experience is showing that the analysis
is reliable in practice; leading to correct
estimates of bearing capacity of clay soils
and of earth pressure, and giving satisfact-
ory results for the factor of safety of clay
slopes. Yet there are important limitations
to the range of application of the P = 0 ana-
lysis and to the soils in which it can be ap-
plied. These limitations must be fully appre-
ciated in the application of the method to
practical problems.

II. EXPERIMENTAL EVIDENCE OF @ = O.

In 1915 Langtry Bell carried out a series
of shear box tests on various cohesive soils
in which a restricted opportunity for water
content change under the normal pressure was
allowed. These tests showed that, at least
for the softer clays, the angle of shearing
resistance @ was small.

Bell also presented equations for active
and passive earth pressure in cohesive soils
and for thei: bearing capacity. He did not,
however, conclude that @ should be taken as
zero for clay soils in the analysed of these
problems.

So far as the author is eware this as-
sumption was first made explicitly by Felle-
nius in 1922 in connectipn with the stability
of clay slopes, when he put forward the equa-
tion shown in Fig. 5 (a). Later, in 1927,
Fellenius dealt with the problem more fully
end, in particular, he derived the .concep?t
“of the stability number c¢/yH which of great
significance in earth pressure and slope sta-
bility in clays.

But at this time little was known of the

shear properties of cleys and there was in-
sufficient evidence for the acceptance of an
analysis based on the @ = O assumption. The
problem was, in fact, not placed on a firm ex-
perimental basis until 1932 when Terzaghi pu-
blished the tests results shown.in Fig. 1.
These demonstrated that when a saturated clay
is tested in the triaxial apparatus, under
conditions of no water content change (the so-
called "immediate™ of "quick" triexial test),
the angle of shearing resistance is zero; al-
though the angle of shearing resistance ob-
tained in a test where the clay is allowed to
consolidate under the applied stress is very
considerably greater than zero.

Subsequent work has confirmed this re-
sult (see,for example, Jurgenson 1934a, Golder
and Skempton 1948), and it follows that in
saturated clays, tested under conditions of
no water content change, the criterion of
failure may be expressed in the form

o) -~ 03 = 2¢ (1)

where o1 and 0'3 are the major and minor ap-

plied principal stresses at failure and c¢ is
the "cohesion" or sheer strength of the clay
at the particular water content of the test.

An analysis of stability can therefore
be based upon equation (1) and will lead to
correct results with respect to the applied
stresses at failure, provided the basic con-
digﬁons implicit in this equation are complied
w .

It should be noted that (o, - o) is the
compression strength of the cla} and’there-
fore ¢ = ¥ compression strength
This result provides a ready meens of deter-
mining the cohesion of a clay sample, since
the compression strength can easily be mea-
sured.

III, THE # = O ANALYSIS OF STABILITY.

Based upon equation (1) the = 0 ana-
lysis has been developed for the calculation
of active and passive pressure and bearing
capacity of clays and the calculation of fac-
tors of safety in clay slopes. The methods &re
summarised in the followihg paragraphs:
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Application of @ = O Analysis to Calculation of
Active Earth Pressure in Clays.

FIG. 2

1) Active earth pressure (Fig. ¢). For a ver-
tical wall with horizontal backing

Pp =Yz - 2¢V1l +cu/c (3)

This gives a pressure distribution with depth
as shown in Fig. 2(b). With a tension crack
of depth z, the total thrust on the wall is
equal to the algebraic sum of the shaded area.
With variable strata a diagram such as that
shown in Fig. 2(d4) is obtained.
The total thrust is again equal to the alge-
braic sum of the shaded areas.

The distribution of the total thrust de-
pends on the mode of yield of the wall.
2) Passive earth pressure (fig. 3)
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Application of @ = O Analysis to Calculation of
Passive Pressure in Clays.
FIG. 3
Pp = Yz (¢y = ¢) (#)
= Y2+ 2.4 (cy = Fc)
- Y o+ 2.6¢c (cy = ¢)

the coefficients of ¢ have been derived by
Packshaw (1946) from. the modified wedge theo-
ry given by Terzaghi (1943),
3) Bearing capacity of shallow foundations
(Fig. 4)
qu =Yz + (2 + ¥ ) ¢ strip footings (5)
qQ, = 7z + 6.7¢ square footings (8)

The strip footings equation was introduced by

+ 2¢
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FIG. 4

Jurgenson (1934 b) from a theoretical analy-
8is by Prandtl (1920). The square footing e-
guation is based upon experimental work by
older (1941) and Terzaghi (1942) and a field
investigation by Skemptonm (1942). With vari-
able strata an average value of ¢ in a depth
equal to the width of the footing can general-
ly be taken.

An alternative approach is to calculate
the shear stresses (o, - 3)/2 in the ground
beneath the foundationl and”“ensure that at no
point is the stress in excess of the cohesion
of the clay (Cooling 1942).

4) Stability of slopes (Figs. 5 and 6)

For homogeneous clays the problem has been
solved by Taylor (1937), Fig. 5, following
the original work of Fellenius. For variable
strata the procedure is to analyse a chosen
slip cirecle, as shown in Fig. 6, and then re-
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peat with other circles until a minimum fac-
tor of safety has been established.

IV. LIMITATIONS OF THE @ = O ANALYSIS.

The foregoing methods of analysis have
been applied with success in practical pro-
blems.(see Skempton and Golder 1948 for a
summary of ten field examples)., It must,how-
ever, be realiged (a) that the snalyses are
based on the assumption that the soll behaves
as if § = O and (b) and there are three im-
portant limitations to this aessumption. These
limitations sare:

1) For fully saturated clays the angle of
shearing resistence is zero only when there
is no water content change under the applied
stresses. The rate of consolidation of clays
is so small that, In most cases, the change
in water content during construction is ne-
gligible. Therefore the @ = O analysis ap-
plies, from this point of view, almost ex-
actly to the conditions obtaining immediate-
ly after construction. Thus the bearing ca-
pacity of a foundation when the structure is
completed, the stability of a dock wall after
dredging in front of the wall has been car-
ried out, or the stability of a cutting after
excavation is completed, are all given cor-
rectly by the § = O analysis.
But with time water content changes will take
place under the changed stress-conditions,and
the shear strength of the clay will progres-
sively alter from that used in the analysis.
In the case of a foundation the change will
be due to conmsolidation and the @ = 0 ana-
lysis is therefore conservative in that it
gives the lower limit of bearing capacity.
In some problems it is justifiable to allow
for the increase in strength during construc-
tion (see, for example, Bishop 1948)., In the
case of dock walls and cuttings, however, the
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general tendency may sometines be a reduction
in strength, and this possibility must be
carefully considered in design.

The special case of stiff-fissured cleays,
where the changes in strength with time are
great, is considered in another paper by the
author (Skempton 1948 b),

2) Even in fully saturated clays, tested under
conditions of no water content change, the
true angle of internal friction #¢ of the
clay is not zero, Although the clay, at any
particular water content, behaves with res-
pect to the aDElied stresses at failure as if
it were a purely cohesive material (when test-
ed under these conditions) its behaviour is
at all times controlled by the true cohesion
and true angle of internal friction and the
effective stresses. As shown by Terzaghi.

36 e presence of the true intermal fric-
tion is apparent from the observation that the
shear planes in a compression test specimen
are inclined to the horizontal at angles
greater than 459, (450 corresponding to the
case of true non-frictional materials). The
inclination a is in fact theoretically equal
to (450 + % @¢) for all tests including those
where no water content change take place and
the angle of shearing resistance is zero,

In tests on individual undisturbed samp-
les it is often difficult to obtain consistent
values of a owing to lack of homogeneity. The
author has, however, examined a number of ca-
ses where reasonably consistent results have
been obtained and it eppears that a signific-
ant correlation exists between Py and porosity
(Skempton 1948a). In PFig. 7 the results for
saturated clays ere given x )These soils with-
out exception, were fcund to have a zero angle
of shearing resistance although as will be
seen, the shear planes were in all cases in-
clined at angles greater than 45°,

It therefore follows that whereas the ap-
plied stresses at failure are given correctly
by the ¢ = O analysis, according to equation
(1), the shear surface is controlled by the

true angle of friction df : an angle which is
greater than zero. Thus the # = O analysis
will not, in general,lead %o a correct pre-
diction of the actual shear surface, nor will
the snalysis, theoretically, glve a correct
factor of safety if the values of ¢ are ap-
plied to an observed shear surface. In prac-
tice the errors arising from this latter
point may often, though not always, be small.
3) Clays which are not fully saturated do not
give an angle of shearing resistance equal
to zero when tested under conditions of no
overall water content change, Thus in meny
problems associated with earth dams, embank-
ments and compacted bases and sub-grades the
@ = O analysis will not apply. In addition it
appears that some silts, even when fully sa-
turated, show an angle of shearing resistance
in the immediate triaxial test greater than
zero (Golder and Skempton 13948). For these
soils also the @ = O analysis does not apply.

V. PRACTICAL EXAMPLES,

Three practical examples will be taken
as illustrative of the above points.

1) Eau Brink Cut. (Skempton 1945), Here the
actual shear surface was determined with
reasonable accuracy, snd the shear strengths
of the strata were measured as one-half the
unconfined compression strength. Using the ¢
= 0 gnalysis the factor of safety was found to
be 1.0, which is correct. But the slip surface
corresponding to this factor of safety lays def-
initely behind the actual slip surface. This
is analogous to the fact that the 45° plane in
a compression test is flatter than the actual
shear plane. Moreover the factor of safety as
calculated on the actual slip surface was 1.3Q

x.) Lack of homogeneity is largely eliminated in
remoulded clays and their @ porosity relation
is therefore also given in Fig. 7. It is clear
that a definite correlation exists for these
samples.
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In triaxial compression tests carried out with
no water content change # was zero. Yet the
shear plsnes were inclined at angles of more
than 45° without exception.

2) Chicago Subway. (Peck 1942), Here the earth
pressure as calculated on the @ = O analysis
agreed well with the observed loads in the
struts. The conclusion drawn by Peck was that
the clay had an "engle of internsl friction"
equal to zero. In the esuthor's opinion the cor-
rect conclusion is that during the few weeks
of observation no appreclable water content
change could take place and the essential basis
for the @ = O assumptions in saturated clays
was therefore complied with. Nevertheless the
clay would almost certainly have a true angle
of friction @#¢ in excess of zero. The strut
load observations could not possibly supply
eny evidence on this point. But the author
would be surprised if the shear planes in the
compression tests were inclined at 45°, or if
any more elaborate analysis such as that dev--
eloped by Hvorslev (1937) would show that
¢f-0 for this clay.

3)W e-Edwards' Critical Height Tests. In
ese tests, whl are describe y Skemp-
ton and Golder (1948), it wes found that the
critical height of a verticel bank of remould-
ed London Clay was 8 ft. This result is in
reasonable agreement with the height calculat-
ed on the @ = O analysis using the measured
values of ¢ and -y for the clay and the obser-
ved depth of tension crack. Yet the slip pleane,
which was well defined in each of the three
tests, was inclined at 51°, and not at 459,
Moreover the value of ¢ , deduced from the
relationa = 45° +3@p is 12° and this is in
close agreement with the values of gf found fram
the inclination of the shear planes in compres-
sion specimens of remoulded clay at the par-
ticular porosity (52 percent), of the clay
used in the critical height tests, see Fig. 7.

VI. CONCLUSIONS.

1) When tested with no water content change a
saturated clay behaves with respect to the
applied stresses at failure as if it were a
purely cohesive material with an sangle of
shearing resistance @ equal to zero.
Consequently sn analysis of stability
based on this result will give correct results
for earth pressure, bearing capecity, or the
factor of safety of a clay slope for the period
when water content chsnges are negligible.This
will often be the case for the conditions at
the completion of comstruction.
2) With increasing time after construction
water content changes may occur which lead
to different strengths in the clay from those
assumed in the ¢ = O analysis. These should be
allowed for as far as possible in the design.
The special case of stiff-fissured clays is an
extreme example of this effect.
3) The fact that the @ = O analysis leads to a
correct evaluation of stability under con-
‘ditions of no water content change does not in
any way prove that the clay has a true angle
of internal friction @requal to zero. On the
contrary there is evidence that most clays ex-
hibit an angle of internal friction definitely
in excess of zero. This leads to the conclusion
that, in so far as the position of the shear
surface is controlled in part by the angle of
internal friction (friction being a directional
porosity and not merely a coefficient repre-
senting increase in shear strength under in-
creasing pressure), the # = O analysis will
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lead to an incorrect placing of the shear sur-
face. It is also concluded that a § = O analy-
sis based on the actual shear surface will, at
least theoretically, lead to an incorrect es-
timate of the forces and of stability.

The correct estimate of stability will be
obtained from a # = O snalysis using the shear
surface compatible with the @ = O assumption,
even though this surface is itself not coin-
cident with the true slip surface.

4) The @ = O analysis cannot be applied to par-
tially saturated clays, nor to those silts
which show an angle of shearing resistance
greater than zero in the immediate triaxial
test.
5) It may be possible to evolve an analysis
which overcomes the difficulties expressed
in conclusions (3) above. Meanwhile, provided
its limitations are appreciated, the # = O ana-
lysis is a method of great value in civil en-.
gineering design.

REFERENCES.

BISHOP, A.W. 1948. "Some factors involved in
the Design of a Large Earth Dam in the
Thames Valley".
2nd Int.Conf.Soil Mechanics.

BELL,A.L. . e lLater essure and Re-
sistance of Clay and the Supporting Power
of Cley Foundations".

Min.Proc.Inst.C.E. Vol.l49. p.233

COOLING,L.F. 1942, "Soll Mechanics and Site
Explorations' Journ.Inst.C.E. Vol.18 p.37.

FELLENIUS,W. 1922, Statens Jarnvagars Geotekn-
niska Kommission, Stockholm.

FELLENTUS,W. 1922. "Erdstatische Berechnungen"
W.Erost. Berlin.

GOLDER}H.Q. 1941. "The Ultimate Bearing Pres-

sure of Rectangular Footings".

Journ.Inst. C.B. Vol.l17, p.1l6l.

yH.Q. &n N A.W. 1948, "The Angle
of Shearing Resistance in Cohesive Soils
for Tests at Constant Water Content".

2nd Int.Conf.Soil Mechanics.

HVORS s M.J. o ber die Kestigkeits-
eigenschaften gestorter bindiger Boden".

Ingeriorvidengkabelige Skriften.
I.ﬁo. 5. Copenhagen

JURGENSON,L. 1934 (a) "The Shearing Resistance
of Soils".

Journ.Boston Soc.C.B. Vol.2l. p.242

GOLD

JURG. s L e Application of
Theories of Elasticity and Plasticity to
Foundation Problems".

Journ.Boston Soc.E.E. Vol.2l. p.206.

PAC Pressure and Earth

[y O .
Resistance". Journ.Inst.C.E. Vol.25 p.233
PECK, R.B.1942 . "Ear ressure Measurements
in Open Cuts, Chicago Subway".
Proc¢.Am.So0¢c.C.E. Vol.68. p.3900
L, L. . er die Harte plastischer
Korper". Nachr.Koniglicken GesellWissen.,
Gottingen, Berllin.

SKEMPTON, A.W. 1942. "An Investigation of the
bearing Capacity of a Soft Clay Soil".
Journ.Inst.C.E. Vol.1l8. p.307.

s A.W. « "A slip in the West Bank
of the Eau Brink Cut".
Journ.Inst.C.E. Vol.24. p.267.

S , AW, . (a) "A study of the Imme-

diate Triaxial Test on Cohesive Soils".

2nd Int.Conf.Soil Mechanics.

S s AW, e Rate of Softening
in Stiff-Fissured Clays, with Special Re-
ference to London Clay".
2nd Int.Conf. Soil Machenics.

SKE Q- Golder, 1948, "Practi-

, A.W. and H.
cal Examples of the § = O Analysis of Sta-



78

bility of Clays".
2nd Int.Conf.Soil Mechanics.
TAYIOR, D.W. 1937, "Stability of Earth Slopes".

Journ.Boston Soc.C.£., Vol. 24.p,1
TERZAGHT, K. 1932. "Tragluhigkelt der ggadh-

grundungen' .
Int.Assoc.Br.Struct.Eng.

P. ©59 Paris
TERZAGHI, K. 1942, Discussion of paper by A.W.
Skempton (1942).
Journ.Inst.C.E. Vol.1l8 p.572.
» Ko .« "Theoreticel Soil Mechanics"
John Wiley, New York.

TERZ A
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A SIMPLIFTED METHOD FOR COMPUTING THE BEARING CAPACITY

le7
OF THE SOIL SUPPORTING FOOTINGS OR PIERS
L., MARTVOET
Ghent ( Belgium ).
INTRODUCTION.

In engineering practice, it 1s often use-
ful to dispose of a simplified method for es-
timating rapidly the bearing capacity of the
soil beneath footings or piers.

By this estimation two maein conditions
are to be taken in consideration: firstly the
foundation load will be limited in such a way
that shear failure and loss of stability of
the s0il cannot occur, and secondly the found-
ation must be designed to distribute the load
s0 that dangerous settlements of the super-
structure are prevented.

The ultimate value of the bearing capa-
city of the s0il and the magnitude of the
settlements depend not only on the mechanical
properties of the soil, but also on the size
of the loaded area, its shape, and its loca-
tion with reference to the surface of the soil
It is evident that settlements are dependent
on the allowed unit load.

In order to reduce the time required to
solve both problems of stability and deform-
ation of the soil, for some practical cases of
loading conditions, diagrams are presented,
which greatly simplify the use of formulaes.

BASIC FORMULAS.
1) The bearing capacity of the soil.

In accordance with the investigations of
Prandtl and Buisman, M. De Beer obtained a
general formula for the ultimate bearing capa-
city of the soil supporting a continuous and
centric loaded footing with a width b. In that
formula, it is assumed that the shearing re-
sistance s of the soil is determined by the
equations:

8 =¢+p.tgq + (0 - py) tgy', whenao> pb,(l)

B =c¢c +0 ,tg ,when0'>pb.(2)
wherein: .
¢ = the cohesion
¢ = the angle of intermal friction
= the ‘hpparent" angle of friction
o = the effective normal stress
Pp = the effective normal stress beside the
base of the footing.
For cohesionless soils ( ¢ = O), M. De
Beer obtains for the ultimate bearing capacity
d,, the following formula:

dr-V"b.pb‘PV's.a’k .b (3)
in which:
b = the width of the footing.
¥ = the unit weight of the earth below the
footing, in correlation with effective
normal stress.

V", and Vig = factors which depend on ¢ and ¢'
. ) tg @
n_ e’f‘".tg’(li--?-)-l]——-l (4)
Yol oty Rl kyw

An analytic expression of the factor V',
whose values deperd only on ¢', has been ela-
borated by Prof. Raes., Some values of V'S’ ob-
taeined by means of this expression, are ~con-~
tained in table I. Corresponding velues of V"b,
glven by (4) for the case ¢ = 30°, are also
indicated.

TABIE 1.
¢ | vy Ve | @ ™y Vg
50 | 4,7 | 0,2476 | 20° 9,6 23,4522
10° | 5,8 | 0,7233 | 250 | 130 | 7.1634
150 | 72,3 | 1,6413 } 300 | 18,2 | 15,190

2) The settlements.

The final settlement Z of a rigid footing
mey be computed from the Terzaghi formula:

(%)

z:[ d—ch' 2,3 .1og Zt12P

wherein:
C = coefficient of compressibility
dh = thickness of an elementary layer
G, = original effective stress ugon the layer
dh, located at a depth z below the base
of the footing.
increase of the effective stress at the
level of the base.
influence value of the surcharge ap, on
the vertical normal stress at a depth z.
= final effective vertical stress up-
on the layer dh (depth z). At the level
of the base (z = O), where the influence
value 1 = 1, and the original effective

ap =
1 =
g, +lap



