
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


125

/To

V  / / 5

A
ir*

J /W

I*
/as

/oo
¿0 / 5  20 25

M oisture Content (%  o f  D ry  W t).

Re lations betw een placem ent cond itions, conso lidated  d en sitie s & m axim um  

p ossib le  m oisture content for sam ple p la c e d  a t  o ptim u m  conditions.

SAMPLE N-S . SOFT DECOMPOSED ROCK - SILTSTONE & SANDSTONE 
ROLLED IN TRIAL BANK .

FIG.23

dams require data on the shear resistance and 
accompanying pore pressures during and sub
sequent to construction of the dam.

Shear resistance is most conveniently ex
pressed by the Coulomb Equation: T = c + (<r-u)» 
tan <p. The shear test is then required to mea
sure c, tan q>, and u for each of the above 
conditions.

For the soil conditions during construction 
the triaxial compression test has proved very 
satisfactory and can be accepted as at least 
a first approximation to the shear resistance 
in the earth dam.

For soil conditions subsequent to construc
tion and saturation, direct methods of measure
ment have been unsatisfactory. An indirect me
thod based on the triaxial compression test is 
providing interim data, until further research 
establishes a better test.
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The studies were performed at the Research 
Laboratories of the Melbourne and Metropolitan 
Board of Works, Melbourne, Australia, under the 
direction of Mr. F.M. Lee, B.C.E., M.I.E. Aust., 
Chief .Engineer of Water Supply. The author is 
Supervising Engineer, Soils and Hydraulic -Test
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TABLE 2.

LIST OF SYMBOLS

AUTHORIZATION.

c - cohesion parameter

u » pore pressure

cr s total normal stress

G - effective normal stress

X =■ shear resistance or limiting 
shear stress.

tan 9 - friction parameter
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INTRODUCTION.

Since Casagrande 1) in 1936 originated 
and clearly defined the meaning of "critical" 
density, experimental investigations on this 
subject were started by the author in October 
1937. After some preliminary experimental worî  
tbe first definite results were obtained in 
the course of 1940. These- results and the con
clusions derived thereof were presented by the 
author in a lecture to the Royal Institute of 
Engineers of the Netherlands, April 4-th, 194-1.
2) On this occasion the results obtained by 
Casagrande in his investigations for Franklin 
Falls Dam 3) were extensively discussed by 
the author.

The present report deals with results ob
tained in the period of 1937-194-1.

PRELIMINARY INVESTIGATIONS.

These investigations consisted of:
a) Shearing tests with a special type of shear- 

ing-box with flexible sides, which permit-.
ted an accurate determination of the initial 
density of the sample, but had to be abandon
ed because of a relatively great uncertainty 
of the magnitude of the shearing force at fail
ure.
b) Tri-axial tests on cylindrical, saturated 

sand samples enveloped by a thin rubber
membrane, attached to an impervious top load-
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ing plate and. a porous bottom plate. Volume 
changes were measured, in a graduated, atand- 
tube connected to the bottom plate. The init
ial all-sided equal pressure was obtained by a 
partial vacuum inside the sample and applied 
at the top of the stand-tube. The results of 
these tests were the object of some doubt as 
to their values for the following reasons:
1) Even in the loosest state, the samples 

showed an increase of volume at failure.
2) Partial vacuum caused the formation of va- 

pour-bubbles in the pores and at high va
cuum in the stand-tube, which made readings 
unreliable and in extreme cases even impossible.
3) The loading system being of the constant 

stress type, some doubt was raised as to
real value of the effective stresses in the 
shearing zone at failure. This doubt was sup
ported by the relatively high speeds of defor
mation observed at failure.

PRINCIPLE OF FINAL TYPE OF APPARATUS.

The foregoing conclusions lead to the 
construction of an apparatus based on a slight
ly different principle.

Because of the inconvenience mentioned 
under point 2, but principally on the strength 
of the doubt expressed under point 3, the au
thor arrived at the conclusion, that if critic
al density should be considered as a physical 
property of cohesionless soils, the presence 
of water in the voids would not be a necessary 
condition for its determination.

This conclusion implied the use of dry 
(or nearly dry) sands and because of that the 
exclusion of -the possibility of hydrodynamic 
pressure at failure i.e. the certainty, that 
all stresses would be effective (grain to 
grain) stresses.

The apparatus then was constructed accord
ing to this principle on the following lines 
(fig. 1).

CRITICAL D E N S I T Y  APPARATUS

13 MERCURY-MANOMETER VERTICAL PRESSURE

FIG.1

CONSTRUCTIONAL DETAILS OF APPARATUS.

All-sided equal pressure was applied to 
the cylindrical surface of the sample by means 
of a very thin rubber membrane, which had been 
fixed air-tight to the metal disc, covering 
the top end of the sample. The rubber membrane 
had been fixed in a similar way to the porous 
base. The outside pressure resulted from the

difference between the atmosferic pressure 
acting on the circumferential surface (and the 
top disc) and a partial vacuum applied at the 
porous base, acting on the inside of the mem
brane and the top disc.

Volume changes of the sample were meas
ured on the outside of the sample. The space 
between the sample and a rigid container plac
ed over it, was completely filled with water 
and connected with a graduated glass stand- 
tube. In this way every change of volume of 
the sample was recorded by the water-level in 
the tube.

A hydraulic pressure-cell gave the exact 
value of the vertical load on the base of the 
sample; a necessary implement, as the friction 
on the plunger considerably reduced the top 
load. The principal vertical deviator stress 
thus could be controlled exactly. The vacuum 
reservoir was provided with a needle-valve, 
to enable a careful adjustment of the hydro
static pressure at any desired value during 
the test.

Both the pressure-cell and the vacuum 
were connected with open mercury-manometers.

PREPARATION OP SAMPLES.

Samples were prepared with utmost care. 
Low densities were obtained by pouring small 
spoonfuls of dry sand (or slightly damp sand) 
evenly in the container. Compaction of the 
loose-packed sand was obtained by giving light 
blows to the container. Very loose states were 
attained by adding very small amounts of water 
to the dry sand. The effect is shown in the 
graph of fig. 2. Densities are expressed in 
percentages of pore-volume at an all-sided 
equal pressure of 0,5 kg/cm2, i.e. the initi
al pore-volume.

A mechanical device was constructed on 
the principle of a sieve and with constant 
falling-height of the grains. Veiy homogeneous 
samples were obtained that way, but the device 
could be used with dry sand only, so that 
densities obtained were limited to the medium 
range.

R E L A T I O N  O F  M 0 1S T U R E - C  0 N T E N T A N D  I N I T I A L

FIG.2

METHOD OF VARIATION OF PRINCIPAL STRESSES.

In order to study the effect of increas
ing shearing stresses on the density, a spe—
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cial method of variation of principal stress
es was used.

The usual routine with tir-axial tests 
is to keep the minor principal stress et a 
constant value and to increase the major prin
cipal stress up to the point of failure of 
the sample. This method has the advantage of 
an easy operation of the test. Its disadvant
age follows from Mohr's graphical representa
tion of the successive states of stress (see 
fig. 3, method a). If we assume tp to be the 
optimal value oT the angle of internal fric
tion (friction at zero-normal stress being 
neglected), both shearing and normal stresses 
acting on planes at a 450 - <p/2) angle, will 
increase. It was however the object of the 
author's investigation to study the effect of 
increasing; shearing stresses on the density 
of sand, at constant normal~stress.

FIG.3

This object was attained with the method 
indicated by the successive stress-circles of 
method d, fig. 3- In this latter case the nor
mal stress on the (4-5° - $/2) planes remains 
constant up to the point of failure, whereas 
the shearing stress increases to the optimal 
value of the relation t /ct. Though this method 
is the only correct one from the theoretical 
point of view, its application has the disad
vantage, that it implies the knowledge of the 
ultimate value of the angle of internal fric
tion tp at the beginning of the test. This 
angle largely depends on the initial density.

Both methods a and b represent the ulti
mate possibilities of attaining the limit of 
internal equilibrium. The methods c and d re
present intermediate possibilities. Method c 
is a variant of d. The normal stress on 450 - 
planes is kept constant at the value of the 
all-sided equal (hydrostatic) pressure:

< r= yo„«A^ A 
' 2

the shearing stress increases on the de
planes, and is equal to half the difference of 
the principal stresses

T -  - A

2

DIFFERENCE IN VOLUME-CHANGE WITH FOUR DESCRIB

ED METHODS.

Volume-changes were measured of 4 samples 
of the same sand, with equal initial density. 
The results are shown in the top diagram of 
fig. ?•

These results show a marked difference of 
volumetric behaviour of the samples, depending 
on the method of stress-variation used.

As could be expected, curve a produces 
the strongest tendency of volume-decrease and 
curve b the strongest tendency of volume-in- 
crease (The position of curve c, slightly to 
the right of curve b must depend on a slight 
error in the value of the initial pore-volume). 
So methods c and d produce volume-change curves 
of the same trend7 with only small numerical 
differences. The results of both methods dif
fer however fundamentally of those of method
a.

That is, why method c was chosen as the 
standard method of stress-variation for all 
further tests.

RESULTS OF 4 SERIES OF TESTS ON DIFFERENT KINDS 

OF SAND.

The four kinds of sand are characterized 
by their grain size curves A, B, C end D (fig.
4). A is a typical dune-sand with smooth, 
round grains of a high uniformity. 3 is a heath 
sand with similar characteristics of grain 
shape, but coarser and of a lower uniformity.
C is a river sand with sharp, angular grains 
and a small percentage of small, smooth pebbles. 
Its grade of uniformity is lower than that of
B. Finally D is a very fine sand with smooth 
grains and a high grade of uniformity. It con
tains a small percentage of silt.
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In all the tests the initial hydrostatic 
pressure p q was 0,5 kg/cm2. The initial volurj 
of the sample (at initial pressure) was nearly 
the same in all tests, approximately equal to 
500 cm? As a rule equilibrium would be attain
ed quickly after a small variation of the prin
cipal stresses. On nearing the point of fail
ure however the equilibrium would be attained 
after much longer and increasing time-rates.
At the point of failure a small change of 
stresses often would result in a slow change 
of volume, followed by an accelerating speed 
of deformation.

A final equilibrium would then be reached 
only because of excessive bulging and a conse
quent decrease of the major principal stress 
(in case of a constant vertical load).

The results are shown in the diagrams of 
fig. 5* 6» 7 and 8 respectively. The amount of 
volume-change is given in relation to the
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double value of the shearing stress on 45° - 
planes, both for decreases and increases of the 
total volume of the sample. The initial pore 
volume is given in a table, referring to the 
numbering of the tests.

TUBNING POINT DENSITY.

The majority of the samples shows a gra
dually increasing amount of volume-decrease, 
up to a certain point, which will be referred 
to as turning point. In connection with the 
use of this word, we are reminded of Casagran- 
de's original definition of critical density, 
as representing the state of density, which 
would remain at a constant value notwithstand
ing continuous deformation at a constant value 
of the shearing stress.

The condition of constant density is sa
tisfied by a straight line parallel to the ax
is of shearing stress; the condition of con
stant shearing stress by a straight line par
allel to the axis of volume change. Both con
ditions can be satisfied only at the point of 
intersection of the two lines. This is of 
course a theoretical possibility only; though 
in one or two cases (sand A, fig. 5) this con
dition was practically realized. In all other 
cases the point referred to as turning point

P-  P
in kG/cm2

s a n d_c

FIG.7

IN  K G/ C m *

FIG.8

is approximately closest to the condition re
ferred to by Casagrande.

Turning point represents a critical state 
of density, as it marks the point of tr a n ^ I 
tion from the branch of volume decrease to the 
branch of volume increase.

TURNING POINT DIAGRAMS.

In order to compare densities at the cri
tical point with the initial ones, the diagrams 
of figs. 9« 10, 11 and 12 were composed with 
the help of the turning point densities as com
puted from the results of figs. 5, 6, 7 and 8.

On the left hand side of the diagrams, 
figs. 9, 10, 11 and 12 the amount of volume de
crease at turning point for each test is indi
cated by a circle, if this point was clearly 
reached. It is indicated by a dot if this was 
not the case; the point however indicates the 
largest amount of volume decrease which could 
be properly measured.

On the right hand side the turning point 
densities are indicated alike; both are relat
ed to the initial densities on the vertical 
axis. The 4-5° - line is added for easy compa
rison.

VOLUM E D ECREA SE I
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TURNING POINT

VOLUME DECREASE IN Cm* INITIAL PORE VOLUME IN %

FIG.9
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FIG.10

The general trend, of results is:
a) One marked point were turning point density 

is exactly equal to intial density.
b) A "zone" of turning point densities, which 

are slightly higher (smaller pore-volumes)
than their respective intial densities, which 
forms the transition to:
c) A group of low densities, which have a ten

dency to form an asymptote i.e. how loose
the initial state of density may be, the den
sity at turning point will reach about the 
same asymptotic value.

From these results may be concluded, that 
the point of origin of the curve represents an 
absolutely "safe" value of initial density.The 
zone represented by the line parallel to the 
one passing through the origin at 45° means 
that a small and constant amount of volume-de- 
crease is needed to reach taming point. Final
ly the zone of transition and the asymptotic 
points represent cases of increasing amounts 
of volume decrease in order to reach turning 
point density.

DEFINITION OF CRITICAL DENSITY BASED ON TEST 

RESULTS.

The definition of the meaning of critical 
density and its evaluation for a given type of 
sand depends on the following basic points.
a) The initial density and the initial state 

of stress of a saturated mass of sand.
b) The density and the state of stress at which 

continuous deformation may take place.
Casagrande has clearly explained how a 

transition of the state of stress from a to b, 
which will be accompanied by a decrease of vo
lume, may develop e critical situation, because 
of a decrease of effective normal stresses and 
a consequent decrease of shearing resistance. 
Thus only those initial densities which do not

FIG.12

show any decrease on reaching state b should 
he considered as safe.

It must however be taken into considera
tion, that two important facts arise.
1) The initial state of stress will in practice 

exceptionally be a hydrostatic one.
2) The magnitude of the hydrodynamic stresses 

will amongst other factors, depend on the
amount of water, which has to be expelled in 
order to reach turning point density.

In relation to point 1 the following ob
servations are made. The "at rest" value of 
horizontal stress is approximately 0,4 for 
sands at medium density and 0,5 j°i in the 
loose state. In the tests mentioned above the 
initial all-sided equal pressure amounted to 
0*5 kg/cm2. This makes p ±  -  P2 - 0,35 kg/cm2 
for loose sand and pi ~ p 2 = 0,4 kg/cm2 for 
dense sand, when we m/ark these quantities on 
the p -\ - p  2 axis of figs. 5, 6, *7 and 8, we 
may observe the following fact.

The amount of volume decrease between the 
initial state of stress and turning point will 
then be reduced considerably as compared with 
the volume-decrease obtained on starting at the 
all-sided equal pressure. The reduction is re
latively important with all densities.

In case of an artificial increase of den
sity, leaving out vibrational methods, by tamp
ing, rolling etc., stress-concentrations will 
be increased and so the difference between p- ^ 

and p p will be decreased. This will seemingly 
affect the amount of volume decrease for the 
worse, which is however largely compensated by 
the increase of initial density.

In relation to point 2 we must realize, 
that the amount of superfluous water is an im
portant factor, when judging the relative safe
ty of a certain density. The zone of densities 
represented by the point of the curve parallel 
to the 45°-line passing through the origin of
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figs. 9* 10, 11 and 12 has only 1% less pore- 
volume approximately than the ini tied density. 
Such a slight decrease of volume of a saturat
ed mass of sand, need not necessarily lead to 
an appreciable reduction of effective stresses 
and consequently of shearing resistance.

This point will have to be investigated 
closely, as the range of "doubtful" densities 
is important from the economical point of view.

Other factors, like the effect of the na
ture of disturbing forces like vibration,load
ing, erosion etc. must then be considered. The 
author will however limit the scope of this 
paper to the determination of the physical pro
perty of critical density and to its definit
ion, on the strength of test results.

The following definite conclusions will 
be made.
1) The property of critical density can be de

termined on dry sands, with the advantage
of the impossibility of pore-pressure, which 
might affect saturated samples at failure.
2) In order to establish a close relation to 

Casagrande's definition of critical density,
the principal stresses should be varied in 
such a manner, that the normal stress on planes 
at a definite angle with the vertical direc
tion does not change during the test. The ef
fect of an increasing shearing stress on the 
change of volume may then be studied, in the 
case of a constant value of the normal stress 
on (45° - <P/2)-planes. For the sake of simpli
city a method of variation was chosen with 
constant normal stress on 45°-plane6. There 
is no fundamental difference of results.
3) The experimental results with medium and 

low densities show, that the curve of vo
lume changes with increasing shearing stress 
is composed mainly of two branches; the lower 
one showing volume decrease, invariably fol
lowed by the upper one showing volume increase. 
The meeting-point is referred to as turning 
point.
4-) Just before reaching turning point the ra

tio of volume decrease to the increase of 
shearing stress will be at its optimum i.e. 
the critical state according to Casagrande's 
definition will approximated as closely as 
possible. The value of the tangent to the low
er branch in this point is a measure of the 
tendency of deformation at constant shearing 
stress.
5) The density at which this phenomen will 

take place is very close to that at turning
point. It is a critical density in restricted 
sense.
6) Plotting turning point densities to initi

al densities shows, that critical density
is limited in the strict sense of its meaning 
to one point on the diagram, which has been 
called by Casagrande the upper value of the 
critical density. There is nowever a medium 
range of lower densities, which differ only 
slightly from their respective initial values. 
Finally in the very loose states there seems 
to be a limit-value of critical density.
7) The amount of excess-water, which has to be 

expelled on disturbing saturated loose sands
depends on the initial state of stress. This 
may be of fundamental importance for the sta
bility of slopes of embankments made of uncom

pacted sand.
8) It may be put as a tentative conclusion by 

the author that the amount of pore-pressure
largely depends on the amount of excess-water 
This point must however be substantiated by 
future investigations.
9) Both conclusions mentioned under 7 and 8 

will affect the definition of the factor
of safety i.e. the danger of the development 
of a flow slide.

COMPARISON OF TEST-.RESULTS WITH FIELD-DATA.

The occurrence of two flow slides in the 
Netherlands (see paper by Mr. A.W. Koppejan: 
"Zeeland flow slides, etc." for this Confer
ence) made it possible to compare densities 
as found in the embankments with the results 
of critical densities on the same sands in the 
laboratory.

The flow slide of a railway embankment 
at Weesp occurred in 1918. The density of the 
sand in the embankment was measured in an un
disturbed part near the slide and found to be 
41% of pore-volume. The result of the labora
tory-test on the same sand (3, fig. 10) was 
39f7% for the limit value and 34,4% for the 
upper value of the critical density (acc. to 
Casagrande).

The flow slide at Ravenswaay occurred in 
1939 at the sand berms near the sluice. The 
density was found in this case (as the mean 
value of 20 samples) to be 44,3556-

The result of the laboratory test on this 
sand (C, fig. 11) was approximately 43% for 
the limit value and 40% for the upper value 
of the critical density.

Thus in both cases the densities in the 
field were slightly less (about 1,3% of pore- 
volume) than the limit value a6 found in the 
laboratory. This result is encouraging in the 
light of further investigations.

The very low densities as found in both 
embankments were due to the fact, that the 
sand had been dumped and in a slightly moist 
state.
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