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SUB-SECTIONIe
SHEARING STRENGTH AND EQUILIBRIUM OF SOILS

l e 12 S

HEARTNG STRENGTH AND WATER CONTERT, A COMPLEMENT TO SHEARING THEORY

R, HAEFELI

Institute for Hydraulic Research and Soil Mechanics,
of the Swiss Federal Imstitute of Technology, Zurich,

I. DEFINITION OF THE PROBLEM,

The possibilities of influencing the in-
ternal friction and the shearing strength of
fine-grained kinds of soil by altering the wa-
ter content are as varied as the nature of wa-
ter itself. This variety is on the ome hand
conditioned by the fact that the water contain-
ed in the soil may occur in three different
forms, namely free, molecularly combined, or
chemically combined, On the other hand, in con-
nection with that we have the fact that the wa-
ter, according to circumstances, may act at omne
time as lubricant and at another time as an an-
tilubricant. This becomes particularly clear
when the shearing stress is investigated with
the material not only in the saturated state,
but also unsaturated.

Known experimental and theoretical works
1) 2) 3) 4) have been concerned hitherto al-
most exclusively with clearing up the shearing
strength conditions in saturated loose sedi-
ments, But, for rounding off the shearing the-
ory, the behaviour of moist materials should
be examined over the whole range between the
dry and the saturated states, The particulars
given in section II of the present study serve
this purpose, but make no claim to be complete,

In practice it is often necessary to de-
termine the shearing strength and internal
friction of moist, non-saturated loose sedi-
ments, as for instance when endeavouring to
control earth slides, whose frequency is gen-
erally greatest in the late autumn, when heavy
rain-falls occur after lengthy periods of
drought., The water entering into the shrinkage
cracks causes an increasing moistening through
the material until saturation is reached, and
effects a corresponding chenge in the shearing
strength and the internal friction of the soil
%). The behaviour of unsaturated loose sedi-
ments also plays a decisive part in ceramics,
in the brickmaking industry and above all in
foundry technique., The moulding sands used in
a foundry are worked-up with water contents
which lie far below the saturation point, so
that here all three phases (solid materlal, wa-
ter and air) must be considered in their reci-
procal action on each other.

After considering the transition shown be-
tween the moist and saturated states, a short
survey is given in section III regarding the
latest state of the shearing theory developed
for saturated loose sediments; this will be
more closely investigated in amother place 6).
Ag an extension of that, a simple regular rela-
tion was found regarding the change in water
content of fine-grained loose sediments during
shearing operations,

II. SHEARING STRENGTH OF UNSATURATED LOOSE SE-
DINENTS AS A FUNCTION OF THE WATER CONTENT,
1. Theoretical comnsiderations.

Tn order to Investigate the dependence of
the shearing strength on the water content be-

low the saturated limit, we start with the dry
powdery state of the loose sediment, To this
powder more and more water is added step by
step, the kneaded material is compressed_at a
given pressure, for instence ¢ = 1 kg/cm2, and
after consolidation sheared slowly under the
seme normal stress, The shear strengths there-
by obteined are plotted as a function of the
water content and may give the curves designat-
ed with A-B in Fig. 1. At a certein water con-
tent wy measured after the shearing, the satu-
ration point B is finally reached. A still
higher water content could only be obtained in
the closed system by the formation of stressed
pore water. In the open system on the other
hand, the sample will alwsys drain again during
the shearing operation to the final water con-
tent wy corresponding to the point B,

Further the question arises as to what
happens if the water is withdrawn from a com-
pressed and fully consolidated sample with wa-
ter content wy, in order to make the process
gone through reversible. It will then be found
that the process here is not reversible, since
saturation at first remains maintained by eva-
poration when water is carefully withdrawn 7).
The sample shrinks, passing through the first
phase of the shrinking process, during which
time the capillary pressure gradually decreas-
es until its upper limit, designated shrinking
pressure by Terzaghi, is reached. The shearing
strength corresponding to this phase is given
by the part of the curve B - E, which is iden-
ticel with the saturation limit. If the remov-
al of water is continued after the shrinking
pressure (E) has been reached, whereby the sec-
ond phase of the shrinking process starts,the
sample will no longer be saturated, since its
pores fill partly with air. The increase in
the capillary tensions becomes gradually less
and the shearing strength passes through the
curve E ~-F, whose position and shape depend on
the properties of the loose sediment in ques-
tion. Thus the hysteresis loop arises which is
illustrated purely diagrammatically in Fig. 1.
Its shape is not more closely known, aend will
depend not only on the material, but also on
the conditions under which the test is conduct-
ed. Further, if the consolidation pressure
would_be chosen higher, for instance 0 = 2
kg/cm? instead of O = 1, the whole hysteresis
loop would lie correspondingly higher. All
hzsteresis loops have a common saturation lim-
it, the formulating of which will be investi-
gated in the follewing pages.

According to the shear theory for satu-
rated loose sediments treated in section III,
the following relaetion holds good between the
shearing strength s and the maximum principal
stress G, arising during the shearing (cf,
Fig. 5) 8):
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(cf eq. 4)

Pore watler stressed
by pressure
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Relation between shearing resistence and water
content (diagram).

FIG.1

For a given material and a given type of
structure as parameter, the following relation
may on the other hand be derived between the
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equivalent consolidating pressure dy. which
occurs here as the major principal stressing
during the shearing, and the corresponding wa-
ter content wy present at the end of the slow
shearing process:

Yo\ . 9
%‘“"An'l" A!(Wl "':) . A!'?:’ )
g, - g-eP pu 2 (3)

ALlw + =

5,
where:
w, = water content of the material for the
= equivalgnt consolidating pressure 0; =
1 kg/cme,
A, = Coefficient of compressibility 14),
§, = Specific gravity of the solid substance.
i, = Specific gravity of the water,
By substituting from equation (3) in
equation (1), the desired equation of the sa-
turating limit is obtained in the formj;

s=oc-efq g=1kg/cm®  (4)

2., Teats,

For investigating the relation between
shearing strength and water content in the
region of the lower branch of the above-men-
tioned hysteresis loop, three different ma-
terials were prepared with the necessary quan-
tity of water, pressed several times through
a sleve of 5 mm mesh, and then allowed to
stand for at least 24 hours in a saturated at-
mosphere. The samples thus prepared were con-
solidated and then slowly sheared in a ring
‘shearing apparatus, We are indebted to Dr. A.
von Moos for his collaboration in carrying out
and evaluating the tests 9).

a) Test materials.
e most Important properties of the three

investigated materials are summarised in table 1

TABLE 1
Properties of the test materials.

Material Eaolin Aluming Quertsz
Grain distribution in K T Q
percentage by weight
Fractions:

0,2 - 0,02 mm 1,0 98,0 13

0,02 - 0,002 mm 40,0 1,5 51,5
= 0,002 mm 59,0 0,5 3545

Chemical analysis
Silicic acid ©S1 0, % (46,25 - 98,82
Alumina A1.0. % 139,28 100 0,06
Iron,lime,<
magnesium, alkalis and
water 14,47 - 1,12
Consistency limits
flow limit £ in %| 61,0
plastic limit ain %| 33,3 incoherent| incoherent
Coefficient of plasti-
city P=f - a 27,7
Coefficient of compressi-
bility Ae % 6,6 0,73 1,37
ggiificient of permea-
ke W n/sec 2,2,1078| 3,2.10™* |2,2.10~6
Capillery rise in em 100 1,1 12
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b) Test results.

The test results are illustrated in Fig.
2, 3 and 4, Corresponding to the diff§rences
in the properties of the materials which can
be seen from table 1, the three materials be-
haved very differently during the shearing
test,

With the kaolinite-clay an addition of
water at first caused a slight diminishing of
the shearing strength determined for a given
normal stress; with higher water contents on
the other hand, there was an increase. The
maximum shearing strength was reached in a
region with a water content of 19 - 26%. With
still higher water contents the internal fric-
tion diminishes greatly up to saturation value
(cf. table 2 and Fig. 2, 3a).

In the shearing strength of moist kaoli-
nite-clay, the capillary forces undoubtedly
play & predominant part. They explain the oc-
curence of a maximum shearing strength with
a definite water content, The great drop in
the shearing strength when approaching the
saturated state, which occurs in spite of an
intense compacting (cf. Fig. 2 and 4)! may be
attributed mainly to the gradual elimination
of the capillary forces. The low shearing
strength in the saturated state, in compari-
son with dry alumina powder, is on the other
hand to be explained by the lubricating action
of the absorbed liquid films,which make them-
selves very marked with the large specific
surfaces of the kaolinite~clay and to a great
extent prevent direct contact of the grains.

TABIE 2
Internal fricti Eaolinite ay 3 = /0
Normal stress @ in kg/cme | 0,5 1 2 3
Dry tg @ 0,81 | 0,72 0,72| 0,65
Moist t€ @ max. 0,90 | 0,85 | 0,76 | 0,73
Saturated tg o 0,34 | 0,31 0,29 | 0,28

t8 ¢ oy In % of tg¢s

270 | 270 | 260 | 260

The maximum value of the shearing strength
and/or the intermal friction is consequently
approximately 2.6 - 2,7 times greater than the
saturation value, which at the seme time re-
presents the minimum value. The slight reduc-
tion of the internal friction with increasing
pressure, which could be determined at all the
water contents investigated, was more pronounc-
ed in the dry and moist states than when satu-
ration was reached,

The alumina, which may be described as
practically without cohesion as compared with
the highly coherent kaolinite-clay, showed a
polar contrary behaviour. As can be seen fronm
Fig. 3b), the shearing strength here was small-
est in the dry state, but on the other hand
greatest in the saturated state, although the
difference did not exceed 20%.

The quartz taekes up a middle position
with respect to its behaviour under shearing
tests, as was already to be expected from the
figures in table 1. For comparison see table

3.
TABLE 3
Internal friction of quartz: te ®=s/0

Normal stress o in kg/cn2 0,5 1 2
Dry tg @ 0,65 (0,71 | 0,74
Moist tg(pmax 0,86 | 0,81 | 0,90
Saturated tg ¢s 0,64 | 0,80 | 0,84
tg W ox in % of tg @ 135 101 107

In order to explain physically the part-
ly contradictory behaviour of the three mate-
rials in the region of incomplete saturation,
it should first of all be remembered that two
quite different influences collaborate in
shearing strength, namely on the one hand the
friction caused by the external forces, and
on the other hand the cohesion. The latter
again in its turn consists of two components:
the friction caused by the capillary forces
and the actual structural resistance, which
is conditioned by the separate particles in-
terlocking end by the shearing strength of
the absorbed liquid films 10),
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The behaviour of the quartz, to some ex-
tent similar but much less marked, becomes
understandable when the lesser fineneas of its
grains and the correspondingly smaller capil-~
lary rise are taeken into consideration, That
quartz in the saturated state has a somewhat
higher average shearing strength than in the
dry state, appears to be explained by the pre-
dominent influence of the structural resist-
eance. which increases with the consolidation.
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With the alumina, whose void ratio ac-
cording to Fig, & changes only slightly with
increasing water content, the maximum shear-
ing strength in the saturated state is explain-
ed by the poor lubricating action of the very
thin 1liquid films, which are not capable of
preventing the grains from coming into direct
contact with each other. The water in this
case acts rather as an antilubricating medium
in consequence of its permitting additional
adhesion. Also with the very small capillary
rise in this material the capillary forces
are so slight that their elimination when the
saturated limit is reached is of no importance,
(cf, table 1),

Finally it is to be noted that the satu-
rated 1limit calculated according to equation
4 agrees very well with the curve determined
by experiment,

III. SHEARING STRENGTH AND INTERNAL FRICTION

IN THE SATURATED STATE.

1. Shearing strength as a function of the nor-
mal stressing.

In the saturated state the connection be-
tween the shearing strength and the normal
stressing acting on the shearing surface is
given essentially by the following two ele-
ments:

¢;= angle of apparent intermal friction
¢.= angle of true internal frictionm.

To understand the shearing diagram illus-
trated in Fig. 5, it is necessary to disting-
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uish between shearing operations in open and
in closed systems, In en open system, in which
the water can issue freely during Gthe shear-
ing so that no stressed pore water can be pre-
sent, the shearing strength is wmore or less
directly proportional to the normal stress g,
It will be represented by the a-line, which
is inclined to the horizontal at an angle .
As is known, the shearing strength is compos-
ed of two different elements, the friction r
and the cohesion ¢, both of which increase
proportionally to the normal stress ¢:

s=c+r=c (tg ¢ +tgq)=0-tgq (%)

The cohesion ¢, and also the water con-
tent wy, measured at the end of the slow shear-
ing process, are conditioned by the consolid-
ation of the material which takes place dur-
ing slow shearing under the influence of the
major principal stress g, , the decisive fact-
or for consolidation,

In contrast to the open system, in the
clogsed system it is assumed that no altera-
Tion in water content and therefore also no
change in the volume of the material take
place during the shearing process, Under this
assumption the cohesion ¢, as measure of the
respective compacting condition, also remains
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constant. As long as there 1s no pore water
stressed by pressure, the shearing strength
follows the Coulomb straight line for constant
cohesion (b-line), Water content esnd cohesion
are in this case given by the equivalent con-
solidation pressure, In order that the maxi-
mum principal stressing occurring during the
shearing may not become greater than 0; , the
normal stressing (shearing pressure) may not
exceed a definite limiting velue d, . If it
does so, its difference in comparison with the
equivalent consolidation pressure will be tak-
en by the pore water (stressed pore water),If
0>0,., the shearing strength thereby remains
practically unchanged, namely s = sq (c-line).
From this it follows that an infinite number
of approximately parallel b-c-lines belong to
one single a-line, and the points of intersec-
tion T of all the b-c-lines lie on the a-line,
To each point T there corresponds a definite
water content wy, measured at the end of the
shearing process, (Fig. 5).

From Fig. 5 it can further be seen that
the shearing diagram is to be understood as a
true picture of the stressfigure on the unit
surface of a prismatic element of the materi-
al, in so far as the py values are inserted
as additional hydrostagic pressure stressings.
The experimental determination of the diagrem
can be effected advantageously by the combined
adoption of two different apparatus, namely
the ring shearing epparatus for shearing tests
in the open system and the triaxial apparatus
for tests in the closed system 8), The theo-
retical and experimental bases of this shear-
ing theory, which have been developed in par-
allel with the investigations of Krey-Tiede-
mann 3) and Hvorslev 1), and described in
different publications &), 8) 11), are to be
found collected together in a publication in
the English language to which we here refer
6).

2., Internal friction as a function of the
normal stressing.

IT, instead or the sheaging strength s,
the internal friction tg @=3% is plotted as
a function of the normal stressing 0, the pic-
ture illustrated in Fig. 6 is obtained. Cor-
responding to the a-line of Fig. 5, which is
decisive for the open system, we have here the
horizontal af-line, with tg ¢ = tgg; = con-
stant, For the closed system on the other hand,
the internal friction can be represented by a
group of curves, with the water content wy as
parameter, Instead of the b-lines of Fig. 5,
we have the b'-lines of Fig. 6. These are
equllateral hyperbolae, whose equation is:

. .
tge=—+tgq¢ ; (tg¢p-1gy,)-G=c=-const (6)
p .

The horizontal line tg ¢ = tg ¢, appears
as the common horizontal asymptote., For stress-
ed pore water on the other hand, the ct'-lines
hold good; they form a second group of hyper-
bolae with the two coordinate axes as asymp-
totes and have the equation:

tw-% itg .0 =5, =0 -tg @ =const. (7)

3, Reduction of the water content during
shearing.

For the open system there is theoretic-
ally a simple connection between the comnsolid-
ation of the material during slow shearing
and the correspondimg change in water content
(Fig. 7), By the shearing operation we there-
by understand the wnole chenge in tension be-
tween static pressure and the state at rintura




Before the shearing operation, the norm-
al stress @ is identical with the first prin-
c¢ipal stress, which gradually increases dur-
ing the shearing process to the value J,, ro-
tating simultaneously about the angle
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Change in water content during the shearing of
saturated loose sediments (fine-grained soil).
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From Fig, 7 it can be seen that this increase,
indicated with ad=¢ -0 , is proportional
to the normal stress, since it holds good
that: P,

(8)

agd g @ tg(“-& )u
a ? 4 2
On the other hand the specific settlement,cal-

culated as previously, is as follews: 4) 14)
g, dXr N\ doa a
dao
d(AO=7' a, (10)

If a finite increase in settlement is
considered instead of an infinitely small
chenge in the specific settlement, the follow-
ing holds good approximately:

a(a)s —-a,=u-a, (ct.eq.8)
a

This equation states that the consolidation
(a—lige), effected in a given material by slow
shearing in the open system, is a cohstant mag-
nitude independent of the normal stressing .
Thereby it has only been assumed that during
the shearing process - apart from the shearing
surfaces - no disturbance in structure occurs,
as is generally the case for clays with a de-

(1L)
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cided tendency to form surfaces of slip., Our
considerations therefore may not be transfer-
red to any sandy materials in which the shear-
ing process causes possibly an increase in po-
rosity or on the contrary a break-down of
structure, so that phenomena occur which led
A. Casagrande to introduce the conception of
the critical void ratio 13).

On the other hand, since the volume of
water issuing from the material, in consequence
of the comsolidation by shearing, is identical
with the change in volume of the material it-
self, or stands in a definite relation to it,
it follows further that also the change in wa-
ter content a,. is a constant magnitude inde-
pendent of the normal stressing, It may be cal-
culated approximately as follows:

A, 2-8, (wt +—'L) u~=-a, ‘L(h €,)u=consv.(12)

¥s be
where:
Wy & = water content and void ratio for the
f equivalent consolidation pressure
&= 1 kg/cm2,
¥v1¥s = specific gravities of the water and

the s0lid substance respectively.

In Fig. 7 the regularity of the change
in water content during the shearing test,
which still requires cnecking by experiment,
finds its expression in the curve of water
content w)(after shearing) being displaced
downwards in comparison with the curve w (be-
fore shearing), by the fixed value a,, so that
the two curves run in parallel.

IV. CONCLUSIONS.

1) In the unsaturated state of the loose se-
diments the dependence of the shearing
strength on the water content is to a large
extent conditioned by the grain distribution
and mineralogical composition. With fine-
grained, clayey materials and with a given
normal stress, the shearing strength reaches
its maximum value at a definite water content,
after which it falls off greatly until the
saturation point is reached (Fig. 1 and 2).
Also the direction of the altering of the wa-
ter content (addition or removal of water)
plays here a decisive part (hysteresis loop).
Further, while the shearing strength of co-
hesive materials in the unsaturated state is
as a rule greater than in the saturated state,
the contrary may be the case with non-cohesive
types of soil (c¢f, alumina, Fig. 3).
2) In the saturated state the general shear-
ing diagrem is given by the angles of the
apparent and the real internal friction (<
and ¢, ). In the closed system the dependence
of the shearing strength on the normal stress-
ing is represented by the single straight line
(a-line) inclined at ¢, in the open system by
a group of broken straight lines (b-c-lines),
each of which represents a definite water con-
tent and/or a definite equivelent comsolida-
tion pressure as parameter. with plastic loose
sediments (loam and clay) the shearing opera-
tion, causes a comnsolidation, characteristic
for the material in question and independent
of the noimal tension, and thereby also a con-
stant change in water content which can be
calculated approximately (eq. 12). This theory
is based on the fact, that the possible conso-
lidation of a fine grained saturated soil omly
depends of the major principal stress.
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SUMMARY

In this paper, the author reports of a theoretical study on the ultimate bear-
ing power of grounds and the shapes of sliding surfaces in a two-~dimensional case,
teking into consideration the body force due to the soil weight.

1, GENERAL ASSUMPTIONS.

In Fig. 1 let p be the load intensity
from a structure having the width 2b and q be
the surcharge intensity outside the structure.
When the base of the structure is located at
the depth t from the ground surface, the soil
weight yt is tsken as q; where y is tbe unit
weight of the soil,

We will begin with sand grounds.

From the experimental results, we assume
that, at the instant of sliding, the wedge
part ABC is pushed down together with tbhe load
elong the sliding planes AC and BC of Rankinet's
active earth pressure, and the region NBD
reaches to the state of passive earth pressurse,
Then, if p is the angle of internal frictiom,
we get

LAY 4
LABC -B,-—Z+2 (l)

and
LS
L NBB=w-0=—-
B o, 2 (2)

Along any radial line through B, the pas-
sive earth pressure due to q distributes uni-
formly and that due to j distributes propor-
tionally to the distance from B, Therefore, at
the instant of sliding, the load p must be re-

sisted by the following two forces; the one,
that is independent to the radial distance r
from B, and the other, that is proportional
to r,

Now, we divide p into two parts p* and p"
which are resisted by the above forces res-
pectively.
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=p' + p"
At the sliding, the resisting forces
along the sliding planes AC and BC should make

an angle p with the normals to these planes
and can be assumed to consist of the following
three parts as shown in Fig, 1,

The first of them is the active earth
pressure due to the body force of sand and its
components are as follows.
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