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No. E=10 STRESS DISTRIBUTION IN ELASTIC SOLIDS
Hamilton Gray, Research Assistant in Soil Meohanlos, Graduate School of Engineering
Harvard University

Notet Bracketed numbers[ ] refer to the publications listed in the bibliography. Numbers in paren-
thesis ( ) designate formulas. A table at the end of the paper indicates the sources of all formulse.

Introduction. The distribution of stresses in elastio bodies has for meny years received the attention
of mathematiclans and physiocists, and thelr investigations have resulted in the solutions, both ex-
plicit and implioit, of a great number of problems in this field. [1] Among these solutions is the
oase wherein loads are distributed over portions of the plane surfaoce of an elastio solid of semi-
infinite extent, [ 2] The results of this particular analysis have been used in determining the stresses
produoced in the underground by structures erected on the surfaoce of the earth.

The theoretioal contributions in this field are scattered through numerous publications, many of
which are not readily accessible to the mejority of engineers. For this reason Professor A, Casagrande
has suggested to the author that a oolleotion of those results most applicable to foundation problems
‘be prepared for publication. While no olaim of completeness is made, it is hoped that this presentation
wlll suffioce to fill adequately the needs of those engaged in the analysis of foundations. For those
desiring to inquire further into this subjeot, the necessary references are furnished.

"It may not be superfluous to suggest that some knowledge of the theory of elasticity will insure
intelligent application of the material presented in this papers On this score it is well to point
out that the assumptions of elastlie theory regarding the nature of the stressed medium are never ful-
filled in soils, and so the analyses of stresses produoed by loads on the surfeoe may in some instanoces
be merely qualitative approximations. The discrepancies between the elastic properties of natural
soil beds and the properties of the theoretical medium together with the methods which may be used in
taking these differences into aoccount in praotice ocannot be adequately treated in a brief paper. The
reader is referred to [9] » [10] » [11] .

Attention is oalled to graphical solutions and influence tables published in recent years, which
simplify the evaluation of several important formulae. These aids are noted in the bibliography.

The writer 1s indebted to Professor Casagrande for many suggestions concerning the manner of pre-
senting the material. The aid of Mr. J. D. Watson in preparing the material for publication is grate-
fully acknowledgede.

Generalities
Term Definition
Elastio body A body whioh recovers its dimensions of the unstressed state when ap-

plied stresses are removed. Materials behave elastically only when
the stresses do not exoeed oertain velues, the "elastio limits,"

Hooke's Law A meterial obeys Hooke's Law if it is elastic and if the stress-
strain relationship is linear. Such a material is commonly termed
"perfectly elastic."

Homogeneous A mass is homogeneous 1f the speoifio physical properties of all por=-
tions of the mass (regardless of their size) are the same.

Isotropic If oertain properties of a material are the same in all direotiomns at
any point, the material is isotropioc with respect to those properties.

Aeolotropio If oertain properties of a material vary with direction at any point,
(Anisotropic) the material is aeolotropio.

Hereafter, the term "elastio solid™ will be used to designate a homogeneous body whish obeys Hooke's
Law when subjected to any stresses which may be applied.

Generalization of elastio theory to include oases of heterogeneous and aeolotropio substances leads
to exceedingly complex results, and praotiocal solutions of only a few special oases have been obtained.
These will be oonsidered independently, after due attention has been given to the stress distribution
in an elastically lsotropic solid. For this latter materiel the expressions for the components of stress
end strain at any point (x, y, z) of a solid are funotions of the distributior of the applied load, of
X, ¥, 8nd 2z, and of two elastic oonstants.

Sprols.

X, ¥, z: Reotangular co8rdinates.
r, ©: Polar colrdinates in xy plane.
R, 8,3 : Spherical coBrdinates.
P: Total applied force.
p: Force applied per unit of aree.
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P t Foroe applied per unit of lengthe

0 1 Normnl stress in the direction denoted by the subscripte (Compressive stresses are
positive; tensile, negative).

T : Shearing stresss. Of the two subscripts, the first denotes the direction of the normal
to the plane on which T acts, and the second denotes the direction in which 7 acts.

A 1 Totel displacement of & point in the directlion signified by the subseript,

d : Strain at any point in the direction denoted by the subscript.

Elestic Constantse
m: Poisson'!s number.

U= Poisson's ratio.

i
o
E: Modulus of elasticity in tension or compression.

G = " " n " ghear = modulus of rigidity.

mE__,
2m+1)

7\,/4 1 Lame's constentse Thesem%ppea.r frequently in the literature, their values being given
=. G, and l =
KA i EFD@2)

Uniformly loaded reotangular areae. The
general expressions for the stresses
and strains produced by loads distri-
buted over rectenguler arees ars cumber-
some and need not be given here. They
may be found in a paper by A, E, H,
Love in the Philes Trans., Roy. Sooc.

London; Series A, vol. 228, 1929. ,, A 0 3
The vertical stress at eny point 3
directly beneath the corner of a rec- / | b

tengle whose dimensions are a and v
b is given by l/l/’ll|| M||I]IJ]|HH|
2, .2 2 b, NI (R
O-z-z_g[abz_a-i—b + 2z P /
. e D D222 + a2b2 I
(1) I /D
& _1 a.b
¥ein " - =
a“ + z b 4+ z y
(0,02
where IF = a 4 b2 + 22. (P/
Hence the vertical stress at any
point directly beneath the center of Z
a rectengle whose dimensions are 2a
end 2b is
(i1) & = 2p [ abz | a + b+ 22 + sin~1 ab "
T LT Rt 3R a2+ 22 Y1+ 2

Influence tables based upon formule (i) have
been compiled by Newmark(Ne M. Newmark. Simplified I
Computation of Verticel Pressures in Elastic Foun- 4 ' /
dationse Circular 2}, Enge. BExp. Sta., Unive of :
Illinoise 1935. A grephical means of determin- N ]_ _________
ing stresses and settlements beneath reotanguler | g
areas was publ:.shed by Steinbremner in 193l in
"Die Strasse" [18] . This publication is not 3. '
generally available in this country.) We may find |
the stress at any point beneath & rectengular area |
by dividing the area into smaller rectangles such
that the point beneath which we are seeking the
stresses is a corner common to all the smaller
rectangles. Formule (i) can then be applied to each of these smaller rectengles end the sum of the
individual results yields the total stress.

Uniformly Loaded Circular Area. The general expressions for the stresses and strains due to loads
distributed over circuler areas involve elliptic integrals end will not be given here. They are to be

found in the above-mentioned peper by Love. [13
At any point directly beneath the center of & uniformly loaded area of radius, e, the formulae
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for the stresses reduce to

3
O =p|l- ___27 __
z (2 + 22)% J
(112) g. - G +2 +1 z z 3]
r = =2 [2EX= . 2 =g T3
[-] 2 [ m 2 m {Yazi 2 }+{ a2+z }

z denotes as usual the depth of the point beneath the surfaoce.

At the oenter of the loaded area:

(iv)

At the edge of the loaded area:

2
— -m-l
Az"nE _._mz._. ra

Two Dimensional Stress Distributions If the ooordinate axes ocan be ohosen in suoh & manner that the
stresses end deformetions in a body are functions of only two, (x and z), of the three variables,
(x, ;5 z), and if in additionm, é, = Txy = T,, = O, then the body is in a state of "plane strain",
The conditions of stress are then the same at all points of any line which is parallel to the y-axis.
If the components of stress, U,, O, , 7xz» or O, G, » Tgy » are known at any point in a body sub-
Jjeot to plane strain, the stresses aoting on any plane through the point, and parellel to the y-axis
can be found by means of Mohr's ocircle of stress, or by the corresponding equations of internsl equili-
brium in two dimensioms.

In addition, for oases of plane strain as defined above, we have:

1
G = 7 (%+7)

242 [m-00,-q]

m

]
(o] I

Q-
N
1
e [

m+ 1 [(m_l)o- _0—]
2 z x

m

Equations of statical equilibrium for interior points of a body subject to pleme strain (or plane

stress)., Fige 2.

0 =0y cos’e + 03 sin‘e - Ty, Sin e
=i (o +a')+-}-(0' -0) 2 =T 2
2 x z 2 x g/ ¢ ©08 = Ty, 8in 2&

T:%(O’x =0;) . 8in 2€& + Ty, » 008 2&

€ i defined as the angle between U and the x-axise. By eliminating & from the above equationms,
T oan be written as a function of G . The graph of this function is & oirole, ocommonly called

"iohr's oirole of Stress" or simply "circle of stress."
. The maxirmum and minimm velues of O are known as the prinoipal stresses, and the maximum value of
T is oalled the principal shearing stress. These stresses are given by:

2
G -2 (T _+ crz)-r)/ij(crxﬂrz) +72

0'2= (G'x-f-a"z) -G'(a-x'r(;-‘)af szz

3> I3

TM:% (Ul -02) =)/1];a'x+0-z)2+ Tx:.
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J, end 0, oocur on mutuelly perpendicular plenes (the principal planes) such that

_127-

=&, ,= tan ==
3 . ”a;_a;
and 7-max occurs upon planes inclined at angles of L5° to the principal planes. Furthermore, if E,

is the angle which (, makes with the x-axis, then

Te = 2(0, + 0+ 3 (0, -0y, oos 22,

)V [

1
G, = (0, +0,) =3 (0, - G,). oos 2€,

(0-1 - 0-2)0 sin 25"

nj=
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Discontinuities and Aeolotropy

Expressions for stresses in discontinuous or in aeolotropic (enisotropic) solids are for the most
part involved and comparatively diffioult to apply. Several examples may be found in the following:
61, 18], [1], [15], [16], [19]. The analysis for such cases has not been advanced as broadly as that
for the homogeneous, isotropic body. The practicel need of such solutions is great because of the in-
evitable stratifioation and heterogeneity of natural soil beds, but at present the available solutions
are not adequate for securing more than a qualitative idea of the influence of these complicating fac-

tors on the stress distribution.
Formulee (11), (12), and (13) give the stresses in a semi-infinite elastically aeolotropio, homo-

geneous solid possessing the following properties:
Modulus of elasticity in directions normal to the z -axis, Ey

" " " " " perallel to the z -axis, By

Poisson's number, m, the same in all directions.
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