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AN INVESTIGATION OF THE BEARING CAPACITY OF SHALIOW FOOTINGS ON DRY SAND
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Department of Scientific snd Industrial Research
Building Research Station

INTRODUCTION.

Although several investigators 1), 2), 3),
4) have carried out small-scale loading tests
on sand, their experiments were restricted to
surface loads. The bearing capacity of footings
and piers located below the surface does not
appear to have been determined experimentally,
nor is a rigorous analysis of this problem
availeble owing to its mathematical difficult-
ies, In order to assess the value of approxim-
ate methods, a preliminary series of model ex-
periments has been made on square and rectang-
ular footings on dry sand, at depths of up to
six times the footing width. These tests are
briefly described below and the results are
analysed on the basis of the observed movements

in the sand mass and shear strength of the sand.

METHOD AND RESULTS OF LOADIXG AND ANCILLARY
SHEAR TESTS.

The loading tests were carried out in -
stiffened steel tank (Fig. 1) 18 in. long, 15
in, wide and 18 in. deep, which was filled in
3 in. thick layers with a clean and dry medium
river sand. The grading lay between 0.3 and
0,6 mm, with 50 per cent. passing a O.,4 mm
sieve; the specific gravity of the particles
was 2,70, Each layer was tamped with a vibrat-
ing hammer, and a fairly uniform density was
obtained, the average porosity being 37.1 per
cent,

The footings were brass sections % and 1
in, wide; their lengths and depths varied from
% to 6 in., They were placed at the required
depth in the centre of the tank and loaded by
a jack through a proving ring. The load was
applied in small steps, each increment being
maintained until the settlement was sensibly
complete. The tests were continued beyond the
ultimate bearing capacity and the final small-
est value until the additional surcharge effect
beceme noticeable and the failure surface was
well developed. More information about the ex-
tent of the faillure surface was obtained from
similar tests on footings in a wooden box with
a glass front, the inside face of which had
been smoked to record the movemeni of the soil
particles.,

The principle results of the loading tests
are summarized in Table 1 below.

Some typical tests are illustrated by
their settlement-pressure curves in Fig. 2,
When a footing was loaded, its settlement in-
creased at an increasing rate until the ultim-
ate bearing capacity was reached. That happen-
ed at a settlement of 0.05 to 0.2 times the
width of the footing, the lower limit relating
to shallower and the upper limit to deeper
footings. The final bearing capacity occurred
at about twice the above settlement by which
time a failure surface usually became notice-
able at ground level. With square footings,
however, no failure surface was observed for
depths greater than twice the footing width.

In plan the failure surface was circular
for square and elliptical for rectangular foot-
ings, the sand surface rising uniformly for
shallow foundation depths (Fig. 3) and as a
flat dome for greater depths %Fig. 4,

Failure rarely took place with the formation

Arrangement of Loading Test.
FIG.1

of two rupture surfaces, but generally the
footing tilted slightly to one side, on which
a small crater was produced, with a single
failure surface on the other side of the foot-
ing (Fig. 5). The corresponding ground move-
ments extended to depths of 2 to 3 times those
gf the failyre surfaces below the foundation
ase.

The angle of internal friction ¢ of the
sand and the angle of skin frictiomn 6 of sand
on brass were determined in a constant rate of
strain shear box 5) for various porosities
and vertical pressures. The results (Fig. 6
upper curves) agreed with previous investiga-
tions 63, 7) in that although the ultimate (or
maximum) (or residual) velue ¢, increased with
smaller porosities and pressures, its final
value §; was independent of them. In the pre-
sent tests §, was 30,50, and the critical poro-
sity varied from 41_per cent. under a normal
pressure of ¥ t/ft.2 to 43% per cent. under
4 t/£t.2. Similarly the ultimate value &,
(Fig. 6 lower curves) increased with smaller
porosities and pressures, while the final value

b was independent and was found to be 18,5°.
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Failure of Footing at Depth equal to 6 times
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Feilure Zone below Surfece Footing
{Test no. 49).
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Failure of Footing at Depth equal to Width
(Test no. 52).
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In general, tan6= % tan$ for the same poros-
ity and ncrmal pressure.

ANALYSIS OF RESULTS OF LOADING TESTS.

A comparison by the author 8) of differ-
ent theories of bearing capacity of shallow
foundations indicated that Prandtl's (logarith-
mic spiral) method 9) was the most promising.
Prandtl assumed that the footing edges form the
centres of the spiral portions of the failure
surface. This assumption does not give the mi-
nimum bearing capacity for sends so that such
mathematical analyses 10), 11), 12) yield un~
sefe results. Terzaghi suggested 13) that these
centres should be determined by a graphical
trial and error method along & line inclined at
en angle of 45° -$/2 to the horizontal (Fig.7a)
the corresponding analytical determination of
the bearing capacity is summarized in the Ap-
pendix and leads to a rather involved c}osed
expression from which the coefficients in co-
lumn 2 of Table 2 have been computed.
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Analysis of bearing capacity.
FIG.7

The above mentioned values do not, how-
ever, represent the worst failure condition ,
for which the centres of rotation should not
be restricted to a line. In this way the lower
coefficients in column 3 of Table 2 were ob-
tained together with the width and depth of the
failure surfaces. While the difference between
the previous and new values is small at low
angles of internel friction, it increases ra-
pidly to about 20 per cent. at § = 500,

It is somewhat difficult to compare the
results of the present tests on surface foot-
ings with the theoretical values because §
veries with the normal pressure along the fail-
ure surface. When an allowance is made for the
proportion of the total resistance developed
by the various zones of plastic equilibrium,
the average normal .pressure along the failure
surface is of the order of 1/10th of the ap~
plied average foundation pressure (45%< < 46°)
For that pressure (about 0it/f# per inch width
of footing) and the average porosity used (37
per cent.), Fig., 6 indicates an average §, of
460, giving an ultimate bearing capacity by the
modified anelysis of q,, = 0.75 t/ft. per inch
width of footing, This value is in good agree-
ment with ghe average experimental result of
0.82 t/ft.©, The average observed final bear-
ing capacity q.» = 0,38 t/ft.2 which corres-
ponds to § = Eé.5° is practically the same
as that obtained from subsidiary loading tests
on the sand in the plastic zone. Although these
tests showed that the shearing action occurred

TABLE 2

Theoretical Bearing Capacity and Failure Surface
(Base Angle y = 459 +§j/é)

Angle of Bearing Capacity Faillure Surface
%gpgigal Coefficient Ny (modified Analysis)
iction =
. Modified width Depth
Equatlon l Analysis I,/Zb GL/Zb
o] o] 0 1.0 0.71
S 0.05 0,05 1.1 0,72
10 0.6 0.6 1.2 0,74
15 1.8 1.8 le&t 0.78
20 4,9 4.8 1.7 0.86
25 11,1 10,7 2,2 1.0
30 24,0 22,9 3.0 1,15
35 51l.8 48.%4 4,1 1.4
40 128 116 4,6 1,7
45 355 305 8.0 2.2
50 1800 1455 12 3.1




throughout that zone, it appeared to be of a
partial and progressive nature at different
points, as compared with the simultaneous fail-
ure along the whole rupture plane in the box
shesr tests, which gave the much lower ¢; =
30,59, The observed maximum depth and width of
the failure surface for strip footings were
about 2/3rd of the theoretical values for a

base angle y = 459 +¥9/2, Since in the prelimin-

ary tests footings of different roughnesses
showed sensibly the same failure surface, the
corresponding variation of the base angle sug-
gested by Terzaghi 13) is not supported by
this investigation, but the discrepancy must

be sought in the theory, which neglects the ef-
fect of the weight of the s0il on the shape and
extent of the failure surface.

The experimental ultimete and average fin-
al bearing capacities per unit width of foot-
ing are plotted in Fig. 8 against the ratio of
depth to width of footing (z/2b). In spite of
some scatter of the results, which is largely
due to variations in porosity of the sand, the
bearing capacities increase in direct propor-
tion with the footing depth within the range
investigated. These relations can, with good
approximation, be expressed by q, = qo.-

(1 + 1.42/b) and q¢ = Qor-(1 + 1.22/D) for the
ultimate and final bearing capacities, respect-
ively. There was a tendency for the ultimate
bearing capacities of square footings to be
rather less than those of rectangular ones,
particularly at ground level where the ratio

of the corresponding values was 0.7. The ratio
of final to ultimate bearing capacity decreas-
ed a little with increasing footing depth and
averaged O.,4.

A theoretical estimate of the bearing ca-
pacity of shallow footings can be made for the
limiting conditions of zero and full shear
strength of the sand above foundation level.In
the first case a methematical solution (1%4)
(Appendix equation 2) is available from which
the ultimate and final bearing capacities are

Qu = 9ou(l + O.44z/b) and q; = qor (1 + 0,492z/b)
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resfectively, for $,= 45° and ¢; = 41.59,which
would be the upper limits for tﬂe higher bear-
ing pressures obtained. These relations have
been plotted in Fig. 8 (curves II) snd when
compered with the test results show that the
observed effect of foundation depth is sbout
three times the theoretical one. The shear
strenght of the overburden camnot, therefore
reasonably be neglected, even for very shallow
foundations.

Assuming that the skin friction on the
footing and the shear strength along vertical
ends of the failure surface are fully mobilized,
en approximate analysis can be made on the basis
of Terzaghi's method 13) (Appendix equation 3).
Preliminary investigation of skin friction in
conjunction with the shear test results indic-
ated that nearly the full passive pressure is
effective, i.e. Ko = K] = 5.83 for $, = 459
and 4.4 for ¢, = 41.59. The distance (£) of
the assumed vertical part of the failure sur-
face from the footing edge can be estimated
from the observed movements of the sand mass,.
The experimental ratio of maximum failure sur-
face width (at ground level) to footing width
is plotted in Fig. 9 against length/width ratio
(a/b) of the footings. These curves show that
for a given foundation depth the failure sur-
face width increases with footing length at a
decreasing rate, end approaches a maximum for
a long strip; for a/b > 6 this increase appesrs
to be small, Further, Fig. 10, which has been
obtained from these curves and Table 1, shows
that for a given ratio a/b the failure surface
width (£,) is directly proportional to the foot-
ing depth (z), and that for a long strip this
relation approximates to f, = 8b + 3z. At
depths grea.er than those investigated a maxi-
mm £, seemed to be reached, while later no.
failure surface at all developed at ground
level (e.g. for the deepest square footings
tested) owing to the emall shéar stresses in-
duced there. Since neither depth nor width ()
of this surface at base level were appreciably
affected by footing depth, i.e. £,== Bb for a
long strip, 4n average distance £=(1+£,)/2 =
g? + 145z may be taken as a rough approxima-

on.

The upper theoretical curves (I) of Fig.8
have been computed from the above results for
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the ultimate and final bearing capacities.
While the rate of increase of the bearing ca-
pacities with footing depth agree closely with
that observed in both cases, the estimated va-
lues are conservative, particularly for the
ultimate condition. This under-estimation may
be due to the neglect of greater skin friction
and shear resistance near base level caused by
the foundation stresses; furthermore, the de-
formation conditions there might allow the

passive pressure ratio to be exceeded locally.

CONCLUSION,

The present model tests show that the ul-
timate bearing capacity of footings on the sur-
face of dry sand agree fairly well with the
theoretical value for the worst failure condit-
ion and ultimate shear stremght of the soil.The
final bearing capacity is considerably greater
than that estimated from the final shear
strength, probably owing to partial progressive
failure with a limited relative movement of the
particles. The width of the failure surface at
ground level increases with footing length to
a maximum for a long strip when it is less than
the value predicted by the modified analysis.

While the bearing capacities of shallow
foundations are about three times greater than
the values estimated on the assumption of zero
shear strength of the overburden, they agree
fairly well if the maximum skin friction and
full shear strength above base level along a
vertical failure plane at the mean observed
distance from the footing edge are included.
Although the extent of the failure surface va-
ries considerably with bearing areas of differ-
ent shapes, the corresponding bearing capacities
appear to differ mainly for foundations at the
surface and at very shallow depths.
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APPENDIX.

Analyses of the Bearing Cepacity of a Strip
Footing on Sand.

1) Load at Ground Level (Fig. 7a with z = 0)

en the bearing capacity is q, the plastic
equilibrium to the left of the footing centre
is found by balancing the moments about O (on
CA produced and defined by angle O between CO
and the vertical) of the overturning resultant
Po on AB and the resisting sector ABC (force
W1) and wedges ACE (Vip) and CDE (P;).

Thus Mo= M1+M2+M3

where M =P x

%o » My=W,x M,=W,x, and M,=Pyj,

[] ’
Omitting deteils of the analysis and using

the notation illustrated in Fig, 7, it can be
shown that

(2q+yvtan y)v’tany [2cos § (ot y-tan B)cosfr+ y~$)]
2cos(yp-¢) . 3siny

M= M-M/', where

(cotoc +tanB)sine J :



M xu’tan’W(cotaﬂd\y)’ [;
' HcotartandPeos8(Ptandp +1)|

+3tandsinB+ cos 9]

-

S+ ¥s0)tang

3tan § cosx-sinu)

and

R tan®pfeoty~tan 81+ tanycotojf(cot y-tanBleotr  cot y)
" 3<coto( + tan6) 2 J’

cotox+tand

and M2= M3

3
= Z‘_’J_tgﬂ—"’[(A- B)zcotza(2A+B)]_

where A=_CM e(45°+ §/'2+9)tan )
(coto + tanB)cos®

~tan@
cot st+tan@

Substituting the above into the equilibrium
equation and simplifying,
q=yuNy (1)

tany

where [ the expansion of C being

—

N¥=

~

tan§  flcasoct sincccoty e(45°+%+6)tan§
(cotecstandP|l  cos®

(cosu+sinqcotq/2e@5°+%+0)tun§
cos@

2
cot y+tan e) .

+coty-tan 9) cot%(}

(3tan §cosu—5inaﬂ

. tany { (coto + coty)? /25(45°+§/2+0)1‘an§
*(cotocrtane)® (otan®+1)cas’® \

+3tandsing + coaa)]

{(cdt y-tan B)ﬂc—ozti -tan e)cot - co; ¥ tan 9J(1+tamycota)}

" lecta+ tane)?
3
2
2cos§  cos(x+y-)fcat ¢-tan9\}; )
i {Z;Sinq/ sin« \cotmtane} -eos(y-9) _
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The worst 6 is found by solving 9™MY/4p=0,which
has been done for two special cases:-

1) y= 45°+i when 6== ﬁ = 6O°-_22
2 3 3
and 2) ¢=¢ when o= 2% - ygo- -:_L

By substituting either of these equations
into the gemeral equation of the bearing capa-
city above, it can be simplified a little.

2) Load at Depth 2z below Ground Level

a) Zero shear strength of overburden (Fig, 2&2

q=y(vNy+ZN) (2)

where 14) Nq=__..2f"°5("u"P 3(270°+§‘2*P)t0"§

cos Y tanx

oo
. Nq ~co tZa e18 tan ¢

o, ¢
for y=45°%=
2

_cotu e(270"- $)tan
“cos ¢

and for \']:Q

b) Full skin friction and shear strength of
overburden (Fig. 7b)

The bearing capacity is increased from the
value of equation(2)by the skin friction F on
the footing and the average surcharge pressure
P due to F and the shear strength along the
vertical part D'G of the failure surface.

Hence q=x[uNx+(z+£)N ].;.i
¥/ U

(3)
( { 2
F= K tan ézxz

{ 2
S= K‘tan Q;yz
where
F+58

£

p=

K, and K, are the

earth pressure coefficients at the footing side
and vertical part of the failure surface, res-
pectively.
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