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for h - 0 becomes sin «  - sinP } « - p  
for h/y - 1 becomes sin ot » sin« - 2 ctgpsinj» 
for p  - 30° becomes <x « 60° 
for w  - 90° becomes h - Jctg p  - vertically 

standing wall by vertical pressure of 
current

14) If in equation (8) we put
k - OjPB - 0»Pt - ± p'l 

we obtain in equation (8)

l! d ■ l! P. * 0

- *  2l. 
I

l b- 1

and

cosoo (24)

(25)

t-f-tgpt ]Jl + tgap-^T-' 

l+tg ap
The equations (24 and 25) differ from equation 
(21) and (22) only by the fact that in the 
denominator, instead of sin p  the cos p  stands. 
The values p'r to p'4 as also the values p 
and p4 can be interpreted geometrically. In 
Fig. 4 p 1 is evaluated. In Fig. 5 there is in 
the triangle A C C '  :

P ‘, SlTl(p-<x) SiTlCp-w)

j siT»(90*-p) cos p  

i.e. If there is pressure of current in the 
direction of the inclination of the slope pre­
sent which is greater than p'^ then there is 
danger of landslide.

15) The equations (24) and (25) can, pro­
vided that for p* - - Xw s i n «  is put, be so 
converted that the following relation is ob~ 
tained. ±

-— —  (26)
I *9«

Remark« The equation (26) has been obtained 
for Pfl - 0 and P^ « p'. whereas the equation

(18) was drawn up for p » p and p, - 0 and 
has given

i £ £ - _ L _

* 9 «

i.e. equation (18) represents the reciprocal 
value of the equation (26).

In case of the validity of Darcy's law- 
the frictional force is p'

p' - jf. 11J

and we obtain:
tg tx J critical

t g p  |i n

J - weight of liquid 
n - capacity of cavity
v - velocity of the trickling 
J - fall

SIMM A BY

The above formulae deduced by the author, 
are applied practically to determine the ten­
dency to sliding of slopes with clayey mate­
rial from red marl, Jura etc. The formulae are 
furthermore applied to determine the stability 
of Mll-sides crossed by water^courses, of 
roads and reservoirs, finally the equations 
have been applied to the calculations of the 
degree of safety of dams from shocks caused 
by earthquakes, battering with projectiles.

In addition, instead of the pressure of 
trickling water, the intensity of the wave of 
concussion has been given.
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BTATE OF STRESSES IN

C. TORRE,

1. INTRODUCTION.

In the following,‘we will discuss the 
state of stresses in a semi-infinite mass 
which consists of heavy, cohesionless grains 
of approximately equal size, and is bounded by 
a horizontal or inclined plane. In each point 
of the soil mass prevails limiting equilibrium. 
The load may be distributed uniformly over the 
ground surface. Instead of RnnVjp.e1 s 1) boun­
dary condition

T  - ± u.CT (1)
M" i P  “ angle of friction), here, in gen­
eral, a curved, everywhere constant and dif­
ferentiable involute curve is assumed as boun­
dary condition. It will be tried, to deal with 
the theory of breakage of a soil mass as a spe­
cial case of the technical theory of breakage 
of solids. Considering the heavy soil mass, it 
is remarkable that, in all points of a plane 
parallel to the ground surface, identical stat­
es of stresses occur.

In Fig. 1 the involute curve T-T(cf) is 
dashed. It is assumed as parabola. The press­
ure stresses are put on the positive <T-axis.
The diameter of the stress circle (■circle of 
curvature) at the vertex of the involute curve

HEAVY SOIL MASS

VIENNA

furnishes the pressure stress, caused by the 
first layer of sand grains (see Fig. 2)

«

°2  "  °3 “  0 811(1 °1  “ °b  "  I* 11» (2) 
where x is the unit weight of the earth, and h 
the height of a sand grain. The horizontal 
stress =(£>0 appears but only in the second 
sand layer (psee Fig. 2). In Fig. 2 the x-axis 
is assumed horizontal, and y in the direction 
of gravity.

In Fig. 1 the real boundary curve T« T(<T)
2) is dashed—dottedCombining the vertexes of 
all the stress circles, we obtain the boundary 
curve T2»t 2(cQ, wherein

. CK,-(<n+ cra) / 2  (3)

For the general case (curved involute) 
the load may be assumed by

5 - q + <jQ (4)

where q is the load and Gq the stress accord­
ing to Eq. (2). At the surface of the not load­
ed ground, the shearing angle is equal to zero, 
if the surface is horizontal. If the surface
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FIG. 2

the coordinate axeB round the angle oĉ , we ob­
tain the new system of coordinates ; S , "H. ), 
the axes of which coincide with the principal 
normal stresses. The equation of transformation 
are, as known (5a)

X » i  cos oc,-tj sinot. ,y - ) siroc. + CO&cx .

(5b)
and |»xco8oc. + ysintx. ,Tj-ycosc*. - X  sintx.

In Fig. 3 the lateral faces of the element of 
volume d|.d .1 are parallel to | ,t\ . Then, the 
condictions of equilibrium are 

a (j* 6 er,
!L -ln  j s in«.. —  = *cos «, (6 )

The integral of Eq. (6) with - constant, is

C W  i - s i n  oc. +  cp in) * C, 

CTj-J-^.COS«. +ii»(i) + C,
(7)

The functions <p (17 ) and'vy(i) are computed from 
the boundary condition and especially from the 
comparison of variables. As an example, we 
take Rank-jne1 a 1) boundary condition, which 
reads

- cr„ sin p (8)

From Eqs. (8), (7) and (3) we find 
<pOn)(l-sinp) -tJi(£)(1 + sin 0  = -*-l-sin«.(l-slTip) + 

+ j-Tl.coscxI ( l  + s i-n p ) -C ,( l- s in p )  +C, (1 + a i n p ) ^

From the comparison of variables, we obtain 
from Eq. (9) , ,

1+sin p
<p(n)”(i*Ti-co6« . + c1)

1-sinp 

1-9inp
(10)

(11)

is loaded, this shearing angle becomes greater 
than zero; its size will be found out accord­
ing to the intensity of the load and the choice 
of the involute curve.

2. LIMITING STRAINS.

In this chapter we shall express the boun­
dary condition a \ -(T̂ fOfJin parameter represent­
ation x and y. In Fig. 3 a  system of coordinat­
es (x,y) is assumed, where the principal press­
ure direction (£/]_) and the x-axis form the con­
stant angle oc. Thus, the ground surface is 
not horizontal, but inclined to the x-axie at 
an angle 6 (not shown in Fig. 3). By turning

V (i)-(J - j-s in c x . + C,)
1 + eirjp

From Eqs. (7) and (10) we get the principal 
normal stresses to

^ “(i'J'Sinot. + C,) +(y*n’ co9of„ «-Ĉ ) —  81"^
1-sinp

<V(i-i-simx,+C,) — — + ( m  cos«. +C.)
1+sinp

and (¡2 are tbe constant pressure stresses, 
acting in the direction ( T or <Tz. For the act­
ive (oc^ m 1T/2) and passive (ot̂  « 0) earth pres­
sure, and for the not loaded ground surface 
(Oi“¿2*0), the Eqs. (11) are conform with the 
Ranklne1s equations i)

3. FIELD OF SHEARING LINES.

In Fig. 4 a system of coordinates (x,y) 
is assumed like that in Fig. 3. From the point
11 (x,y) start the shearing lines I and II.
Their tangents from the same angles o<* with 
the direction of the stress and tneir nor­
mal lines from the same angle with the direc­
tion of the stress (Ti, respectively. The tan­
gent at the shearing line I forms the angled 
with the x-axis; it is:-5»Qfx + « 3. If we de­
note the equation of the shearing line I by 
y-y(x), we have

tgc*.+ tgcXj
(12)tgJ- —  ■ 

dx 1-tgcx. -tgot,

In Eq. (12) is tgo^ » constant and

tg«„-± l/Vof * <3V - doi/dcr, (13)

In Eq. (13)Ĉ ' is the first derivation of the 
boundary condition CTi ■= CTi(O i).
From Eqs. (12) and (13) we obtain the differ-
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bola from Pig. 1. Its equation ie

T 2 - 2p.cT (2°)

According to the equations of transformation 
(they give the limiting stresses CT\ and 0 3, 
when the involute curve T  - T(<T) is given; 2;

<r„- <r + t t ' t  \ f x * + ( r  t')*1 ,T'-dr d<r(2i)

we obtain from Bq. (20) the boundary condition 
in the form a

(0'l-ct)l-4p(0', + <r.) + (2p) -0 (22)

Prom Bq. (22) follows for O', - 0 ....(^ - 
+ 0"Q : 2p «(£ and hence

(tr1-ot),-2flC(ol+ <S) + (23)
or according to Bq. (3) we get the boundary 
condition to

Tt*- a :-a . + (0^ 2)* *o (24)

ential equation of the field of shearing lines 
dy

From Eqs. (7) and (24), by comparing the varia­
bles and solution of the quadratic equation,
we get the functions ____________ ,
cp(n)»-(c-0 +K-n-co6cxK +\/(c-o;)1 +4o;-j-i\coso<,

dx tVo? - tgcx.
Here Ol' must be expressed as function of x and 
y, which can easily be obtained, when CT1 and 
O3 are expressed in parameter representation. 
From Eq. (7) results, when d n - O  [77» cK -const, 
are the straight lines parallel to the 5 axis, 
or according to Eq. (5b)

dTj = dx-co9 o»„ (dy/dx-tg cxt) - 0

t g « ]

do; d % /  6% '/  d%

Eq. (1 5) is fit for the calculation of the case
- W/2. If in our calculation occurs oij- 0, 

we have to calculate with d£ - 0. Then, from 
Eq. (7) we have

, d<rt 6<rt /Act, ¿> <p(n) / 
cr,«---- ---/--- * ------ / v• costx, /lfil

d o', & t \J ¿tj drj / '

(14) +(C + q;) + i-i sincx.- 2V o :(C  + ¡ X - sin«*)' (26)

Following, the ground surface may be 
horizontal and not loaded. Then, according to 
Eq. (4) are s q - 0, t  - C -i£.

Further may be C*x - K/2., Then, according to

Bq. (25) is cp(x) - 0 and according to Eq. (26)

V(y)-2 <X + i - y - 2 \ f c ( o :  + i-y)’ (27)
because dy/dx

<ri- (15)

From Eqs. (14) and (15). when O j  -V2, we ob­
tain the differential equation

■ dy -dx (28)
I dy

From Eqs, (27) and (28) we get an integral, 
which, after substituting

If the introduce Eq. (15) or (16) and Eq.(5b) 
into Eq. (14), we then obtain the differential 
equation of the field of shearing lines.

As an example, we take the state of stress­
es after Rankine. Then,according to Eq.

.. 1-ainp

gives

z- VI * i-y/<£

♦ .dz + K

(29a)

(29b)

(10)

(17)sin«, 
1 + sino

and according to Eqs. (15) and (17)
. 1 + ainp tt P

<Ti --------L » C O t  OCM O  - ---

1 - eirtp 4  2

From Eq. (18) and (14) we obtain the different­
ial equation

(18)

or, after integration, when h - Ol/ir. according 
to Eq. (2) (about this integral see 5)

*" i - [ 2 ( 2 z - l ) . ^ ?  - cosh'‘(23-l)j +K (29)

According to Eq. (29a) we may calculate from z 
the depth y

(z - 1 ) . h (30)

dy tgcx,± tgo<, 

dx It tgcx„ tgcx.

or after integration y « x.tg3 T TT+ const.
1 ,1 1  (19) 

Therefore, the field of shearing lines con­
sists of two groups of straight lines, which 
form the constant a n g l e w i t h  the x-axis.

Using Eq. (16), we should obtain the same re­
sult.

4. STATE OF STRESSES ACCORDING TO THE INVOLUTE 

PARABOLA.

As boundary condition we use the involute para­

Therefore, the involute parabola furnishes 
the equation for the stresses shearing 
lines, that depend on the depth y and the grain 
size h. A defect of this calculation is that, 
referring to the very small parameter 2p = £T0, 
the state of stresses is almost like that of 
the hydrostatical pressure. If, for instance, 
h - 0 .1 cm, j = 0.0018 kg/cm5, then <T0»x.h»
0.0018 kg/cm2. According to Eqs. (27) and (7) 
the principal normal stresses are

<r,- J-y+cS , or-j y 4-2(5- 2\J<ro (cr. + y y j 

and hence

iWol-c t̂ / 2  - \/crAcr' + i. y ) -o i (?2)

For the above numerical values in a depth of
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i
- 10 m, the principal shearing stress Eq.(32) 
s r 2 - 0*0178 kg/cm2 , opposite to a principal 
normal stress Eq. (31)» o't - 1.80 kg/cm2. For 

the,pebbleg, when h - 10cm, y ■ 10 m, j -1.8 
t/nr, 1st,.« 0.163 kg/cm*2 opposite to a \  - 
-1.82 kg/cm2.
The involute parabola therefore furnishes very 
little shearing stresses. The dependence of the 
shearing stresses from the grain size is caus­
ed by the choice of the involute curve.

In Table 1 the numerical values for x and 
y are calculated according to Eqs. (29) and
(30). Besides, in this Table individual terms 
of Eq. (29) are calculated in order to show 
their influence at increasing numbers z.

the term arc cosh (2z - 1) in Eq. (29) can be 
neglected against the first term, what is vis­
ible from Table 1. Besides, 1 may be neglected 
against z. Then, according to Eq. (30) is : 
y-z2.h and from Eq. (29)

x - ± y + C (33)

Thus, we see that in great depths the shearing 
lines Eq. (29) approach the straight lines, 
which form an angle of 43 with the x - axis 
( - ground surface)

Prom Eq. (290 is min z-+l : for z«l the 
abscissa x is imaginary. When y - -0^/j - - h, 
from Eq. (29) results tz-0( y— h is the coor­
dinate of the ground surface.

TABLE 1.

Diameter of grain h = 0.1 cm.

z Eq(30)
]j Z ^ -z 2z—1 2.(c).(d) __ u-l/'ol -1'i Eq.(29)

y (cm) x-K (cm)

(a) (b) (c) (a) (e) (f) (g)

1 0 0 1 0 0 0
2 0,3 1,4142 3 8,4852 1,7628 + 0,1681

3 0,8 2,4495 5 24,4950 2,2925 ± 0,5551
4 1,5 3,4641 7 48,4974 2,6339 + 1,1466

5 2,4 4,4721 9 80,4978 2,8871 ± 1,9403
6 3,5 5,4772 11 120,4984 3,0889 + 2,9352

7 4,8 6,4807 13 168,4982 3,2566 + 4,1310

8 6,3 7,4833 15 224,4990 3,4023 ±5,5274

9 8,0 8.4853 17 288,5002 3,5255 + 7,1244

10 9,9 9,4868 19 360,4948 3,6432 + 8,9214

If we have to deal with passive earth pres­
sure (P̂ x. “ 0), then, from Eq. (26) with 
q » 0 :\|»(x)-0 and according to Eq. (25), we 
obtain , . --- ,

cp(y)-yy+2/arF7 (54)

From Eqs. (16) and (34) we obtain 
1 (/K1

I dy V ?
—  (35)

Prom Eqs. (14) and (35). wheno^ - 0, we obtain 
the differential equation

After substituting

, \ r a r .
V V?

2.h

dy-dx

2— 1 z +z dz

(36)

(37)

(38)

'(39)

FIG. 5
In Pig. 5, the field of shearing lines is 
drawn according to the data of Table 1. The 
shearing lines, calculated according to the in­
volute parabola have as we suppose, the advan­
tage of intersection at an angle which, at in­
creasing depth, approaches the angle of 90°.

When z = 1 and y - 0, respectively, the 
shearing line in Fig. 5 has a vertical tangent. 
By increasing z -*■<='», i.e. z becomes z »  l,then,

y - z

the integral Eq. (36) is 

x - - 2h 

with the solution

t-^-j2(2z+i)-Vz*+z‘ - cos h'*(2z + I)j + K,

In Fig. 5 a shearing line Eq. (39) for - 0 
is dashed. The numbers in the last column of 
Table 1 hold also here, when z ■ z + 1. At the 
position y - 0 of the shearing lines Eq. (39) 
the tangents are horizontal.
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S U B - S E C T I O N I f
EARTH PRESSURE

I f 3
MINIMUM VAT.TTR Off BARTH PRESSURE 

Prof. Dr. JÖZSEF JÄKY

1. ASSUMPTIONS OF THE CLASSICAL EARTH PRESSURE 

THEORY.
According to Classical Earth Pressure 

Theory active earth pressure E acting on the 
back of the retaining wall is a component of 
the weight (G) of the wedge sliding along plane 
AC (Fig. 1).

Coulomb assumed a plane sliding surface 
starting from lower corner (A) of the retain­
ing wall and inclined at angle to the horizont­
al. With varying the earth pressure passes 
through a maximum decisive for proportioning 
the wall, tforce £ acting on the sliding plane 
consumes at instant of sliding the entire in­
ternal friction, therefore it includes angle 
cp with the normal line, the other reaction E 
includes unknown angle 6 with the normal to the 
wall, and\f with the vertical, respectively. 
Therefore, the earth pressure is essentially 
a function of two variables particul­
arly

E -C f r )
sin(o<-(p+\$

The classical earth pressure theory as­
sumes after Coulomb the angle as a constant 
that is as known and determines the value of 
«where d g

----- K 0

d G  s i n ( x - ( p )

i.e.

sin (2)

Since ^a s*n(of~‘P + ’*') sin,(a(-cp+y) 
ince G siTi y Q dG h‘r

sitt(oc- 9 + y) and d w “ 2 
introducing these values into Eq. (2) 

h*r
Q-—  *in(ot-v) (3)

Rebhann* s wellknown theorem is obtained 
from which the different theorems of the clas­
sical theory originate (equality of areas, Pon- 
celet's graphical solution). These determine

FIG. 1
the maximum value of earth pressure correspond­
ing to a given wall friction angle. Since angle 

may be chosen between 6«0-<p the value ofJS 
remains indefinite as long as < 6 is not influ­
enced by any given relationship.

Another shortcoming of the classical earth 
pressure theory is that the points of attack 
are unknowns, the theory does not give the 
points of attack either of E of of Q, and will 
not know instead of forces.- —

2. NEW THEOREMS OF THE CT.ARRT.CAL THEORY.
Plotting values of active earth pressure 

corresponding to various values of «  and & in 
a spacial system of coordinates, the saddle 
shaped surface on Fig. 2. is obtained. Saddle 
point P gives the absolute minimum of earth 
pressure.

It is probable and it may be proved theo­
retically as well as experimentally that this 
is the decisive earth pressure for calculating


