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for h = O becomes s8in o« = sinp jX=p
for b/y = 1 becomes sin X = sin e = 2 ctgpsinp
for P = 300 becomes ot = 609

= vertically

for & = 90° becomes h = ;ctgip
standing wall by verticel pressure of

current
14) If in equation (8) we put
k = 03P, = Oty = £ P'} 8 =1;d=1;p;, =0

we obtain in equation (8)

a = %L'- $ b= 1
and . \{_—z:_'"
coso LR Y Letgp i BTN
1+tg?p

The equations (24 and 25) differ from equation
(21) and (22) only by the fact that in the
denominator, instead of sinpPthe cos O stands,
The values p'; to p'4 as 80 the values p
and p4 can be interpreted geometrically. In
Pg. 4 p' is evaluated. In Fig. 5 there is in
the triangle A C C* :
,  sin(p-x sin(p-oc
Pootnlps) 2D (e
sin(90°-p) cos
i.e., If there is pressure of current in the
direction of the inclination of the slope pre-
sent which 1s greater then p'; then there is
danger of landslide,
15) The equations (24) and (25) can, pro-
vided that for p' = - {. sinc is put, be so
converted that the following relation is ob-

tained. I tie tg
18- 9P (26)
| tgx

Remark: The equation (26) has been obtained
for P, =0 and Py = p', whereas the equation

(18) was drawn up for Pg =P andp, =0 and
has given
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tap._ ¥
tgo Yty

i.e. equation (18) represents the reciprocal
value of the equation (26).

In case of the validity of Darcy's law
the frictionel force is p!

p' = x.nJ
and we obtain:
tg o - J critical
tgp Itn

¥ = weight of liquid

n = capacity of cavity

v = velocity of the trickling
Jd = fall

SUMMARY

The above formulae deduced by the author,
are applied practically to determine the ten-
dency to sliding of slopes with clayey mate-
rial from red marl, Jura etc. The formulae are
furthermore applied to determine the stability
of hill-sides crossed by water-courses, of

-Toads and reservoirs, Finally the equations

have been applied to the calculations of the

degree of safety of dams from shocks caused

by earthquekes, battering with projectiles.

In addition, instead of the pressure of

trickling water, the intensity of the wave of

concussion has been given,
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STATE OF STRESSES IN A HEAVY SOIL MASS

le16

C. TORRE, VIENNA

1, INTRODUCTION,

In the following, we will discuss the
state of stresses in a semi-infinite mass
which consists of heavy, coheslonless grains
of approximately equal size, and is bounded by
a horizontal or inclined plane, In each point
of the soil mass prevails limiting equilibrium,
The 1oad may be distributed uniformly over the
ground surface, Instead of Rankine's 1) boun-
dary condition

T= 3% u,0 1)
p= tgp, p = angle of friction), here, in gen-
eral, a curved, everywhere constant and dif-
ferentiable involute curve is assumed as boun-
dary condition, It will be tried, to deal with
the theory of breakage of a soil mass as a spe-
cial case of the technical theory of breakage
df solids, Comsidering the heavy soil mass, it
is remarkable that, in all points of a plane
parallel to the ground surface, identical stat-
es of gtresses occur,

In Fig, 1 the involute curve T= T(J) is
dashed. It is assumed as parabola, The press-
ure stresses are put on the positive G-axis.
The diameter of the stress circle (=circle of
curvature) at the vertex of the involute curve

furnishes the pressure stress, caused by the
first layer of sand grains (see Fig., 2)

0'2 - 0'3 = Q0 and a-i -% - 'ch' (2)

where 1‘_ is the unit weight of the earth, and h
the height of a sand grain., The horizontal
stress 4. =c5>0 appears but only in the second
sand laygr (“see Fig. 2). In Fig. 2 the x-axis
is assumed horizontal, and y in the direction
of gravity.

In Fig, 1 the real boundary curve T=T(K)
2)is deshed-dottedCombining the vertexes of
all the stress circles, we obtain the boundary
curve T,=T,(d ), wherein

T~ (G-G)/2 , odn=(Gi+a)/2 (3)

For the general case (curved involute)
the load may be assumed by

C=q+a, (4)

where q is the load and Gy the stress accord-
ing to Eq. (2)., At the surface of the not load-
ed ground, the shearing angle is equal to zero,
if the surface is horizontal, If the surface
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FIG. 3

is loaded, this shearing angle becomes greater
than zero; its size will be found out accord-
ing to the intensity of the load and the choice
of the involute curve,

2., LIMITING STRAINS,

In this chapter we shall express the boun-
dary condition 0;-d,(G;)in parameter represent-
ation x and y. In Fig, 5 a system of coordinat-
es (x,y) is assumed, where the principal press-
ure direction (d1) and the x-axis form the con-
stant angle « Thus, the ground surface is
not horizontal, but inclined to the x-axis at
an angle 0 (not shown in Fig, 3). By turning

the coordinate axea round the angle ™y, We Ob-
tain the new system of coordinates \Sx » L)y
the axes of which coincide with the principal
normal stresses, The equation of transformation

are, as known (5a)
x =} cose, - sinex, ,y =} sino, + 7 cosox,
(5b)

and } = xcose, +ysine, ,n-ycose, -X sino,

In Fig., 3 the lateral faces of the element of
volume d;.d .1 are parallel to ¥ ,m . Then, the
condictions of equilibrium are

a;—xcosox
o L]

= (6)
The integral of Eq., (6) with ety = constant, is
Ge¥bsino, +@(n)+C,
(?7)
g, -yn-cosox, +y(}) +C.
The functions@ (M ) and Y (}) are computed from
the boundary condition and especially from the
comparison of variables, As an example, we
take Rankine's 1) boundary condition, which
reads
T, -0y« sinp =0 (8)
From Egs, (8), (7) and (3) we find
¢(ﬂ)(1-sinp)-w(;)(1+sinp)=—x-;-simx_(l-sln;ah
+3-n-coso&.(l+sinp)—c,(l-sinp)+C,(1+ainp)(9
From the comparison of variables, we obtzin
from Eq. (9) Les]
@M)=(y-m-cosex, +C,) ol id
l-sinp
W()=(3-}-sino, +C) L3102
l+sinp

From Eqs, (?7) and (10) we gef the principal
normal stresses to

Gy=(¥-t-sinx, +C,) + (y-n-cosox, +C,)

(10)

1+ sinp

1-8in
1-gin i (11

G;=(¥-3-sine +C,) — P 4(ymcosm, +C)

l+sinp

C% and C, are the constant pressure stresses,
acting in the directlion 0 or 0z, For the act-
ive (0 =TN/2) and passive (0% = 0) earth pres-
sure, and for the not loaded ground surface
(C3=Cp=0), the Eqs. (1l1) are conform with the
Rankine's equations 3)

3, FIELD OF SHEARING LINES.

In Fig, 4 a system of coordinates (x,y)
is assumed like that in Fig. 3. From the point
M (x,y) stert the shearing lines I and II,
Their tangents from the same angles Oz with
the direction of the stress G}, and their nor-
mal lines from the same angle with the direc-
tion of the stress (73, respectively. The tan-
gent at the shearing line I forms the angle ¥
with the x-axisg; it is: J aoty +ox3, If we de-
note the equation of the shearing line I by
y=y(x), we have

tg:-g!-————
dx 1l-tgor, -tgog,
In Eq, (12) is tgog = constant and

tgox, + tgox, ’
12)

tge-t IAGT ., g, - do/dg (13)

In Eq. (13)0; is the first derivation of the
boundary condition d3 = J1(0%)

From Egs, (12) and (iB) we oﬁt;in the differ-



FIG. 4
ential equation of the field of shearing lines

dy 1tVo7-tgo,

dx Vo' -tgo,
Here O; must be expressed as function of x and
y, which can easily be obtained, when 01 and
Oz are expressed in parameter representation.
From Eq, (7) results, when dn =0 [ns g; =const,
are the straight lines parallel to the 3 axis,
or according to Eq. (5b)

dn=dx.cosox, (dy/dx-tgcx,)=-0

(14)

because dy/dx = tg O(x]
d-.f‘..f‘_ /_b;".‘ sinox /__b\y(],) (15)
*"dg dy/ op 7/ o

Eq, (15) is fit for the calculation of the case
oz = */2, If in our calculation occurs o‘f- o,
we have to calculate with d% = O, Then, Irom

Eq. (7) we have
., da; 3G, /0G, S¢(n)
O=—=x — [—=—T-2/ v.cos0¢, ¢1g}
do, & an on s
If the introduce Eq, (15) or (16) and Eq, (5b)
into Eq. (14), we then obtain the differential
equation of the field of shearing lines,
As an example, we take the state of stress-
es after Rankine, Then,according to Eq. (10)

O wW(t) = 1-sinp

¥-sinex,- 17)
L33 1+sing
and according to Egs. (15) and (17)
o—.’.mﬁscot‘og 5 <><,--I—f— (18)
1-sinp 4 2

From Eq, (18) and (14) we obtain the different-
ial equation

dy tgo,t tgox,

-tg(o:_t ot,)-tg:f.‘.'
dx 1+tgo, tgox,

or after integration y = x,tgJy 1,11t con?{é)
Therefore, the field of shearing lines con-
sists of two groups of straight lines, which
form the constant angle—’l 11 With the x-axis.

Using Eq, (16), we should obtain the same re-
sult,

4, STATE QF STRESSES ACCORDING TQ THE INVOLUTE
PARABOLA,

As boundary condition we use the involute para-
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bola from Fig, 1. Its equation 18
<2 - 2p.0 (20)
According to the equations of transformation

the ve the limiting stresses 01 and 0%,
éhenytg involute curve T =T(d) is given; 2)

C=T+TT'E \/‘r’+(1' ™ ,T'=dTt do(21)

we obtain from Eq. (20) the boundary condition
in the form

(Gi-G)-4p(0y+ @) + (2P)'=0 (22)
Prom Eq, (22) follows for Gz = 0 ....0 =
+ 0, :2p-q;andhence -

(gi-a)-2a(a+ )+ a.*=0 (23)

or according to Eq, (3) we get the boundary
condition to

T -0 d+(0/2)" =0 (24)

From Eqs, (7) and (24), by comparing the varia-
bles and solution of the quadratic equation,
we get the functions

@(M)=-(C-02) +y- M- €08 O +V(C- )" +4cr.-x-n(-;g§°t-'

Y= +(C+T)+y-3-sinog - 2Va; (C + y-}-sincx,) (26)

Following, the ground surface may be
horizontal and not loaded. Then, according to
Eq, (4)are:q-0,C-C-¢g.

Further may be O( =7/2, Then, according to
Eq. (25) is (p(x) = 0 and according to Eq. (26)

YY) =2 +§-y-2Vo, (0. « §-Y) (27)
From BEgs, (14) and (15), whenog =7/2, we oOb-
tain the differential equation
T duieT
+ W_(y) -dy =dx (28)

v dy
From Eqs, (27) end (28) we get an integral,
which, after substituting

z= Vieyy/q (29a)
gives
Xxe * EE[VZ‘-z’-dz + K
¥ (29p)
or, after integration, when h = J,/y. according
to Eq. (2) (ebout this integral see 5)

h
Xw 17[2(22—1).\5'-z - cosh"(zz-l)] +K (29)

According to Eq. (29a) we may calculate from 2z
the depth y

y=(z2-1).n (30)

Therefore, the involute parabola furnishes
the equation for the stresses and shearing
lines, that depend on the depth y and the grain
size h, A defect of this calculation is that,
referring to the very small parameter 2p = Gy
the state of stresses is almost like that of
the hydrostatical pressure. If, for instance,
h = 0.1 cm, § = 0,0018 kg/cm?, then Oy=K.h=
0.0018 kg/cm?, According to Eqs., (27) and (7)
the principal normal stresses are

G §Y+ O, G=yy +2G - 2V3, (q » gy} OL)
and hence

Te(a-5)/2 =Vo (G +yn)-& (32)

For the above numerical values in a depth of
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= 10 m, the principal shearing stress Eq.(32)
zs T, = 0+0178 kg/cme, opposite to a principal
normal stress Eq, (31)s o, = 1.80 kg/cm2, For
the ;pebbles, when h = 10cem, y = 10 m, § =1,8
t/m”, 18 T,,.= 0,163 kg/cm® opposite to 07 =
=1,82 kg/cmz.
The involute parabola therefore furnishes very
little shearing stresses, The dependence of the
shearing stresses from the graln size is caus-
ed by the choice of the involute curve.

In Table 1 the numerical values for x and

y are calculated according to Eqs., (29) and
(30), Besides, in this Table individual terms
of Eq. (29) are calculated in order to show
their influence at increasing numbers z,

the term arc cosh (2z - 1) in Eq. (29) can be
neglected against the first term, what is vis-
ible from Table 1, Besides, 1 may be neglected
against 2z, Then, according to Eq. (30) is :
y=z2,h and from Eq. (29)

x=2y+cC (33)

Thus, we see that in great depths the shearing
lines Eq, (29) approach the straight lines,
which form an angle of 45 with the x - axis

( = ground surface)

From Eq, (29) is min z=+1 : for z<l the
abscissa x is imaginary, When y = -q;/j= - h,
from Eq, (29) results :2=0; y=-h is $he coor—
dinate of the ground surface,

TABLE 1.

Diameter of grein h = 0,1 cm,

] ? (cg) vze-z 22=1] 2.(c).(d) ccsh'1(2L-l) g%%S%%%)
(a) (®) (e) (a) (e) () (g)
e e e e S aa e S R S S e S SR

1 0 0 1 0 0

2 0,3 1,4142 | 3 8,4852 1,7628 + 0,1681

3 0,8 2,4495 | 5 24,4950 | 2,2925 * 0,5551

4 1,5 3.4041 | 7 48,4974 | 2,6339 + 1,1466

5 2,4 4,4721 ] 9 80,4978 | 2,8871 + 1,9403

6 345 5,4772 | 11 120,4984 3,0889 * 2,9352

? 4,8 6,4807 [ 13 | 168,4982 3,2566 + 4,1310

8 6,3 7,4833 | 15 | 224,4990 | 3,4023 + 5,5274

9 8,0 8.4853 | 17 288,5002 345255 + 7,1244
10 9,9 9,4868 |19 | 360,4948 | 3,6432 + 8,9214

Z=7
-gw—L 2

49—

y(em)

FIG. 5
In Flg, 5, the field of shearing lines is

drawn according to the data of Table 1, The
shearing lines, calculated according to the in~
volute parabola have as we suppose, the advan-
tage of intersection at an angle which, at in-
creasing depth, approaches the angle of 90°,
When z = 1 and y = O, respectively, the

shearing line in Pig, 5 has a vertical tangent,
By increasing 2 —<», i,e, 2z becomes z>> 1,then,

If we have to deal with passive earth pres-
sure (G = O0), then, from Eq, (26) with
q = 0 :'W(x)=0 and according to Eq, (25), we

optedn @)=Yy +2Va ¥y (34)
Prom Eqs. (16) and (34) we obtain
1 dely) VR
d"-—-_- l+—
N 4 = (35)

From Eqs, (14) and (35), whenog = 0, we obtain
the differential equation

twl+!E--dy-dx (36)
After substituting
y = 2B (37)

the integral Eq. (36) is
x=2X2n J\/zz-rz . dz (38)
with the solution

x-ti[2(22+1)-Vz’+z' - cos h"(2z+l)] + K,
41 (39)

In Fig, 5 a shearing line Eq. (39) for Kj = 0

is dashed, The numbers in the last column of

Table 1 hold also here, when z m z + 1, At the
position y = O of the shearing lines Eq, (39)

the tangents are horizontal,

REFERENCES

l) W.M.I, Rankine. London Phil, Trans, 147,
pa 1 (185 P.9
2) C, Torre, Oesterr, Ing.-Archiv 1, 36 u, 316

3) Handbuch.der Physik, vol, VI,; Essay from



A. Nédai: Plaptizitat und Erddruck, p. 428,
nger-verl 1928.

4) Bq. %13) ie :gapted to the denotions of this
country. For 0y =0;/0z Eq. (13) furnishes
that angl , which gives the greatest in-
clination between the normal lines of the
section area and the resulting stress See,
for instance, F. Wittembauer: Aufgaben aus
der technischen Mechanik; vol, II, Festig-
keitslehre; problem Nr, 12, edition 3, Sprin-
ger-Verlag 1918.-

See also H., Krey Erddruck, Erdwiderstand und
Tragfahigkeit des Baugrundes, Edition 5; com-

pleted by J. Ehrenberg: Bq. (14), (15) p.32,
33, Ernst und Sobn 1956.

61

5) F. Tdlke, Praktische Funktionslehre, p. 127
Eq. . Springer-Verslag 1943.

ACKNORLEDGEMENTS :

The author is indebted to Prgf.Dr. K
Wolf for his valuable assistance in work n? ot
The analytic part of this paper and to Pro « D
0.K. Fronlich for his assistence concerning
the sphere of Soil Mechanics,
This work with alterations will also be pu-
blished in the "Transactions of the Akedemile
der Wissenschaften in Wien (Math.-Naturw.
Klasse)."

=0~0=0=0~0=0=

SUB-SECTIONI

EARTH PRESSURE
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MINIMUM VALUE OF EARTH PRESSURE

Prof. Dr. JOZSEF JAKY

1. ASSUMPTIONS OF THE CLASSICAL EARTH PRESSURE

IHEORY.

According to Classical Earth Pressure
Theory active earth pressure E acting on the
back of the retaining wall is a component of
the ?eight SG) of the wedge sliding alongplene

Fig. 1).

8 Coulomb assumed a plane sliding surface
starting from lower corner (A) of the retain-

ing wall and inclined at angle to the horizont-

al, With varying 4 < the earth pressure passes
through a maximum decisive for proportioning
the wall. Force g acting on the sliding plane
consumes at instant of sliding the entire in-
ternal friction, therefore it includes angle
¢ with the normal line, the other reaction E
includes unknown angle & with the normal to the
wall, and vy with the vertical, respectively.
Therefore, the earth pressure is essentially

a function of two variables E=f (x,¥) particul-

arly sin(x-¢)
sin(o-@+y) (1)

The classical earth pressure theory as-
sumes after Coulomb the angle ¥ as a constant
that is as known snd determines the value of
o« where dE

EaG(x)

=0

d‘x i'ef
dG  sinfx-¢) siny (2)
P e
Since da'Sin(cx Pt+v) sin‘fcc~-p+y)
Gsiny ra 4G hty
s1n(ox-¢p + ) el P
introducing these values into Eq. (2)
[ 7 S
Q- 2‘ sinfo-q) (3)

Rebhann's wellknown theorem is obtained
from which the different theorems of the c¢las-
sical theory originate (equality of areas, Pon-
celet's graphical solution). These determine

G

FIG. 1 .

the maximum value of earth pressure correspond-
ing to a given wall frictlion angle. Since angle

may be chosen between O«0-¢ the value of B
remains indefinite as long as 4 4 is not influ-
enced by any given relationship.

Another shortcoming of the classical earth
pressure theory is that the points of attack
are unknowns, the theory does not give the
points of attack either of E of of Q, and will
not know instead of forces.™ -

2. NEW THEOREMS OF THE CLASSICAL THEORY.

Plotting values of active earth pressure
corresponding to various values of o« aod 8 inm
a spacial system of coordinates, the saddle
shaped surface on Fig, 2., is obtained. Saddle
point P gives the absolute minimum of earth
pressure,

It is probable and it may be proved theo-
retically as well as experimentally that this
is the decislive earth pressure for calculating




