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SUB-SECTION I g
STRESS DISTRIBUTION

I 9 7
PAVBMRN'P SLABS ON NON-RIGID FOUNDATIONS 

A.H.A. HOGG

SUMMARY.

Curves are given showing the stresses and displacements for a thin slah rest
ing on an isotropic elastic layer of finite depth and carrying a single concentrat
ed load. The behaviour of this system is compared with that to be expected from a 
slab resting on a non-rigid foundation, and it is shown that a fairly satisfactory 
agreement can be found with such experimental results as have been published if the 
properties of the subgrade are represented by an equivalent elastic layer.

SYMBOLIS.

Referring to Equivalent Elastic Layer:- 
R An elastic constant defining the properties

R = _ 2E(l-<r)of the material

Thickness of Layer.
(U(r)(3-4<r)

Referring to Slab:- 
t Thickness.

Flexural Rigidity = 

Load.

D

TT
a

w
r
r„

Et'

12(1-<r2)

Radius of area upon which is applied. 

Vertical displacement.
Radius measured from centre of load.
Radius at which slope of surface is great
est.

o,m Suffixes indicating values at r =* 0,r = rm 

t d2w

2 d r2 

t 1 dw 

2 r dr

Radial and circumferential strains at 
surfaces of slab.

INTRODUCTORY.

The stresses and displacements produced in 
a paving slab by vertical loading set a problem 
which is of considerable practical interest but 
which is incapable of exact theoretical solution 
at present owing to the lack of information as 
to the actual behaviour of soils under load.It 
is therefore necessary to assign some arbitrary 
property to the soil in order to reduce the pro
blem to one capable of mathematical solution in 
terms of a general formula.

The most widely used theory is that gen
erally attributed to Westergaard 1). It is 
based on the assumption that the resistance of 
the subgrade to the displacement of its surface 
is proportional to the displacement of the point 
considered and is unaffected by adjacent dis
placements. The ratio of resistance to displace
ment is defined by the coefficient of subgrade 
reaction, which should be & constant depending 
on the properties of the subsoil and independent 
of. those of the superimposed pavement and load. 
That soil does not in fact behave in this way 
is shown by observations on water tanks 2)and 
on rigid bearing plates 8).

Alternatively, in order to reduce the pro
blem to one capable of mathematical analysis it 
may be assumed that the subgrade behaves as an

isotropic elastic solid. A solution based on 
this assumption has been worked out by the wri
ter 3)»4)f but has not hitherto been compared 
with such experimental results as are available. 
Further, the solution was published in a form 
which is not very convenient for practical use.
It is the purpose of this paper to give the re
sults in a more easily applicable form, and to 
consider how far they agree with the results of 
experiment.

Other theories will not be considered in 
detail, and the amount of experimental evidence 
available would seem to be too small to allow 
their relative merits to be decided. It appears 
probable on a priori grounds, however, that a 
method of calculation which makes some allowance 
for the effect of adjacent loads on the displa
cement of the surface of the subgrade at any 
point will be preferable to one which does not.

It must be noted that the analysis is only 
applicable to loads distant from the edge of 
the slab. It is unlikely that any simple treat
ment will give a really satisfactory account of 
the full effect of loads near the edge, since 
elastic tneory seems to lead to the conclusion 
that the stresses beneath the edge of a concrete 
slab will usually exceed those required to cause 
failure in the subgrade.

BASIC ASSUMPTIONS.

The theory from which the curves given be
low have been derived is set out in detail in 
the papers cited above 3), 4). A concentrated 
load is assumed to rest on the surface of a 
thin plate, which is supported by a layer of 
elastic isotropic material, which in its turn 
rests on a rigid bed. It is assumed that there 
is no radial displacement of either surface of 
the elastic layer, and no vertical movement of 
its lower surface.

It is evident that these conditions will 
seldom occur in practice. The behaviour of the 
surface of the elastic layer, however, will de
pend on its thickness and on its two elastic 
constants. It seems reasonable to hope that it 
will be possible to choose values for these 
quantities such that the behaviour of the sur
face of an actual subgrade can be represented 
over a fairly wide range of loads by replacing 
the subgrade by an equivalent elastic layer.
The published experimental results do not pro
vide enough evidence to determine how the pro
perties of the elastic layer are related. t;o those 
of the subgrade material. It is probable ¿hat 
there is some relation, but ia must be empha
sised that the conception of an equivalent elas-
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C u r v a t u r e s  f o r  S l a b  on  L a y e r  o f  I n f i n i t e  D e p th

FIG. 1
tic layer is primarily a method of representing 
the load-deflection relationships of the sur
face of the subgrade in a way capable of mathe
matical treatment.

DESCRIPTION OF CURVES.

In one of the papers cited above 4),values

D d 2w D 1 dw
of are tabula^

ted for values of
I? ' 3/ R

I —  h from i tooo and \ / —  r 
D V D

from 0 to 1, assuming three values (0.5, 0.4, 
and 0.3) for Poisson’s Ratio in the elastic 
layer. It has been found convenient to take rm, 
the radius at which the slope is greatest and 
the curvature is zero, as a basic unit.

The quantities tabulated in the writer's 
paper 4), x) are here represented by a set of 
curves, the use of which will be clear from the 
subsequent analysis of the published experiment
al results. Fig, 1 gives the curvatures of the 
slab up to r = 1.5 rm for an elastic layer of 
infinite depth; fig. 2 gives the corrections 
required if the layer is of finite thickness; 
and fig. 3, with ’J'-S-h to a logarithmic scale

as abscissa, gives and the central de

flection, the deflection at rm , and rm multi
plied by f r r l ,
The last three quantities enable the form of 
the deflection curve to be sketched.

C o r r e c t i o n s  t o  b e  a d d e d  t o  C u r v a t u r e s  t o  a l l o w  

f o r  f i n i t e  d e p t h  o f  L a y e r .

FIG. 2
It must be noted that all these quantities 

are for a concentrated load. If the load is 
uniformly distributed over an area of radius,a, 
and the slab is considered to have zero thick
ness, the deflections and the stresses distant 
from the load are not seriously affected. The 
strain immediately under the centre of the load 
is equal to twice the circumferential strain 
produced at r = a by the same load concentrated 
at r = 0. In practice however, the radius of 
the loading area is usually of the same order 
as the thickness of the slab. It is suggested 
therefore that as an approximation the load 
should be regarded as distributed over an area 
of radius (a + t/2).

x) fiach of the 750 tabulated values was obtain
ed by a separate numerical integration, and 
it has been found that in spite of a check ty 
differencing some errors had excaped notice. 
These have been smoothed out in the plotted 
curves. The writer is indebted to the Cam
bridge University Mathematical Lnbnratn-py for

3 Zp2^ n
recalculating the values of \/___ w  for r = 0

iland

Where ambiguity arises it seems probable that

3/1? ,
the greater value of\ / —  nshould be taken,but

certainty is only possible if results are 
available for two slabs of different flexural 
rigidities.
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COMPART son WITH e y p b p t m k nTAL RESUI/TS.

Two sets of experimental results are avail
able for comparison with theory. In England, 
teats were made at the Building Research Station 
during 1935 snd 1936 on slabs 6 inches and 11 
inches thick. These have not yet been publish
ed in full, but most of the necessary informa
tion is available 5)» 6), 7)* In America, a 
long series of tests made on slabs of various 
thicknesses has been described 8). In both 
sets of tests it proved possible to obtain a 
fairly good agreement with Westergaard's for
mulae, but only by using different values for 
the coefficient of Subgrade Reaction and the 
Flexural Rigidity to suit the measurements made 
on each slab.

Two points of great importance are estab
lished by the American tests. It was found that 
to a close approximation the system of slab and 
subgrade obeyed Hooke's Law, and that the re
lation between displacement, stress and load 
was unaffected by the number of repetitions of 
loading.

The hypothesis of an equivalent elastic 
layer makes three constants available for ad
justing the shape of the curves, and it is there
fore possible to obtain a fairly good fit for 
test results on slabs of two different thick
nesses without the necessity of readjusting the 
"constants" to suit the slab thickness. Even so, 
as will be seen subsequently, the very limited 

P 1 Hw
range within which —  — can lie when r « ifo 
may compel the use of a value fcr D which appears 
improbable. The actual flexural rigidities of 
the slabs are not recorded for any set of tests.

From the practical point of view, the value 
of any theory may be judged by the accuracy with 
which it is possible to deduce the deflections 
and strains in a slab from measurements on 
another slab of different thickness. The avail
able results will therefore be analysed from 
this standpoint.

a) The Building Research Station Tests.

Curves were fitted to these experimental 
results in the writer's previous paper 4),but 
they were obtained from a consideration of all 
the available figures. Here the 6 inch slab will 
be analysed, and the corresponding curves de
duced for the 11 inch slab. The calculations 
were made for a range of possible values of r 
and at rm , combined with the three different

values of <r for the elastic layer, but it was 
found that the differences in the results ar
rived at for the 11 inch slab were relatively 
small. Only one set of figures will therefore 
be reproduced here.

By measurement from the experimental curves 
the following approximate values are found at 
rm.

rm » 2 1  ins 

g  -  1,?3x10'4 

wm “ 8,4 x10 3 ins

If the value £ is taken as 5 x 10 lbs./sq. 
in., as stated in the report 5) .2. j_olw

Tt r d r
becomes 0.094, which is far outside the theo
retically possible range. It is therefore ne
cessary either to assume a smaller value for E, 
of about 3 x 10° lbs./sq. in., or to suppose 
that the effective thickness of the slab is re
duced, perhaps by cracking, to about 5 inches. 
Neither of these assumptions would seem unrea
sonable , and the truth may well lie between than.

As first approximations,therefore, it may

D 1 dw
be assumed that is either 0.068 or

Tt r dr
0.070, giving either 7400 or 7600 ins. Unfor
tunately the central deflection was not measur
ed, but these figures give P wm
0.145.

0.141 o r

s/ C .

These give \ / —  n . 5 .5 from fig. 3 ,
V D D 1 dw 

Hence; the better approximation is ------  -

0.068 and —  will be taken as 7400 ins /" corres

ponding to a value of D - 66.3 x 10** lb. in. x)

Since

Tt r„

V i r"  

i P -

■ 0.83 from fig. 3.

- 0.04 ins-<

Hence R * 4250 lb./sq.in. 

and h » 137 ins

The equivalent elastic layer is therefore 
137 ins.thick and has a modulus of elasticity 
of 6400 lb./sq. in. Foissons ratio has been as
sumed to be 0.5t so that fi » 1 .5  H.

It remains to examine how accurately these 
figures enable the strains and deflections to 
be calculated for an 11 inch slab, under a load 
of 8 tons, xa)

The values for the 11 inch slab are then:- 

D - 408 x 10® lb.in.

ff - 22800 ins

3/P — 1
— - 0.033 ins

3/!h- 3.0

I

■<J
■ 0.77 from Fig. 3 

’ 35 ins.SodV 5 r"andvr{¿ -

Also from Fig. 3

—  ̂ | = 0,)75 ,—  ̂ % = 0,122 , —  L ^ t l -0 ,0 6 ^
Tt r ‘ TC r_ dr„

So w0 0.006 SSCP°94, 
and rm — & =  0.037 ins

¿rm

The strains are calculated as in Table 1, 
and all the relevant data and calculated curves 
are plotted in Fig. 4. It will be observed that 
the calculated values somewhat exceed those 
found by measurement, but that they show reason
ably good agreement, considering the nature of 
the materials involved.

b) The American Tests.

It is not necessary to go through the cal
culations in full detail. Once again a" may be 
taken as 0.5» and the values r * 36 Ins., h »
54 ins., R - 870 lbs./sq.in. (or E - 1300 lbs. 
/sq. in.) are determined from the measurements 
for the 9 inch slab. Curves based on these

x) If £ - 5 x 10 lb/sq. in. ,t - 6 Ins., <r
0.15, D will be 92 x IO» lb. in.

xa) The deflections were measured for a 4 ton 
load, and the measured values are'therefore 
doubled. The thckness is taken as 11 inches, 
as this is the latest figure given and was 
presumably measured after the completion of 
the experiments.
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Curves relating rm and deflections to h. 

For values of U— h ~ 1 0  rm .872,

0.253 ^ - 0 . 3 0 2  ( l - a ^ b j

where a«1.61 ,1.22 ,1.0 1 for 0-.5,.4,.3, 
respectively.
The curves become less reliable for values of

f
h l owing to the large number of points

required for accurate numerical integration.

Comparison with EngLish experimental results. 
Theoretical curves derived from measurements on 
6'' slab. Experimental points from 5)*7).

FIG.4

FIG.3

TABLE I.

Strains in 1 1" slab

r / r m
0 .1 0.2 0.4 0.6 0.8 1.0 1 .2 1.5

D d^w
t c  dr* 
h. = oo

-.161 - .1 1 1 -.057 -.030 -.0 12 0 .008 .013

Add -.004 -.004 -.003 - .0 0 2 -.0 0 1 0 .001 .0 0 2

D d^w 
t t  dr^ -.165 -.115 -.060 -.032 -.013 0 .009 .015

Hadial
Strain -3.92 -2.78 -1.46 -0.77 -0.31 0 0 .2 2 0.36x 10-5

D 1 dw
Tt r cir 
h =oo

-.241 -.191 -.133 -.104 -.083 -.067 -.0 56 -.042

Add -.005 -.005 -.004 -.004 -.003 -.002 -.0 0 1 -.001

D 1 dw
TT r Hr

-.246 -.196 -.137 -.108 -.086 -.069

DwO•1 -.043

Circum
ferential
Strain

-5*95 -4.74 -3.32 -2.60 -2.05 -1.66 -1.37 -1.04x 10-5
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Comparison with American experimental results. 
Load 20000 lbs.Bearing area 4" radius except 
for bottom curve.
Theoretical curves derived from measurements 
on 9" 6lab. Experimental points from 8)figs. 
21,28, and 72.

FIG.5
of the slab, but this is merely a rough allow
ance used in default of any exact 'theory. It 
will be seen that the strains under the load 
calculated by using this approximation are some
what higher than those found experimentally, 
values are shown in Fig. 5 together with the 
experimental points taken from the paper cited. 
Since the theory is strictly applicable only to 
thin slabs the radius of the arda over which 
the load is applied must be corrected to allow 
for the thickness of the slab. The effective 
radius has therefore been taken as equal to the 
sum of the actual radius and half the thickness

but the difference is not greater than the dif
ference found between two sets of experimental 
results.

CONCLUSIONS.

It appears from the comparison of this 
theory with experiment that from the tests on 
a single slab it is possible to make a fairly 
good estimate of the deflections and strains 
for a slab of anything from two thirds to near
ly twice the thickness of the slab tested. The 
estimated values do not agree perfectly, but 
are generally sufficiently close for practical 
purposes when the very variable nature of the 
materials used is taken into account. The Wes- 
tergaard theory has not yet been subjected to 
a similarly rigorous test x), but it would 
appear that the hypothesis of an Equivalent 
Elastic Layer will give results of at least the 
same accuracy. It is impossible to say how much 
of the difference between the theories and ex
periment is due to variations in the conditions 
between different slabs. It would be of inter
est if a series of loading tests could be made 
with metal plates of known flexural rigidity, 
as one source of uncertainty would thereby be 
eliminated. This method of testing would in aiy 
case appear preferable to the use of rigid bear
ing plates for determining the load-deflection 
characteristics of the surface of the subgrade.
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The material used above is taken from Part.5.

"xj Both the English and American investigators 
used a number of different values for the 
"constants" in order to obtain the apparent
ly satisfactory agreement shown in their 
publications.
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