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INTRODUCTION
It has long been recognised that the mo

dulus of elasticity of sand is not constant, 
but varies with the state of stress, and that, 
therefore, sand does not obey Hooke's Law.

Boussinesq 1) in 1876 was the first to 
recognise this fact and to make an assumption 
regarding the variation of the modulus of 
elasticity. Todhunter and Pearson 2) state: 
"Boussinesq bases his theory of pulvurence on 
the hypothesis that masses of pulvurent mate
rial stand midway between solid and fluid 
bodies and act like fluids when not subjected 
to pressure, but when subjected to pressure 
gain an elasticity of form as well as of bulk, 
and act like solids. Boussinesq considers the 
slide modulus to be proportional to the mean 
pressure". Boussinesq also assumes the dilat
ation to be zero, or negligible. His assump
tion may be written

Gsec=  c.(H)

In 1897 August F'oppl 3) described some 
classic tests made in the yard of his labor
atory at Munich: he measured surface deflect
ions at various distances from a small cir
cular loaded area and found that these deflect
ions did not agree with those deduced else
where by Boussinesq 4) for the case of an 
elastic half space.

Since then many tests have been carried 
out with the object of determining the distri
bution of stress in a loaded sand stratum and 
appear to have shown that the load is not dis
persed so widely as would be the case in an 
elastic medium, but the resisting stresses are 
concentrated more closely around the vertical 
axis through the loaded area and are, con
sequently, greater in the neighbourhood of the 
axis.

All these tests were carried out in ar
tificial sand fills placed on a rigid base and 
the vertical pressures were measured at the 
bases.

It remained for Cummings 5) to point out, 
in 19̂ 1, that it had been shown by Biot 6) 
that the presence of a rigid base under an 
elastic medium would produce similar stress 
concentrations.

In the meantime much effort had been ex
pended in deriving expressions for the stress 
distribution that would accord better with the 
results of these tests than those derived by 
Boussinesq for the case of a semi-infinite 
elastic solid. The best known of these express
ions are those of Griffith 7) and Fröhlich 8) 
in which a concentration factorv is introduc
ed.

Gr a in  s iz e  d i s t r ib u t io n  c u r v e s .

FIG.1
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Fröhlich shows that if the concentration 
factor is equal to 3, the case reduces to that 
of a semi-infinite isotropic elastic solid, 
and if it is 4, it is equivalent to the case 
of a semi-infinite solid in which <,J.e modulus 
of elasticity increases in direct proportion 
to the depth. This would be true for the mo
dulus of elasticity of the soil, before the 
application of any external load, if eqn. (1) 
were to hold.

It appears to the Authors that the problem 
of the distribution of stress due to a sur
face load on a pulvurent medium has not been 
solved either theoretically or by test and 
that the whole question should be reconsider
ed. It would be necessary to carry out loading 
tests with stress measuring devices inserted 
at various depths within a sand stratum of 
considerable extent and to compare the results 
of these with those of a theory based on the 
actual elastic properties of sand. The Authors 
having had the opportunity to make a number of 
triaxial tests on sand and having studied the 
results of a number of other tests have as
sembled such information as they can on the 
elastic properties of sand and offer it as a 
contribution towards the data that it will be 
necessary to collect.

FACTORS AFFECTING THE ELASTICITY OF SAND
The principal factors which may affect 

the elastic modulus of a mass of freely drain
ing sand are the following:
a) the material of which the grains are com
posed. It seems reasonable to assume that 
this is not important, since the range of 
materials is not great.
b) the sizes and shapes of the grains.
Though this factor is important, the in
finite variety of size and shape makes it dif
ficult, if not impossible, to reduce it to 
simple mathematical terms.
c) the degree of saturation. This is probably 
unimportant.
d) the degree of compaction of the sand ( or 
its void ratio or porosity)
e) the stresses imposed on the sand.

In the triaxial tests from which the re
sults given in this Paper are derived, the 
measured stresses are, of course, the princip
al direct stresses <r;, <r3, cr3 the last two 
being equal: but they are generalised into®, 
the sum of the principal stresses, and-r, the 
greatest shear stress.

RANGE OF INVESTIGATION. SAMPLES USED.
The Authors have investigated the values 

assumed by the tangent Young's modulus

in the course of triaxial com
pression tests on two widely differing sands, 
under different combinations of stress and at 
different degrees of compaction.

One series of testa (A) was carried out 
by the Authors themselves on a sample of Ham 
River Sand from Richmond, Surrey, England: the 
other (B) was performed by Prof. A. Casagrande 
and Mr. John D. Watson at the Harvard Univer
sity Soil Mechanics Laboratory on sand from 
Franklin Falls, N.H., U.S.A. and published by 
the U.S. Army Corps of Engineers 9). The grain 
size curves of the two samples are given on 
figure 1, and the specific gravity of the mate
rial of each, and their limits of compaction, 
are also noted on the figure.

RESULTS

The results of Series A are summarised in 
figures (2a) to (10a), and corresponding re-

EL,
cLt

FIG.2a (Sand A:DR«28%)

—»-stress o; KG./cm.*-

FIG.2b (Sand B:DR»48%)
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FIG.5b

FIG.óa

FIG.5a

FIG.ób

FIG.4a

FIG.4b
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FIG.7

FIG.8a
suits of Series B are given in figures (2b) to 
(10b).

Figures 2 are typical stress strain curv
es resulting from the triaxial tests.

Figures 3 to 6 give contours of Etan on
axes of© and x  for four different values of 
the degree of compaction.

Figures 7 to 10 are axonometric diagrams 
of the S-tan1®  sû :face•

COMMENT ON RESULTS
The results presented show the overwhelm

ing importance of the shear stress, which was 
not taken onto account by Boussinesq.

FIG.8 b

FIG.9a

Starting from eqn. (1) it is easy to de- 
01

duce that t̂a.n = Ci—  (a)

if 05= 0  ̂ be one of two equal minor princip
al stresses.

On the Efor,,@ plane, i.e. where <r=.«-<r, 
eqn. (2) reduSti to ' * 3

It will be seen from figures 7 to 10 
that this also is not true. A closer approach
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be reduced by the effect of the lateral stress
es. This reduction will be a constant fraction 
ofe , We can, therefore put

g= ca<ra/ 3

where Cg is a constant.
dcr ,de ,a

Un_ de

(a)

c <r
- 1 /3

- V3 ® \ l / 3

FIG.12

to the actual form of the trace on this plane 
can be derived from consideration of the be
haviour of a mass of equal elastic spheres, 
in the loosest state, subjected to hydrostatic 
pressure.

Consider first a column of equal spheres 
subjected to compression, fig. 11. A. & L. 
Foppl 10) give the elastic deformation of each 
sphere as: a

ax = i.a3
3  / p *

Em r
(4)

where %  is the modulus of elasticity of the 
material of the spheres.

Hence the strain,

IX .

e=
3/pa

- =0.615

a r  * Em r 4 (5)

If the diameter of each sphere is 1/n of 
the unit of length, fig. 12 and. <r be the 
stress per unit of gross area, we find the P, 
the load on each column of spheres, is' given 
by _ <r

P = —  =<r( sr)1

since n » 1/2 r. 
Therefore,

£= 0.015 = 0.615

(6)

(7)

ac ©

The longitudinal compressive strain will

(9)

The trace of the E,h , t  surface on the 
E,h plane has, therefore, been represented 
on the diagrams by a cubic parabola.

Each line on figures 3 to 6 is, of course, 
a section of one of figures 7 to 10 by a plane 
parallel to the©, -r plane. The remarkable 
thing about these sections is that they appear 
to be, at least very nearly, straight lines.

From this fact it appears that E^^ mifÿit
be represented by an empirical formula similar

®^iEta.n + (b+cEtiLn)T (10)

where the index n is not much different from 
unity: if it were equal to 1.5* e<in. 10 could 
be solved for &tan» but such a formula does 
not seem worth elaboration at this stage when 
the infuence of the itermediate principal 
stressshas not been investigated.

REFERENCES:
1) Boussinesq. "Essai theorique sur 1'équili
bre d'élasticité des massifs pulvurents com
paré a celui de massifs solids et sur la 
poussée des terres sans cohesion". Mémoires 
Couronnes et mémoires des savants étrangers 
publicés par l'academie ... de Belgique.
Tome XL., Bruxelles, 1876.

2) Todhunter & Pearson. "A History of the 
Theory of Elasticity and of the Strength of 
Materials." Vol. II, part II, Camb.U.P.1893, 
P-..513-

3) Foppl. "Versuche uber die Elastizitat des 
Erdbodens." Zentralblatt der Bauverwaltung, 
June 19th, 1897*

4) Boussinesq. "Application des Potentials a 
1'Etude de l’Equilibre et du mouvement des 
solides élastiques" - Paris, 1885»

5) Cummings. "Foundation stresses in an elas
tic solid with a rigid underlying boundary." 
Civil Engineering, November, 1941.

6) Biot. "Effect of certain discontinuities on 
the pressure distribution in a loaded soil." 
Physics, Vol. 6, pp. 367-375 (1935)

7) Griffith. "The pressures under substructur
es." Engineering & Contracting, Vol. 68, pp. 
113-119 (1929)

8) Frohlich. "Druckverteilung im Baugrunde." 
Vienna, 1934.

9) Casagrande & Watson, "Compaction tests- and. 
Critical Density Investigation of Cohesion- 
less Materials for Franklin Falls Dam" - 
U.S. Engineer Office, Boston, Mass., 1938.

10) A. Sc. L. Foppl, "Drang und Zwang", Berlin 
1928, Vol. II. eqns. (10), p. 225 and (13) 
p. 226

—0—0-0—0-0-0'


