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VALIDITY OF COULOMB' LAW OF STABILITY

les

Prof, Dr. J. JAKY

To characterize the state of failure in
Soll Mechanics Coulomb's equation of stability:
t = n tg$ + C is made use of. This law has -
been proved experimentally partly only, because
in the range of tension, the envelope curve
characterising failure differs greatly from
the straight line determined by the above men-
tioned equation (Fig. l.a.) In the following
an attempt is made to deduce the exact law of
failure. It is assumed that Mohr's stress
circles have an envelope, but this is general-
ly a curve, its coordinates t and n are func-
tions of anglee (Fig. l.b.)T -

FIG.1a

I. AUXILIARY THESIS.

From stresses t and n acting on the slid-
ing surface inclined to thHe horizontal at
angle « and from conditions of the envelope

. o —
curve, 1.e. tg(Za—e): Ty— Ox
2T
equations of the conjugate stresses can be
deduced, i.e.

oy = ne2t sinacos{x-£)
cos e
: i -t
gsin -2t sin(a-€)cosa 0)
coseE
cos(2a-€
T =t )
COS E

That is, all stresses are combined functions
of angles € anda.

In a shearing test, according to arrange-
ment on Fig. 2., after compression of the soil,
anglea« is egual to zero, the sliding su-face
becomes horizontal, therefore, substituting in
equation (1) a = O, we obtain

O’-J=n
ow=n+2t tge @
T=t

all stresses are functions of ¢ only.

II. AUXILIARY THESIS.

The soil sample is under arbitrary stress
and its weight per unit volume varies either
under an external load or under its own weight,

therefore Y is not constant but generally:
a =a(x,¥). Since ¥ is function of stresses
0,y Ox and T and the latter are functions of ¢
only, Y = £() ] (33
because either a is constant or a = £ ,
hence all stresses are functions of £ only.
The conditions of equilibrium of the ele-
mentary prism can be expressed by Cauchy's
equations:

d'c—y E+ dv E— (E)
de 2y de ox ° : )
1
doy, De g dueer]
de  ox de dy
From Eq. (4) we obtain 9%- and ,gﬁ
d
de 3¢ )
o ¥ m=ﬂ(&) 1
l.J € de \dE F (5)
b g
& €
== -y 95 d @Y s
Ox & az__&ﬁv :
B,
T Y

Soil sample. IV

FIG.2



88

Generally, the denominator cannot be zero or
it would follow that ¥ = O, which is possible
only in the case of the weightless mass.
Differentiating the first equation under
(4) with respect to x, the second with respect

to y and equating %%u to 'gly%x we obtain:

gy 2 f,+Yf;E=_iKEfl_ [ O
de dx ox  de dy 21
3

substituting -%5- and 'g_x' from EQ.(5)

B R S Al QUT Y ST
de 8RR R

£
i R )
hence F 3

that is f, = KFf,

substituting from Bq. (&)
dr de \)

l> a
T=K,0%y+ K, ) (6)

that is, the shearing stress (T ) at an arbit-
rary point in the interior of the body is a
linear function of the normal stress o,
This law, as the basic law of the state of
stress of a body possessing weight is satis-
fifd as long as stresses are functions of ¢
only.

Substituting T and its differential-
quotient with respect to £ in the second
equation under (4) we obtain:

hence de  de

\
do, (ﬂw.ff‘—]:o (7)
de \ dx oy /
either 1.) dc‘=0 thus ox=C (8)
. Te . .
veE 3
— +k,— =0
or 2.) ox = 0y
This equation is satisfied, if
e=F(kx-1) (o)

ad 1.) If 0.=C, it follows after £q.(6.a):
T=0
In this case dohr's stress circles have a
point in common and have no envelope curve
(Fig. 3.). Therefore, this case lies outside
of the conception of the envelope and is thus
impossible.

FIG.3

ad 2.) Eq.(9) yields the required func-
tion € = £ (x,y). There is an infinite number
of possible solutions, for instance
e=C,(kx-1)
= C
E= Kx-1) etc,
a.) Stress conditions in the shearing test.
In the shearing test, the sample has
such small dimensions that its own weight can
be neglected in comparison with the external
load, thus j( = 0. The system of equations (4)
holds, if: > >
E_ 0E _ .
1) -0 oy~ 0 that is
€ = constant

it means, that the envelope is a straight
line. This is Coulomb's solution: t =n tg¢ +C.
or 2.,) if the main determinant of the eguation
system:

A
de de
dT doy -
de de
doy  doy dT)z
I [— = — 41
that is T ¥ (dE‘ ( )

Substituting the values of Eq.(2) in the
preceding equations and considering that along

t d
the envelope curve:-—-= il tg ewe get after
reductions: de de
t =
t'c',
C?’Cf? n|=C; n
FIG.4 a
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dt
d—E+2t tlge=0 (IZ)

Solving this differential ejuation we obtain

t=C,cos’e

(3)
n=C.-C,(e+sine cose)

respectively.

These are the equations of the envelope-
curve with parameter € . Ve plotted same
in Fig. 4.a.

This is a novel and as yet unknown law of
failure, valid mainly in the range of tension,
the curve of which is joined tangentially at
angle ¢ by Coulomd's boundary straight line.
(Fig. 4.b.)

Computing angle ¢ from the compression-
shearing test and the tensile strength (0%)
from the tension test, we obtain the charac-
teristics of the combined envelope curve
(Figi4eal):  C,-C, T =- oy

In the point of contact C : e = ¢ substit-
uting (13) in Eq. (10)

C,cos*¢ =[C;-C.(¢+sin¢ cosé;)] tgé+C

The constants C, and C, may be determined and
the envelope curve will be known in the range
of tension too.

Indeed, the envelope curve intersects the
t-axis below the Coulomb line, thus, the effec-
Tive cohesion (Ce) will be smaller than obtain-
ed from the straight line (C¢). This fact was
suggested long ago by researchers, because the
Coulomb line gave cohesion values unsuitable
to explain stability conditions and slope
failures. Fig. 5. shows a combined envelope
curve obtained by tests on clay.

Gray Clay {Budapest
LL-831% PL-374%,P!-57 7%
w= 304% e-0-86C r-0 350

L.t 1kaem

59

[ =i
6, 0-43 kg cm

FIG.5

b.) Law of shearing in mass possessing weight.
et the law ol shearing in a heavy eart
mass be investizated. lhere exists in this
case the relationship (6.a), substituting
values of g, and T from (1) and equatingk =tgy
we obtain
- sin{a-€)cosa
) cos(2x-€) =tg1p(n~2t ( ) )'Pz
COSE COS¢E
After reductions:
cos(2o~-€-p)-sinEsiny

COSESINY

=n+k,coty (1)
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Ifa =Ff(e) is given, Eq. (14) mey be integrated
and the stresses t and n will be known, thus
the state characterised by stresses 0,0, and
't&and also the sliding surfaces will be clear-
ed up.

I. E.g. let the simple case of a = £ be
considered .
It means, that the vertical lines are sliding
surfaces, too, because - according to Mohr's
theorem - the angle between the sliding sur-
faces is (90°-€) thus, ifa = ¢ the angle of
inclination of the other sliding surface

&, =90%E+£=90° (15)

In this case from Eq. (14)
t cobw=n+k,coty
E= ntgy+k,

Ve obtain Coulomb's law, that is £ =a =\, whence,
the sliding surfaces are planes inclined aty{
on the one hand and vertical planes on the
other hand. That is, Coulomb's law is valid

for the heavy earth mass, too, but in this case,
the sliding surfaces are planes inclined at a-y

thus

Moreover, Coulomb's linear law of failure
holds also in the case of other (plane of curv-
ed) sliding surfaces. Since € = ¢ , this time
Eq. (4) cannot be used, stresses Ox, 0y and T
being functions of the angle of the sliding
surface and not of angle ¢

II. Let nowa = 459 + % , then after £3.(1)

0 }16)

and from Eq.(4)
i-sing

=n+k,coty

COSE
Differentiating with respect to € and substi-
tuting the relationship

an dt
— =—cote
de de .
we obtain
—+tlge=0
de g
whence t=C, cose \
and n=C,-C,sine ('7)

That means, the body is iX a homogeneous state

of stress (Fig.6.) i.e. 0y=C,+C,

l mzcl-cl
.
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l
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FIG.6
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If all stresses are constent, it follows from
Cauchy's law of equilibrium:’y’- 0, therefore
the case of a=45% £ does not'refer to the
heavy earth mass, and must be excluded.
It would lead far to deal in detail with

a given problem, therefore only the way, how
to solve it is shown now.
1) If a = f£{¢) is given or assumed relation Eq,

(14) leads to a homogeneous linear equation
of first degree, from which we obtain t = F(€
and by integrating n = G(f) respectively and
using these relationships, all stresses as
functions of € may be determined from Eq. (1).
2) Assuming now on basis of Eq. (9) function

£ = f (x,y), the stresses, as the functions
of coordinates (x,y) will be known as well and
determining from the first equation under (4)
functiony = y(€) =y (X,7), we have in every
point the value of the weight per unit volume
and in connection with it, the value of the
void ratio and finally, on basis of a = f() =
g(x,y) the geometry of the sliding surfaces is

established.

CONCLUSIONS

In order to examine conditions of equilib-
rium of earth masses with respect to the fail-
ure, Coulomb's linear law has .as yet used. This
is a very primitive law, since we proved that
the form of the function giving the streases
acting on the sliding surfaces, t = £ (n) 1is
greatly affected by the shape of the sliding
surfaces produced by the movement of the earth
masses and by the varlation of that is of the
void ratio, briefly, it is determined by the
manner of movement. As soon as we know these,
the streas conditions can be computed.
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STATE OF STRESS IN GREAT DEPTH

leo
Prof. Dr.

The author wishes to deal in this paper
with two states of stress, namely with the
law of compression and shearing due to great

pressures, Laboratory tests used tg be extend-
ed up to the pressure p ¥ 10 kg/cmc and the

results of numerous tests are summarized in

the following empirical laws:

1) The compression is well characterized by
Prof. Terzaghi's law:

Sand Mo

FIG.1

JOZSEF JAKY

e =e - C‘lnF—p;cpc) (1)

that is, the void ratio e depends on the

logarithm of the p - pressure,

2) The shearing test proves Coulomb's assump-
tion that is on the surface of shear:

t=ntg¢+ C (2)

The question is whether the above equa-
tions are also valid in the range of great
pressures. An effort is made to give an answer
partly by experimerts partly by theoretical
considerations. The tests were made on ggg
gand only, but the results obtained may e
generalized for cohesive soils, too.

The grain distribution curve of the sand
used ip the experiments is shown on Fig. 1,
the effective grain size: D = 0,2 mm. Its void
ratio is €nin = 0.568 in dense state and ®nax”

ax
0.985 in loose state, its specific gravity

s = 2.66 g/cm3.
a) Compressgion.

The compression test carried out in an oedo-
meter after Casagrande, dimensions of the soil
sample were as follows: diameter § 45 mm,
height 18 mm. The water content of the sand
was w = 5,8 %. The pressure raised in gniform—
1y graduated steps up to p = 200 kg/cmc. The
function p = £ (e) is plotted on seml and
double logarithmic scale (Fig. 2). It may be
stated, that the curve follows the logarithmic
law to p) = 4.0 kg/cm2 only, from there it
obeys a power parabolic law, that is, the more
general law of compression:

== eo— Clpm (3)



