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STRESS DISTRIBUTION.

APPROXINATIVE CALCULATIONS OF THE STRESS-DISTRIBUTIONS
DUE TO CONCENTRATED VERTICAT LOADS
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IR. G,A., OOSTERHOLT
Technical University, Delft, Holland

In the Netherlands, Prof.dr.ir. F.K.Th,
van Iterson was the first author , who tried
to study this problem by means of approximative
calculations 1). He computed the stress distri-
bution, arising in a homogeneous isotropic ma-
terial, if a smooth semi-sphere is pressed
into it (fig. 1), If i denotes the vertical
settlement of the sphere, the radial displace-
ment of a point, located on the sphere in the
direction 8 , will amount to i.cos@ . Supposing

that the radial stress pe spreads linear in the
material, the radial displacement of the point
considered will also be proportional topre .In
consequence of this, the stress distribution
can be written,

Pe= PpaxCOS© (1)
which is the same as Bousinesq's equation.
Further o

—, COS
— (2)

P max =‘E;
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FIG. 1

A few years later on, Prof.ir.A.S. Kever-
ling Buisman studied the same problem, for ma-
terials with a modulus of elasticity, which
increases in linear proportion to the depth.
If x denotes the unit weight of the soil and C
the constant from Terzaghi's law, the modulus
of elasticity may be expressed by jJr.cose.C
provided that the increase of the stresses due
to the vertical load is very smell. The total
compression in the direction © then emounts to

Joo (2 i - s
= ® r) ¥rcose 2)YCcoseo

As this is equal again to i cose , he found
Po= 2y Cicos®e (3)

P
(4)

2. —-
w2

Comparing these new formulae with (1) and
(2), prof. Buisman stated, that the latter
might apply to some special cases, for instance
if the capillary tensions are so high, that the
increase of the effective normal stresses due to
the weight of the soil, as well as to the load,
may be neglected. On the contrary (3) and (4)
should apply to a mass of soil without any
capillary tensions, provided that the loads
are very small.

The author has now tried to compute the
stress distribution, if the loads are greateg;
The same method of calculation has been follow-
ed, but the increase of the modulus of elastic-
ity when the sphere is pressed into the earth,
has been taken into account. The computations
are based again on the assumption, that the
stress trajectories are straight lines through
the centre of the sphere 3). The stress Pg
acting in the direction @ (fig. 1) at the con-
tact surface between the sphere and the soil,
then expands ;n such a manner, that the stress

P max™

r
amounts to —92- Pg at a distance p from the

centre of tl'fe sphere., There the original vertic-
al stress waspP,+ &' FCOS ©if p, denotes the
load per unit or area and ¥ the unit weight of
the soil. Assuming, that Terzaghi's law may be
agplied at an inclined direction, the compres-
sion of the element plotted in fig. 1 amounts
to dr Po+¥rCOS O + Pg.lo/r?
p+ y.rcose

and the total compression of all elements in
the same direction can be written

oo 2
gt P X ;
r, C r2(pg+ yrecos e)
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If 1 denotes again the settlement of the sphere,
the intregel will be equal to Lcos e . Thus the
general equation for the problem is found to be

- rZ
Ci.cose-j In{1+pe 52 -!dr (5)
3 ré(p,+yrcose)

The lntegration will be worked out for
two different cases. In the first place p
assumed to be zero, which is true for a load
at the surface of the earth. If we substitute

is

al ___r°2"p"
Yy.cose
the integral can be reduced to
3 (-] (-] 3
! 4 3a~dr
C.i.cos 0 = r‘.lnA<1+—) 4 ——
r3 rh, Jr r +as

By splitting into fractions we then obtain

rZar+a?

3
Cicose= rin (1 +13)— i-In
r 2

Qo
+ a\/—a-bg cotg "Q—H'_a—
ava r.

o

Substituting -;3- ¢ the formula can be written

Ci V3 ( 1 1, g2 ey
—cose = —In(t+=— —InT=—1T _ _
" m 93/ T2 (@+ 92

- %—3 bgcotg-%i =f(9)

.3 ry¥cose
while T Po (7)

The function fly) has been plotted in fig.2. If
Yoy § » and C are known and a value of i has
been chosen, The relation between 6 and Peo
can be computed.,
. For point loads P the formula becomes more
simple. Multiplying (%) with ¢

(e)

S—i—‘t- cose=y F(\P)
r

[~]
and substituting Y-»0 we find:

%

LY cosPoiimyfw)= 22
-Pey;i 'I-:% y=0 ) E
Writing in the well known way
P = Pgcos e dF

we find the relation between i and Pg and P
for point loads at the surface of the earth:

: 3,87 3/ p
L o= AN/ —
c V¥ (8)
3P 4
Pe= —3 COs '© (9)

mr

In the second place we assume P to Dbe
much greater than y¥rcos @ in the vicinity of
the sphere; generally this will approximately
be true for deep footings, like pilepoints,
Equation (5) then is reduced to:

P .r2
—Qr °_)dr.

oo
C.i.cose=f (1.,.
s r<Pg

In an snalogous way as before, we can write the
solution as follows:
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Ci =T _inf1+L)-Bogtge=F(o
= cos © % ln( +¢g) P gtg ¢ ()
T (19
¢ =\/5

when
P (11)

The function A¢)has been drawn in fig. 3.
For point loads we now can derive the follow-

ing equatuons: 2P 3
& e Pe=rp cos“e (12)
r

and . i 1
oV R (3)

If the new formulae for point loads are
compared with those of the mentioned authors,
it is striking, that the concentration factors
are higher. For a constant modulus of elastic-
ity (Boussinesq, Van Iterson) the concentration
factor amounts to 3/2 ; in the corresponding
case of a soil with a constant vertical stress
Po (form. 12) we now found 2. Calculating some
stress distributions by the aid of (10) and
(11), it turned out, that the concentration
factor decreases with increasing values of ¢
and for @-—»a2the formula becomes identical
with Boussinesq's equation ¢ —sc2 means that

Po—0,50 E= C.p, = & constant).

When the resistance against compression
increases with the depth, the difference is
yet more striking; Prof. Bulsman found

Ke) 28 cos®e
e rr2

S
4.
3
2-
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FIG. 3
while for point loads now was found
3P 4
e ™ g cos e

Calculating pg according to (6) and (7) it
turns out, that the concentration factor de-
creases with increasing values of { and for 1&-.6:
the formula is identicel again with prof.
Buisman's formula §—»o corresponds also with

Pg—> 0 80 E=Cyrcose

It was well known from several experiments
that the concentration factors could be con-
siderably greater than indicated by Boussi-
nesq's formula; different causes have been
sought to explain this (Frohlich, Buisman) .
Results of all tests of loads at the surface
of soil, made by several investigators, were
controlled by Frohlich 4); he found semi-em-
pirically, that a formula, identical with (6),
was in the best harmony with these tests.
Obviously the main cause of the great stress
concentration therefore seems to be the fact,
that the modulus of elasticity increases, when
the load is brought upon the soil; other fac-~
tors however, as mentioned by Buismen and
Frohlich, will also have influence.

The author is well conscious, that the
cadlculations are a simplified scheme of reality.
As long as the laws, governing the deforma-
tions of soils, are not known better however,
it is necessary to seek the best approximation
of the problem. The object of the above, there-~
fore, was only to complete a train of thought,



that was ended half-way and to obtain by this
a better harmony with reality.
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ON THE DEPTH OF FOUNDATION
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F. SZELAGOWSKI
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Among many conditions required of a new
building the most important one is its stabil-
ity against loading.

Stability of a building will not change,
if the position of its foundation does not
change.

It follows that the construction of a
foundation should prove stable against any
rotary movement, against any horizontal slip-
ping, and finally against differential (vary-
ing) settlement, which might occur due to the
upward pressure of the soil underneath the
foundation.

The object of these lines is to set forth
such a theory for depth of foundations which
will make impossible the above mentioned move-
ments,

In this connection it is necessary to
say that an upward movement of the soil from
underneath the foundation would be prevented
when the pressure on the foundation bed of
earth caused by the load of the foundation
does not change the state of the extreme equi-
librium of the soil determined by the equa-

tions: tnt e tnn tg g (1)
in the case of loose earths, and
tnt::tnntq(‘”'c (2)

in the case of firm cohesive soil.

The first one 1s known as Rankine's for-
mula of earth pressure, whereas the second
one as Coulomb's formula.

Both of them when expressed in functions
of stresses N;, Np and T have the following

form: 3
o 2 .
(N|~Nz) + 4T -(N'+Nz)sm9:0 (3)

in the case of loose earths, and

\/(N|--N2)2+4T2 -(N,+NpJsing=2Ccos ¢ (1)

in the case of firm cohesive soil, where ¢
means the angle of friction, whereas C means
the force of adhesion per suqare unit,

Rankine and Pauker were the first to ini-
tiate the study of the subject.

Rankine in the basis. of the theory of
equilibrium of cohesionless s0il, and Pauker
on the basis of ‘equilibrium of retaining wells
have both come independently from one another
to the same results. In fact Rankine deter-
mined the smallest depth of a foundation by

the £ la:
e formula h=H(l—sin¢\2

\+sin cp/

whereas Pauker: h:th‘(&SﬁZ)
2
where H means the height of a column of earth
exerting pressure on the base corresponding
to the pressure of the extreme equilibrium of
loose earth,
It is known that

{-sing  tql45°-%5)  tq(ds°-94) _ " 2(450_ q)
1+sin97~ tq(45°+95) ctq(45°-94) 2.

hence .
h= H( ~3in ‘?\lzz th«(45°_2) (5)
1+5ing;/ 2
where in both these formulae means the same

angle of friction, commonly known as the
angle of natural sliding of the soil.

Neither Rankine's nor Pauker's deductions
which served as the starting point to formula
(5) are correct from the theoretical poiat of
view as both these authors assume in the
vertical plane BC (fig. 1) a sudden turn at

F ol 45 _;z_w V5% L
Rm/; ~/Pmax,

@

FIG.1

an equal angle in the Lamé's ellipse of streas-
es. They assume as well the surfaces of slid-
ing being planes which from an angle of 459 +
+ +¢ towards the level change their position
to 45° - 1¢ in a non continuous way. More-
over the stresses of friction have not been
taken into account,

In spite of these drawbacks formula (5) due
to its simple form grew very popular in the
technical literature and, as it always hap-
pens, all the drawbacks have been compensat-
ed by a factor of safety, the value of which
has been lately reduced from 1,75 to 1,5. In



