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I e 8
V A L I D I T Y  O F  C O U L O M B 1 L A W  O F  S T A B I L I T Y  

P r o f .  D r .  J .  J A E Y

To characterize the state of failure in 
Soil Mechanics Coulomb's equation of stability: 
t - n tg4> + C is made use of. This law has ■ 
been proved experimentally partly only, because 
in the range of tension, the envelope curve 
characterising failure differs greatly from 
the straight line determined by the above mai- 
tioned equation (Fig. l.a.) In the following 
an attempt is made to deduce the exact law of 
failure. It is assumed that Mohr's stress 
circles have an envelope, but this is general­
ly a curve, its coordinates t and n are func­
tions of anglee (Fig. l.b.).

I. AUXILIARY THESIS.

From stresses t and n acting on the slid­
ing surface incline«! to tEe horizontal at 
angle a and from conditions of the envelope 
curve, i.e. . / „ \ tru- cr*

t g ( Z o ( - e ) =

equations of the conjugate stresses can be 
deduced, i.e.

sinacos(a-e) \
(Xj = n +2t

COS £

sinf(X-£)cosa 
n -Zc — s---------

cos£

, cos(2a-e) 
t = t — 51----- -

COS £
That is, all stresses are combined functions 
of angles e and a .

In a shearing test, according to arrange­
ment on Fig. 2. after compression of the soil, 
angle« is equal to zero, the sliding surface 
becomes horizontal, therefore, substituting in 
equation (1) a = 0, we obtain

0-̂  = n
c r * = n - 2 t t g £  (2)

t = L J
all stresses are functions of t only.

II. AUXILIARY THESIS.

The soil sample is under arbitrary stress 
and its weight per unit volume varies either 
under an external load or under its own weight,

thereforeY is not constant but generally: 
a = a(x, f). Since y is function of stresses 
cXjt oi and t and the latter are functions of £

(5}only, J - t(e)
because either a is constant or a = f(£) 
hence all stresses are functions of £ only.

The conditions of equilibrium of the ele­
mentary prism can be expressed by Cauchy's 
equations:

0£ dT àc , s
— + ------------= y (£)
à ij d £ ôx

d c r , .

d £ 

dcr. b e

From Eq.

òe

ò . j

Ò E

ÒX

dt òx 

(4) we obtain 

*

d x

de

òe

ò i j

( 4 )

=  0

and -SE- òx by

do; da, id
jly

de d £ \dit)

-y
d T

~Si

"do; dcr,, /dTV
—  a r i n r /H T

FIG. 1 b

Soil sam ple.

FIG. 2
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G e n e r a l l y ,  t h e  d e n o m i n a t o r  c a n n o t  b e  z e r o  o r  

i t  w o u l d  f o l l o w  t h a t  y  -  0 ,  w h i c h  i s  p o s s i b l e  

o n l y  i n  t h e  c a s e  o f  t h e  w e i g h t l e s s  m a s s .
D i f f e r e n t i a t i n g  t h e  f i r s t  e q u a t i o n  u n d e r  

( 4 )  w i t h  r e s p e c t  t o i x ,  t h e  s e c o n d  w i t h  r e s p e c t  

t o  y  a n d  e q u a t i n g  t o  w e  o b t a i n :

dY ile c o  dy  r r , dt —1 — f.+yf,—=----i------f, _ yf,’—
d e Six by. d e d i j  dij

a d  2 . )  E q . ( 9 )  y i e l d s  t h e  r e q u i r e d  f u n c ­

t i o n  t  «  f  ( x , y ) .  T h e r e  i s  a n  i n f i n i t e  n u m b e r  

o f  p o s s i b l e  s o l u t i o n s ,  f o r  i n s t a n c e

e  =  C , ( k , x - y )

t -  C l  
K . x - y

e t c .

s u b s t i t u t i n g  - y j  a n d  f r o m  E q . ( 5 )  

d e d e

a . )  S t r e s s  c o n d i t i o n s  i n  t h e  s h e a r i n g  t e s t «

I n  t h e  s h e a r i n g  t e s t ,  t h e  s a m p l e  h a s  

s u c h  s m a l l  d i m e n s i o n s  t h a t  i t s  o w n  w e i g h t  c a n  

b e  n e g l e c t e d  i n  c o m p a r i s o n  w i t h  t h e  e x t e r n a l  

l o a d ,  t h u s  y  «  0 .  T h e  s y s t e m  o f  e q u a t i o n s  ( 4 )  
h o l d s ,  i f :  0

1 )  ^ f = 0 .  ! f . =  0  t h a t  i s
ôx

h e n c e i i  =  

f i

ò ' U
e  =  c o n s t a n t

t h a t  i s  f ,  =  k f 2

s u b s t i t u t i n g  f r o m  E q .  ( 4 - )

d o - *

h e n c e

( 6 )

i t  m e a n s ,  t h a t  t h e  e n v e l o p e  i s  a  s t r a i g h t  
l i n e .  T h i s  i s  C o u l o m b ' s  s o l u t i o n :  t  = n  t g 4 >  + C .  

o r  2 . )  i f  t h e  m a i n  d e t e r m i n a n t  o f  t h e  e q u a t i o n  

s y s t e m :

=  0

da,j dT

I de de

> (6 a) dT dax

de de

t h a t  i s ,  t h e  s h e a r i n g  s t r e s s  ( T )  a t  a n  a r b i t ­

r a r y  p o i n t  i n  t h e  i n t e r i o r  o f  t h e  b o d y  i s  a  
l i n e a r  f u n c t i o n  o f  t h e  n o r m a l  s t r e s s  c r *

T h i s  l a w ,  a s  t h e  b a s i c  l a w  o f  t h e  s t a t e  o f  

s t r e s s  o f  a  b o d y  p o s s e s s i n g  w e i g h t  i s  s a t i s ­
f i e d  a s  l o n g  a s  s t r e s s e s  a r e  f u n c t i o n s  o f  £  
o n l y .

S u b s t i t u t i n g  t  a n d  i t s  d i f f e r e n t i a l -  

q u o t i e n t  w i t h  r e s p e c t  t o  £  i n  t h e  s e c o n d  

e q u a t i o n  u n d e r  ( 4 ;  w e  o b t a i n :

t h a t  i s
d a ,

d £

do-,, d r
( 1 1 )

de dt,

S u b s t i t u t i n g  t h e  v a l u e s  o f  E q . ( 2 )  i n  t h e  
p r e c e d i n g  e q u a t i o n s  a n d  c o n s i d e r i n g  t h a t  a l o n g

dt dn
t h e  e n v e l o p e  c u r v e :  —  = - - - - - - t c j e w e  g e t  a f t e r

r e d u c t i o n s :  d t  d e

e i t h e r  1 . )

_ ^ f A + k , . ^ L ) = 0
d£ I dx òli 

d o i  =  0

o r

de 

2 * ) Ò X

t h u s  d i  =  C ,  

b e

b y

(7)

(a)

(9)

T h i s  e q u a t i o n  i s  s a t i s f i e d ,  i f

t  =  f ( k , x - i j )

a d  1 . )  I f  o v =  C ,  i t  f o l l o w s  a f t e r  E q . ( 6 . a ) :

t  =  C j
I n  t h i s  c a s e  j J o h r ’ s  s t r e s s  c i r c l e s  h a v e  a  

p o i n t  i n  c o m m o n  a n d  h a v e  n o  e n v e l o p e  c u r v e  

( F i g .  3 . ) .  T h e r e f o r e ,  t h i s  c a s e  l i e s  o u t s i d e  

o f  t h e  c o n c e p t i o n  o f  t h e  e n v e l o p e  a n d  i s  t h u s  
i m p o s s i b l e .

FIG. 4 b
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dt

de
+ 2t tge = 0 ( 1 2 )

Solving this differential equation we obtain

t= C, cos £

O s ' )

n= Ci-Ĉ Ê sinecose)
respectively.

These are the equations of the envelope- 
curve with parameter t . le plotted same 
in Fig. 4.a.

This is a novel and as yet unknown law of 
failure, valid mainly in the range of tension, 
the curve of which is joined tangentially at 
angle <j> by Coulomb's boundary straight line. 
(Fig. 4.b.)

Computing angle $ from the compression- 
shearing test and the tensile strength (cri) 
from the tension test, we obtain the charac­
teristics of the combined envelope curve 
(Fig.A.a. ): ci-r-E.=_ or2

In the point of contact C : t = substit­
uting (13) in Eq. (10)

C, cosz<J> = (̂ Cz - C, ((J+ sin4» roŝ )J tg<|>+C
The constants C, and Cz may be determined and 
the envelope curve will be known in the range 
of tension too.

Indeed, the envelope curve intersects the 
t-axis below the Coulomb line, thus, the effec­
tive cohesion (Ce) will be smaller than obtain­
ed from the straight line (Cc). This fact was 
suggested long ago by researchers, because the 
Coulomb line gave cohesion values unsuitable 
to explain stability conditions and slope 
failures. Fig. 5. shows a combined envelope 
curve obtained by tests on clay.

FIG. 5

b.) Law of shearing in mass possessing weight
Let the law or shearing in a heavy earth

mass be investigated. There exists in this 
case the relationship (6.a), substituting 
values of o* and t from (1) and equatingk,= tgiy 
we obtain

, co s  ( 2 oc - e ) . I  _. s in  ( a -  e jco sa

t — -- - - - - - - - - = t g ‘>p n - z t
COSE

After reductions:
cos( 2w-£ -~n>)-sinE5in-y

cose s imp

cost

t n *k 2cot-\ | > M

If a » F(t) is given, Eq. (14) may be integrated 
and the stresses t and n will be known, thus 
the state characterised“'by stresses cr„ cn, and 
•trand also the sliding surfaces will be clear­
ed up.

I. E.g. let the simple case of a = t be 
considered .
It means, that the vertical lines are sliding 
surfaces, too, because - according to Mohr’s 
theorem - the angle between the sliding sur­
faces is(90°-£) thus, if a. = E the angle of 
inclination of the other sliding surface

a, =90°-E* £ = 90° (15)
In this case from Eq. (14)

t cot'vi) = n*k2cot\p 
thus . . it~ nt g <̂- ki

He obtain Coulomb's law, that is E =o »ip,whence, 
the sliding surfaces are planes inclined ati^ 
on the one hand and vertical planes on the 
other hand. That is, Coulomb's law is valid 
for the heavy earth mass, too, but in this case, 
the sliding surfaces are planes inclined at

Moreover, Coulomb's linear law of failure 
holds also in the case of other (plane of curv­
ed) sliding surfaces. Since e = $ , this time 
Eq. (4) cannot be used, stresses and T
being functions of the angle of the sliding 
surface and not of angle e

II. Let now a = 45° + 4- , then after Eq.(l)
T  = 0  (16 )

and from 3q.(4)
i - s i n e  

t ----- = n*k1col'ii>
COSE.

Differentiating with respect to e and substi­
tuting the relationship

dn

dc

d t

dt
cot e

we obtain
dt
—  + t tqE = 0 
dt

whence

and (17)

t =  C ( COS E

n = Cj-C, Sint
That aieans, the body is iti a homogeneous state 
of stress ( F i g . 6.) i . e .  o-,, = C, + C 2

O', ~ Cz~C,

1 k o / c m

Gray Clay (Budapest) 

LL-89-1V PL-314VP!“57-7% 

w-30-4°'. e-0-980. r-0 950

C e - 0- 7 7  k g  'c m *

5 ;=  0 - 4 3  k g / c m

FIG. 6
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I f  a l l  s t r e s s e s  a r e  c o n s t a n t ,  i t  f o l l o w s  f r o m  

C a u c h y ' s  l a w  o f  e q u i l i b r i u m :  y  -  0 ,  t h e r e f o r e  

t h e  c a s e  o f  a = 4 5 *  f  d o e s  n o t  r e f e r  t o  t h e  
h e a v y  e a r t h  m a s s ,  a n d  m u s t  b e  e x c l u d e d .

I t  w o u l d  l e a d  f a r  t o  d e a l  i n  d e t a i l  w i t h  

a  g i v e n  p r o b l e m ,  t h e r e f o r e  o n l y  t h e  w a y ,  h o w  
t o  s o l v e  i t  i s  s h o w n  n o w .

1 )  I f  a = f ( e )  i s  g i v e n  o r  a s s u m e d  r e l a t i o n  E q .  

( 1 4 )  l e a d s  t o  a  h o m o g e n e o u s  l i n e a r  e q u a t i o n

o f  f i r s t  d e g r e e ,  f r o m  w h i c h  w e  o b t a i n  t  =  F ( e ]  

a n d  b y  i n t e g r a t i n g  n  =  G ( t )  r e s p e c t i v e l y  a n a  

u s i n g  t h e s e  r e l a t i o n s h i p s ,  a l l  s t r e s s e s  a s  

f u n c t i o n s  o f  e  m a y  b e  d e t e r m i n e d  f r o m  E q .  ( 1 ) .
2 )  A s s u m i n g  n o w  o n  b a s i s  o f  E q .  ( 9 )  f u n c t i o n

E  =  f  ( x , y ) ,  t h e  s t r e s s e s ,  a s  t h e  f u n c t i o n s  
o f  c o o r d i n a t e s  ( x , y )  w i l l  b e  k n o w n  a s  w e l l  a n d  
d e t e r m i n i n g  f r o m  t h e  f i r s t  e q u a t i o n  u n d e r  ( 4 )  
f u n c t i o n y  =  ' y ( e j  =  y ( x , y ) ,  w e  h a v e  i n  e v e r y  
p o i n t  t h e  v a l u e  o f  t h e  w e i g h t  p e r  u n i t  v o l u m e  
a n d  i n  c o n n e c t i o n  w i t h  i t ,  t h e  v a l u e  o f  t h e  
v o i d  r a t i o  a n d  f i n a l l y ,  o n  b a s i s  o f  a  -  f ( t j  =  
g ( x , y )  t h e  g e o m e t r y  o f  t h e  s l i d i n g  s u r f a c e s  i s

e s t a b l i s h e d .

C O N C L U S I O N S

I n  o r d e r  t o  e x a m i n e  c o n d i t i o n s  o f  e q u i l i b ­

r i u m  o f  e a r t h  m a s s e s  w i t h  r e s p e c t  t o  t h e  f a i l ­

u r e ,  C o u l o m b ' s  l i n e a r  l a w  h a s  - a s  y e t  u s e d .  T h i s  
i s  a  v e r y  p r i m i t i v e  l a w ,  s i n c e  w e  p r o v e d  t h a t  

t h e  f o r m  o f  t h e  f u n c t i o n  g i v i n g  t h e  s t r e s s e s  

a c t i n g  o n  t h e  s l i d i n g  s u r f a c e s ,  t  -  f  ( n )  i s  

g r e a t l y  a f f e c t e d  b y  t h e  s h a p e  o f  t h e  s l i d i n g  

s u r f a c e s  p r o d u c e d  b y  t h e  m o v e m e n t  o f  t h e  e a r t h  

m a s s e s  a n d  b y  t h e  v a r i a t i o n  o f  y t h a t  i s  o f  t h e  

v o i d  r a t i o ,  b r i e f l y ,  i t  i s  d e t e r m i n e d  b y  t h e  

m a n n e r  o f  m o v e m e n t .  A s  s o o n  a s  w e  k n o w  t h e s e ,  
t h e  s t r e s s  c o n d i t i o n s  c a n  b e  c o m p u t e d .

ACgNOTfT.KDftBMBNT

T h e  a u t h o r  w i s h e s  t o  e x p r e s s  h i s  g r a t i t u d e  
t o  A .  K 6 z d i  f o r  p r e p a r i n g  t h e  f i g u r e s  a n d  c o m ­
p l e t i n g  t h e  m a n u s c r i p t .

- o - o - o - o - o - o -

I e 9
S T A T E  O F  S T R E S S  I N  G R E A T  D E P T H  

P r o f .  D r .  J O Z S E F  J A K Y

T h e  a u t h o r  w i s h e s  t o  d e a l  i n  t h i s  p a p e r  
w i t h  t w o  s t a t e s  o f  s t r e s s ,  n a m e l y  w i t h  t h e  
l a w  o f  c o m p r e s s i o n  a n d  s h e a r i n g  d u e  t o  g r e a t  
p r e s s u r e s .  L a b o r a t o r y  t e s t s  u s e d  t o  b e  e x t e n d ­
e d  u p  t o  t h e  p r e s s u r e  p  = 1 0  k g / c m ^  a n d  t h e  
r e s u l t s  o f  n u m e r o u s  t e s t s  a r e  s u m m a r i z e d  i n  
t h e  f o l l o w i n g  e m p i r i c a l  l a w s :
1 )  T h e  c o m p r e s s i o n  i s  w e l l  c h a r a c t e r i z e d  b y  

P r o f .  T e r z a g h i ' s  l a w :

e  = M
Pc

t h a t  i s ,  t h e  v o i d  r a t i o  e  d e p e n d s  o n  t h e  
l o g a r i t h m  o f  t h e  p  -  p r e s s u r e .
2 )  T h e  s h e a r i n g  t e s t  p r o v e s  C o u l o m b ' s  a s s u m p ­

t i o n  t h a t  i s  o n  t h e  s u r f a c e  o f  s h e a r ;

t = n tg 0 + c (2)
T h e  q u e s t i o n  i s  w h e t h e r  t h e  a b o v e  e q u a ­

t i o n s  a r e  a l s o  v a l i d  i n  t h e  r a n g e  o f  g r e a t  
p r e s s u r e s .  A n  e f f o r t  i s  m a d e  t o  g i v e  a n  a n s w e r  
p a r t l y  b y  e x p e r i m e n t s  p a r t l y  b y  t h e o r e t i c a l  
c o n s i d e r a t i o n s .  T h e  t e s t s  w e r e  m a d e  o n  d r y  
s a n d  o n l y ,  b u t  t h e  r e s u l t s  o b t a i n e d  m a y  b e  
g e n e r a l i z e d  f o r  c o h e s i v e  s o i l s ,  t o o .

T h e  g r a i n  d i s t r i b u t i o n  c u r v e  o f  t h e  s a n d  
u s e d  ip.  t h e  e x p e r i m e n t s  i s  s h o w n  o n  F i g .  1 ,  
t h e  e f f e c t i v e  g r a i n  s i z e :  D  »  0 . 2  m m .  I t s  v o i d  

r a t i o  i s  e m ^ n  =  0 . 5 6 8  i n  d e n s e  s t a t e  a n d  e m a x =

0 . 9 8 5  i n  l o o s e  s t a t e ,  i t s  s p e c i f i c  g r a v i t y  

s  »  2 . 6 6  g / c m 3 .

a )  C o m p r e s s i o n .

T h e  c o m p r e s s i o n  t e s t  c a r r i e d  o u t  i n  a n  o e d o -  
m e t e r  a f t e r  C a s a g r a n d e ,  d i m e n s i o n s  o f  t h e  s o i l  

s a m p l e  w e r e  a s  f o l l o w s :  d i a m e t e r  j6 4 5  m m ,  
h e i g h t  1 8  m m .  T h e  w a t e r  c o n t e n t  o f  t h e  s a n d

w a s  w  =  5 * 8  % .  T h e  p r e s s u r e  r a i s e d  i n  u n i f o r m ­

l y  g r a d u a t e d  s t e p s  u p  t o  p  =■ 2 0 0  k g / c m ^ .  T h e  

f u n c t i o n  p  »  f  ( e )  i s  p l o t t e d  o n  s e m i  a n d  

d o u b l e  l o g a r i t h m i c  s c a l e  ( F i g .  2 ) .  I t  m a y  b e  

s t a t e d ,  t h a t  t h e  c u r v e  f o l l o w s  t h e  l o g a r i t h m i c  

l a w  t o  p i  -  4 . 0  k g / c m 2  o n l y ,  f r o m  t h e r e  i t  

o b e y s  a  p o w e r  p a r a b o l i c  l a w ,  t h a t  i s ,  t h e  m o r e  

g e n e r a l  l a w  o f  c o m p r e s s i o n :

e  —
e o~ =iP (3)

FIG.1


