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ABSTRACT: All soil testing is performed in the context of an implicitly or explicitly assumed (constitutive) model for the soil.  The 
interface between modelling and testing is challenged by deficiencies of the testing and by deficiencies of the model.  Many testing 
configurations lead to inadvertent or inevitable inhomogeneity, so that a soil samples behaves as a system and not a single element.  
But models are appropriate simplifications of reality and are inevitably deficient.  The more severe the deficiency the harder it 
becomes to calibrate the model against experimental data.  Even for more elaborate models, the conjectures on which they are based 
are rarely subjected to testing regimes which deliberately set out to refute those conjectures.  No matter how extensive our testing of 
a model against laboratory data, a subsequent application will certainly take it into an unknown region in which it is to be hoped that 
no unintended instabilities will appear. 
 
RÉSUMÉ : Tous les essais de mécanique de sols sont effectués dans un contexte d’existence d'un modèle du sol implicitement ou 
explicitement supposé. L'interface entre la modélisation et les essais est mise en cause par déficiences à la fois des essais et du 
modèle.  La plupart des essais induit involontairement ou inévitablement des conditions inhomogènes et, par conséquent, 
l'échantillon de sol se comporte plutôt comme un système et pas comme un seul élément.  D’autre part, les modèles sont des 
simplifications de la réalité et sont par conséquent inévitablement déficitaires. Plus la déficience du modèle est importante, plus il est 
difficile de calibrer le modèle par rapport aux données expérimentales. Même pour les modèles plus élaborés, les conjectures sur 
lesquelles ces modèles sont basés sont rarement soumises à des essais qui délibérément se proposent de réfuter ces conjectures. 
Quelle que soit l'étendue de vérification d'un modèle par rapport aux données expérimentales, une application ultérieure l'amènera 
certainement dans une région inconnue où l'on peut espérer qu'aucune instabilité involontaire n'apparaîtra. 
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1  PROLOGUE 

I should begin by thanking the members of Technical 
Committee TC101 Laboratory stress strength testing of 
geomaterials for inviting me to give the 4th Bishop Lecture – it 
is an honour to have been chosen.  

In 1973, Andrew Palmer and Peter Wroth organised a 
Symposium on the Role of plasticity in soil mechanics at 
Cambridge University (Palmer, 1973).  A photograph taken of 
the participants in this symposium (Figure 1) shows many 
famous names from the world of soil mechanics research 
including Alan Bishop in the front row and your 4th Bishop 
lecturer, looking very young, in the back row.  While this was 
not the only time that I came across Bishop, I know of no other 
photographs in which we both appear.   

At that time I was completing my PhD research Some 
aspects of the mechanical behaviour of kaolin under truly 
triaxial conditions of stress and strain and my concern was with 
testing and the gathering of data from which to discover 
patterns of mechanical response of clays.  I have continued an 
interest in experimental studies of soils since that time but over 
the past two or three decades my focus has been on developing 
constitutive models inspired by experimental observation.   

2  INTRODUCTION 

All soil testing is performed in the context of an implicitly or 
explicitly assumed model for the soil.  The purpose of the 
testing may be to identify parameters for the calibration of the 
model, or to gather data which can be used to improve existing 
models either by exploring mechanisms of response or by 
deliberately attempting to refute the conjectures on which the 
models are founded.  The interface between modelling and 
testing is challenged by deficiencies of the testing and by 
deficiencies of the model. 

Soils are particulate materials and, although we may 
interpret them in terms of macroscopic continuum quantities 
such as stress and strain defined at the scale of an entire soil 

sample, there will also be stresses in each particle with which 
we do not usually concern ourselves.  However, these local 
micro-level stresses will show concentrations and gradients at 
the particle scale so that local heterogeneity is to be expected – 
and is observed.  The soil sample is behaving as a system 
rather than as a single element. 

On the other hand, models are inevitably and deliberately 
deficient.  The more severe the deficiency the harder it 
becomes to calibrate the model against experimental data.  
Think of the subjectivity and personal choice involved in trying 
to fit a standard elastic-perfectly plastic Mohr-Coulomb model 
to real experimental data showing a tangential (incremental) 
stiffness which reduces smoothly with increasing deformation.  
Every chosen set of parameters requires an associated, rather 
detailed, narrative explaining the justification for that choice. 

At the simplest end, design calculations might expect 
reliable values of (possibly anisotropic) elastic properties for 
elastic analysis, or values of stiffness and strength to use in a 
Mohr-Coulomb perfectly plastic model. Testing of soil samples 
for research purposes will have more advanced models in mind. 

Even for more elaborate (and supposedly more realistic) 
models, the conjectures on which they are based – such as the 
existence of yield surfaces, plastic potentials, elastic regions, 
critical states – are rarely directly challenged.  The model is 
accepted with all its contributory conjectures. 

Figure 1: Symposium on Role of plasticity in soil mechanics
(Cambridge, 1973) 
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 Life is too short for routine testing to engage in serious 
attempts at refutation, but there has to be some rationale for the 
inclusion of some conjectures and the rejection of others.  One 
source comes from tests which do set out deliberately to 
challenge the basic ingredients of the modelling.  Another 
comes from microstructural observations or microstructural 
modelling which may reveal aspects of response which cannot 
be ignored in the revision or replacement of existing models, 
and which lend themselves to upscaling and continuum 
description. 

Lee (2002) compares and contrasts the philosophy of 
modelling and the philosophy of testing in the context primarily 
of centrifuge geotechnical modelling.  He defines a model as 
‘a representation of an object of study ... often termed a 
prototype ... an idealised or a real specific object’.  A test is ‘a 

means of establishing a property, validity or genuineness of a 
hypothesis, claim or prediction ... often arising from a model’.  
In our discussion the models are more temporary, being 
modified steadily to improve their success in matching the 
increasing volumes of data coming from soil testing. A model is 
an appropriate simplification of reality and, although the 
contexts are different the intentions are similar: to understand 
the system that is being modelled sufficiently to be able to 
incorporate the governing mechanisms whether in a physical 
model or a constitutive model.  Glossop (1968) notes that ‘if 
you do not know what you should be looking for in a site 
investigation, you are unlikely to find much of value’.  ‘In 
science, it is good to have a hypothesis to frame one’s thinking.’  
These same comments can be applied to the performance and 
interpretation of laboratory testing.  

Modelling in the present context means constitutive 
modelling,  Testing is the subjection of samples of soil, taken 
from the field or prepared in the laboratory, to controlled 
changes in stress and strain in order to extract particulars of the 
constitutive response.  Most researchers and geotechnical 
engineers who are engaged in testing soils will not be involved 

also in the complexities of constitutive modelling: constitutive 
models are seen as tools to be applied. 

 The majority of tests performed commercially are 
performed in order to select appropriate parameters for the 
calibration and application of a particular model.  Such a 
model might be used in finite element analysis (for example) in 
support of geotechnical design to describe geotechnical 
prototype performance.  Or the parameters might merely be 
used as some sort of index properties in the application of 
standard empirical or traditional design procedures.  The 
process of testing and interpretation may be so routine that the 
existence of the guiding model is somewhat forgotten – but it is 
still there. 

I want to address today four issues relating to this interface 
between testing and modelling: 

1. Soil specimens: elements or systems? 
2. Adequacy of the model 
3. Conjectures and refutations 
4. Testing with a purpose. 
Most of my examples of modelling will refer to elastic-

plastic constitutive models of some sort, (a) because that is the 
class of models with I am most familiar and (b) because such 
models reflect most successfully my observations (from testing) 
of the sources of the mechanical behaviour of soils.  
Nevertheless, most of the comments that I make concerning 
modelling can be just as easily translated into other constitutive 
frameworks.     

3 ELEMENT OR SYSTEM? 

A soil element is an idealised volume of soil subjected to a 
completely homogeneous and known state of stress and strain; a 
system is a collection of connected elements.  We may choose 
to interpret the system as a quasi-homogeneous representative 
volume of soil, but the elements that make up the system are 
behaving differently and the conditions within the system are in 
most cases heterogeneous. 

3.1 Heterogeneity: inevitable? inadvertent? 

We can distinguish between inevitable heterogeneity and 
inadvertent heterogeneity.  A triaxial sample tested with rough 
ends (Fig 2) is unable to expand or contract radially at these 
ends and therefore will not be able to deform as a right circular 

Figure 2: Triaxial tests on sand with rough ends producing (a) failure
plane; (b) central bulging (Taylor, 1948).  

Figure 3: Plane stress apparatus for two-dimensional shearing (1γ2ε)
(Grenoble: Laboratoires 3S/R). 

Figure 4: Localisation features in 1γ2ε tests (Hall et al, 2010)
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cylinder – there will inevitably be variations of stress and strain 
within the soil specimen.  We might reckon that in this 
instance the heterogeneity, though inevitable, is avoidable, or 
can at least be reduced, if certain key choices are made in 
setting up the tests.   

Frictionless end caps will reduce the constraints on radial 

movement and move the sample nearer to the axisymmetric 

ideal. Testing samples with frictionless end caps and 
height:diameter ratio ~ 1 may discourage the formation of a 
shear failure plane as the strength of the soil is reached (Figure 
a).  Such an event obviously (sic) breaks the symmetry and 
leads to heterogeneity.  This might be seen as an example of 
inadvertent heterogeneity.  

The so-called 1γ2ε biaxial apparatus at Grenoble (Figure ) is 
a plane stress device using rods of standard length as the two-
dimensional granular material under test.  These individual 
rods can be observed as the sample is subjected to shear and 
normal deformations through the rigid, but extensible, loading 
boundaries of the apparatus.  Though these boundaries remain 
straight/planar at all times, the granular material within the 
sample shows no desire to follow slavishly the boundary strains 
and develops patterns of localised deformation even at an early 
stage of the test (Fig 4).  The heterogeneity has some structure, 
and one can observe a network of localisations which has a 
typical dimension significantly larger than the particle size.  If 
one were to propose that a quasi-homogeneous representative 
volume should have dimensions which are at least 10-20 times 
the typical cell size of the network and this would establish the 
size of volume element necessary to achieve homogeneous 
heterogeneity.  We might conclude from such observations 
that the inhomogeneous state is the natural state for soils. 

A granular material transmits stress through particle contacts.  
The actual stress state within a particle is complex, and the void 
between particles carries no stress (in the absence of pore 
pressure) so that the calculation of continuum stresses from 
volume averages requires a representative volume element size 
considerably larger than an individual particle.  The classic 
pictures produced by Drescher and De Josselin de Jong (1972) 
show a two-dimensional assembly of circular discs of a material 

with refractive index dependent on stress (Figure ).  When 
observed using polarised light the fringes within each particle 

Figure 5: Loaded discs observed with polarised light (Drescher & De
Josselin de Jong, 1972). 

Figure 6: Patterns of volume change in triaxial test on sand (Desrues et 
al,, 1996). 

Figure 7: Patterns of localisation of deviatoric strain in axisymmetric
triaixial test specimen (Desrues and Ando, 2016: personal
communication) 
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 reveal the actual stress conditions.  Some particles are heavily 

loaded and form chains across the ‘specimen’ – others carry no 
contact loads at all – an observation which is regularly 
confirmed by results of discrete element modelling of granular 
assemblies.  Each group of contacting particles contributes its 
own stress concentrations and its own deformation mechanism.  
The combination of all these local micromechanisms has to be 
consistent with the imposed boundary strain constraints.   

It is at least conceptually feasible to suppose that a series of 
plane strain (plane stress) mechanisms can add up to an overall 
plane response.  But what about a triaxial sample?  Suppose 
that the soil wants to develop planar micro-failure mechanisms 
– it then requires a large number of these to produce an overall 
axisymmetric response.  X-ray images obtained by Desrues 

begin to reveal the complexity of internal deformations in a 

triaxial sample (Figure ).  And more recent images (Desrues 
and Andó, 2016: private communication) (Fig 7) show the 
extraordinary beauty of these three-dimensional features within 
the cylindrical triaxial specimen.   Of course the tester is quite 
unaware of these internal inadvertent developments but the 
implication is that the triaxial sample is struggling all the time 
to maintain the external appearance of axial symmetry.  It is a 
very special test configuration which may be rather distant from 
anything seen in prototype applications (except on the 
centreline of a circular structure placed on or in a homogeneous 
half-space). 

3.2 ‘Simple’ shear? 

Perhaps Roscoe was right to pin his hopes on the simple shear 
apparatus (Fig 8).  Over the period from about 1950 to 1970 he 
and his research students progressively improved their designs 
of the simple shear apparatus in order to accommodate the 
principal boundary deficiencies: an absence of complementary 
shear stresses on the ends of the sample (Fig 8a) (which have to 
slide against the soil as the soil expands or contracts) (Roscoe, 
1970).  Groups of boundary load cells allowed the stress state 
to be computed in a central ‘element’ away from the boundaries 
(Fig 8c) Stroud (1972).  However, radiographic techniques 
revealed patterns of internal deformation (specifically density 
changes) which became more elaborate as the ratio of sample 
height to particle size increased (Fig 9) (Bassett, 1967). 

Figure 9: Dilation bands within simple shear samples of different
heights (Bassett, 1967) 

Figure 8: Simple shear apparatus: (a), (b) non-uniform boundary
stresses; (c) load cells around sample boundary 
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This finding is rather like the result observed in the 1γ2ε 
apparatus.  A system of micro- (or meso-) mechanisms at near-
particle scale (but with a characteristic size larger than 
individual particles) within the sample combine to match the 
boundary deformation constraints.  But these contributory 
mechanisms are quite different from the ‘macro’-mechanism 
imposed at the boundary.  An inevitable heterogeneity remains. 

The torsional hollow cylinder apparatus (Fig 10) has become 
more popular than the simple shear apparatus as a test device in 
which controlled rotation of principal axes is possible.  But 
here the geometry of the apparatus leads inevitably to radial 
variation of shear strain – for a sample of height h with top 
rotation θ relative to the base, the shear strain γ = rθ/h.  The 
thinner the hollow cylinder the less the proportional radial 
variation but the harder the specimen preparation.  Typical 
hollow cylinder apparatus have ratios of external and internal 
radii ro/ri ~ 1.2-1.7. 

One of the as yet not definitively answered questions for the 
mechanical behaviour of soils is: are there rules governing the 
relationships between the orientations of principal axes of stress, 
stress increment and strain increment?  Roscoe et al. (1968) 
produced a rather clear picture (Fig 11) showing coaxiality of 
stress increment and strain increment immediately after each 
reversal of the direction of shearing and a tendency to coaxiality 
of strain increment and stress with continued monotonic 
shearing.  While this might be interpreted as a classic 

transition from elastic to plastic response, coaxiality of stress 
increment and strain increment is not inevitable if the elastic 
properties of the soil are anisotropic – as they normally will be.  
We can explore this non-coaxiality in parallel with an 
exploration of the consequence of radial heterogeneity in the 
torsional hollow cylinder. 

We will adopt for convenience the three parameter 
formulation for cross-anisotropic elasticity proposed by Graham 
and Houlsby (1983).  We choose the z axis as the axis of 
symmetry; we define E* = E/[(1+ν)(1-2ν)] and write ν1 = 1-ν, ν2 

= 1-2ν; the degree of anisotropy is given by the parameter α , 
with α2 =Eh/Ev, the ratio of horizontal and vertical stiffnesses.  

For a plane strain increment with strain components defined 
by ratios δεx = kxδεz;_ δεy = 0; and δγxz = kεδεz, the orientation 
of principal axes of strain increment is given by; 

 
tan 2ζ = kε//(1-kx)    (1) 
 
Simple shear implies that kx = 0 (the shearing is 

inextensional); constant volume shearing implies that kx = -1.  
With the shear strain defined at the mean radius r* the value of 
ζ varies with radius: 

 
tan 2ζ = [kε//(1-kx)](r/r*)   (2) 
 
The orientation of the principal axes of stress increment is: 
     
 tan 2ψxz = (r/r*)[αν2kε]/[αν(kx-1) + ν1(1-α2kx)] (3) 
 
A quick check confirms that for isotropic elastic behaviour 

(α = 1) the calculated orientation of principal axes of stress 
increment ψxz = ζ but that for other values  of α, the elastic 
strain increments and stress increments are not coaxial. 

An example of the magnitude of the variation in orientation 
of principal axes is shown in Fig 12 – the variation evidently 
increases with thickness of the hollow cylinder and also 
increases as α becomes significantly smaller or larger than 1. 

What are the morals?  Be alert to new observations and 
consider them before mentally filing them away: noncoaxiality 
of stress increment and strain increment does not carry any 
particular implication for the nature of the constitutive response 
of the soil.  Be honest in reporting observations made with 
devices that inevitably generate inhomogeneity of stress and 
strain.  The hollow cylinder looks attractive because it appears 
to be a well-defined boundary value problem with four degrees 
of freedom of control – which it is.  But the radial variation of 
strains and stresses is unavoidable and any observation has to 

Figure 10: Torsional hollow cylinder apparatus 

Figure 12 Difference between principal axis orientations at outer and
inner radii of hollow cylinder (ν = 0.3; ro/ri = 1.7, δεx = 0) 

Figure 11: Principal axes in cyclic simple shear test (Roscoe, Bassett
and Cole,1967) 
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 be presented or interpreted in a way that reflects this radial 
variability. 

3.3 Incomplete consolidation 

So far we have considered a number of situations in which 
inevitable heterogeneity will be present as a result of imposed 
boundary conditions.  There is another possibility of 
inadvertent heterogeneity associated with incompleteness of 
drainage in a consolidating sample.  The constant rate of strain 
– more properly, constant rate of displacement (CRD) – 
oedometer test (Muir Wood, 2016) is inevitably a test in which 
the effective stress and strain conditions within the sample are 
systematically heterogeneous (as they are in all oedometer tests 
because of the finite drainage paths).  Let us assume that one 
boundary is impermeable – and we measure the pore pressure at 
this boundary.  The gradient of pore pressure at the other, 
draining, boundary must match the imposed constant rate of 
displacement in order to satisfy expectations of conservation of 
mass (Fig 13).  The mass of soil in the specimen remains 
constant; the soil remains saturated; deformation of the soil 
implies squeezing out of water from the pores at every position 
within the specimen and cumulatively from the drainage 
boundary.  It is not difficult to program a finite difference 
solution of the governing one-dimensional consolidation 
equation for the boundary conditions of the CRD test. The 
limiting isochrones of excess pore pressure are parabolic but the 

transitional isochrones as the specimen becomes accustomed to 
a reversal or change in magnitude of the applied constant rate of 
displacement are far from parabolic and can be deduced as a 
superposition of the solution for the continuation of the original 
rate and the solution for the change in rate from a new zero time. 

There are two stages to the evolution of isochrones.  During 
the first stage (Fig 13a), the conditions at the drainage boundary 
(magnitude and gradient of pore pressure) are felt progressively 
further into the soil.  During this stage, assuming a parabolic 
shape for the isochrone (Schofield and Wroth, 1968), the 

average effective stress in the soil specimen can be calculated 
as a function of  the imposed rate of displacement, the one-
dimensional stiffness of the soil, and the coefficient of 
consolidation. 

In the second stage (Fig 13b), the pore pressure isochrone 
remains constant – the outflow gradient does not change.  The 
total stress and average effective stress increase linearly with 
time and the presence of some unequilibrated pore pressure 
becomes increasingly insignificant. It is tempting then to use 
the measured total stress as a close estimate of the operational 
effective stress and then to present test results in terms of total 
stress and displacement at all times.  The response thus 
calculated presents some interesting features. 

An increase or decrease of imposed displacement rate 
appears in this stress: displacement response as an isotache 
effect (Fig 15) with the response following the curve for the 
new rate after a transitional period. 

A double reversal of the imposed constant rate of 
displacement to form a cycle of unloading and reloading 
produces a hysteretic response even when the soil is assumed to 
be perfectly elastic (Fig 14).  This can be explained through a 
careful consideration of the conservation of energy.  Reversing 
the direction of displacement leads to change in effective 
stresses through the sample and (using a simple elastic model) a 
corresponding change in the elastic energy stored in the soil.  
Changes in effective stress result in internal displacements in 
the sample and work is done (or energy is released) in moving 

Figure 13: Typical isochrones of pore pressure for two
stages of CRD consolidation 

Figure 14: Hysteretic cycles of normalised total stress and displacement 
from CRD consolidation test. 

Figure 15: Apparent 'isotache' behaviour seen in CRD tests with step 
changes of displacement rate (normalised total stress and settlement) 
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 the soil against (or with) the seepage forces resulting from the 
drag on the fluid provided by the soil particles.  The sum of 

these two terms balances the work done externally by the total 
stress against (or with) the boundary displacement. 

The vertical preconsolidation pressure σ’vc is often regarded, 
in principle, as a yield point resulting either from a real 
preloading of the soil or from some equivalent effect linked 
with creep or formation of interparticle bonds.  We might 
reasonably expect to be able to deduce this preconsolidation 
pressure from the observations made in constant rate of 
displacement consolidation tests (Fig 17).  The analysis can 
easily be modified to incorporate a stiffness which falls (by a 
factor of 5, say) when the previous maximum pressure is 
reached (Fig 16).  But this is an element level statement – the 

system response combines an infinite number of elements each 
one following the same relationship between stress and strain 
but, at any given time, each element will be at a slightly 
different place on this relationship (Fig 16).  The result is 
illustrated in (Fig 17).  The system shows a smooth change 
rather than an abrupt change in stiffness. Some geometric 
construction might be invoked with which to extract the 
notional value of σ’vc; but the extent to which such a procedure 
is convincing depends on the rate of displacement used for the 
loading – and is also influenced by the choice of plotting of 
stress on a linear or logarithmic scale (compare Figs 17a and b).   

As each element progressively further from the drainage 
boundary reaches the preconsolidation pressure the implied 
value of coefficient of consolidation for these elements falls 
because of the drop in incremental stiffness.  More water has 
to flow in order to accommodate the larger deformation 
associated with a given change in effective stress. The closer 
spacing of the subsequent isochrones of effective stress for 
these elements as the effective stress passes through the 
peconsolidation pressure is evident in Fig 18. 

The moral of this tale is to keep in mind the principle of 
effective stress and the partition of the total stress – measured 
externally – between the effective stress (which is what is really 
of interest to us) and the pore pressure.  Standard formulae for 
calculation of average effective stress in the continuing 
presence of some excess pore pressures will have assumed 
some particular distribution of pore pressure which may or may 
not actually be appropriate.  Boundary measurements of 
pressures and deformations may bear little relation to the 
stresses and displacements experienced by individual soil 
particles or clusters of particles, especially when the specimen 
is subjected to non-monotonic changes in boundary 
displacement or total stress. 

Consolidation tests (and applications, particularly of 
problems involving one-dimensional consolidation) are often 
capable of fully analytical solution, and always capable of 
rather readily programmed finite difference numerical solution.  
Such solutions provide convincing demonstrations of the power 
and elegance of analysis in terms of dimensionless parameters – 
so that one solution finds an infinite number of applications.  
In addition, since consolidation is simply diffusion of pore 
pressure, the governing equations are identical to those 
describing diffusion heat, or concentration of pollutant, or 
electric charge.  Collections of solutions to problems of 
diffusion of one variable are directly relevant for solutions to 
problems of diffusion of other variables.  The compendious 
collection of analyses of conduction of heat in solids by 
Carslaw and Jaeger (1950) should be constantly at hand for 

Figure 17: Effect of displacement rate on total stress: displacement
response: (a) stress plotted on linear axis; (b) stress plotted on
logarithmic axis. 

Figure 18: CRD test: isochrones of effective stress: stiffness falls as 
stress passes through preconsolidation pressure; subsequent isochrones 
are more tightly spaced.. 

Figure 16: Effective stress:strain paths for elements within CRD
consolidation test specimen (staggered for clarity) (z = 0 corresponds to
drainage boundary; z = 1 corresponds to undrained boundary) 
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 geotechnical engineers facing less familiar problems of 
consolidation and diffusion of pore pressure.     

4.  INADEQUATE MODELS 

The previous section was concerned with misbehaving soil 
samples.  This section is concerned with inadequate models – 
models which are quite unable to reproduce the behaviour that 
we observe in our laboratory tests. 

4.1  Mohr-Coulomb! 

The typical variation of deviator stress q and volumetric strain 
εp=εa+2εr with distortional strain εq=2(εa-εr)/3 in a standard 
drained triaxial compression test on medium dense sand is 
shown in Fig 19. 

The two most common models that might be used for design 
calculations are probably the absolutely basic isotropic linear 
elastic model and the elastic-perfectly plastic Mohr-Coulomb 
frictional model.  The elastic model produces the standard 
Hookean response (Fig 19) with stress proportional to strain (ut 
tensio sic vis as Hooke (1676) suggested).  The initial slope 
δq/δεq = 3G and the initial slope of the volumetric response 
δεp/δεq = G/K.  An isotropic linear elastic model has two 
independent elastic properties: which might be bulk modulus 
K=E/[3(1-2ν)] and shear modulus G=E/[2(1+ν)], or Young's 
modulus E and Poisson's ratio ν – the two sets of soil properties 
are directly interchangeable and cannot be chosen indep-
endently (Fig 20).  (Rationally, one would not expect the 
initial shearing response of a soil to be elastic – an alternative 
strategy such as the performance of a cycle of unloading and 
reloading is required to ensure that the deformation is occurring  

 

for stress changes within the territory defined by the previous 
loading (which would conventionally be described as a yield 
surface, as will be seen subsequently.) 

The elastic-perfectly plastic Mohr-Coulomb model intro-
duces a limit on the maximum deviator stress that can be 
reached in triaxial compression as a function (usually a linear 
function) of mean stress (Fig 19a): 

 
q-Mp'=0    (4) 
 
In addition some description is required of the mechanism of 

deformation that occurs in the soil when failure is reached – 
some indication of plastic dilatancy, the ratio of irrecoverable 
(plastic) components of strain (Fig 19b): 

 
δεp

p/ δεq
p = -M*    (5) 

 
This simple widely used model has added an extra feature to 

the elastic model and requires the calibration of two additional 
constitutive parameters M and M* (or angle of friction φ and 
angle of dilation ζ).  The simulation of drained triaxial 
compression (Fig 19) shows a more or less bilinear response – 
an elastic section followed by a perfectly plastic section.  The 
correspondence with the actual smoothly varying response is 
not strong.  ‘Matching’ simulation and observation, model and 
test, is challenging (more accurately, impossible!) and 
subjective.   

Every chosen set of parameters requires an associated 

narrative explaining the reasoning behind that choice.  There 
are many different stories that could be constructed each 
leading to a justification for a particular set of parameters – and 
many or all of these stories could be regarded as rational and 
true.  However, no set of parameters will come close to 
reproducing the experimentally observed response. The model 
is clearly extremely defective and it is this defectiveness that 
leads to the difficulty of calibration. 

We introduced two extra parameters in order to describe the 
perfect plasticity.  It is a general rule that, typically, two 
parameters are required for each new effect that is to be added.  
For example, ultimate asymptotic states – so-called critical 
states – are an observed feature of the shearing of soils.  At a 
critical state shearing can continue without further change in 
‘state’.   

Figure 19: Typical stress:strain and volume:strain response of medium
dense sand in drained triaxial compression, with elastic and Mohr-
Coulomb elastic-perfectly plastic interpretations. 

Figure 20: Equivalence of Poisson's ratio and ratio of shear
and bulk moduli for isotropic elastic material. 
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State used to be defined purely as density and effective 
stress (Fig 21a) but it is clear that other properties of the soil 
such as particle size distribution, particle shape and particle 
fabric (orientations of particle contacts) should also have 
stopped changing (at least on average) for the true attainment of 
a critical state.  There has been some progress in modelling 
particle breakage and its effect on mechanical properties 
(Kikumoto et al., 2010); there has been less progress in 
studying evolution of shape.   

The role of shape is subtle: although we expect that in an 
ultimate state all particles will eventually have reached a 
smooth rounded shape, the previous breakage of a somewhat 
rounded particle will obviously produce much more angular 
fragments and the average degree of angularity will increase 
(temporarily).  Progress towards the critical state in terms of 
shape will be somewhat non-monotonic. 

Having defined this locus of ultimate states (requiring two 
parameters – at least) we can generalise the concept of loose 
and dense soils to include both density and stress level: states 
above the critical state line are ‘loose’ and states below it are 
‘dense’ (Fig 21a).   

We know that peak strength varies with density and stress 
level.  Been and Jefferies (1985) introduce a ‘state parameter’ 
as an indication of the change in packing (specific volume, void 
ratio or density) required to bring the soil to the critical state.  
The current peak strength is then dependent on current state 
parameter (Fig 21b) (two parameters, one for the critical state 
strength and the other for the peak strength variation).   

The plastic dilatancy – the plastic deformation mechanism – 
also depends on current state parameter (one parameter) (Fig 
22a) which replaces the parameter M* or angle of dilation in the 
Mohr-Coulomb model.   

We introduce a monotonic hardening law which describes 
how the plastic stiffness falls as the current peak strength is 

approached (one parameter) (Fig 22b).  We also have an 
elastic response for small changes in stress or strain (two 
parameters).   

Our resulting model is an advance on the elastic-perfectly 
plastic Mohr-Coulomb model: it produces peak strengths and 
subsequent softening for dense samples; it produces strengths 
which depend on stress level and density; it produces nonlinear 
prefailure response, and it produces a varying dilatancy which 
tends to zero as the critical state is approached.  And it 
requires just 8 parameters (Fig 23) (Gajo and Muir Wood, 
1999a, b). 

This model may be more complex than the well-known 
Mohr-Coulomb model but the geotechnical engineer who is 
charged with matching test result and simulation has a real 
chance of obtaining a satisfactory correspondence which should 
be sufficiently objective not to require an extensive supporting 
narrative.  

We continue to give the basic Mohr-Coulomb model a 
central place in our teaching and our design philosophy.  

Severn-Trent sand is the Mohr-Coulomb model with a few 
rational improvements. (There are other models which achieve 
essentially the same result.)  The existence of asymptotic 
critical states is a fundamental ingredient.  One might dream 
that one day the ideas of critical state soil mechanics (Schofield 
and Wroth,1968; Muir Wood, 1990) would be incorporated 
without question in teaching of soil mechanics.  Such an 
outcome would represent at least one conceptual transfer from 
post World War II research to teaching. But at present there is 
no such example of successful knowledge transfer from 70 
years of research..   

4.2  Laboratory geophysics 

In the old days, before the invention and deployment of high 
accuracy displacement measuring instrumentation for use with 
laboratory testing, it was known that the stiffnesses deduced 

Figure 21: (a) Critical state line and state parameter; (b) current strength
of sand dependent on both stress level and density through state
parameter. 

Figure 22: (a) Dilatancy and state parameter; (b) hardening law:
mobilisation of available strength with plastic distortional strain. 
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from wave propagation in the field were generally considerably 
higher than the stiffnesses deduced in the laboratory from direct 
measurement of specimen deformations (Fig 24).  The 

magnitudes of strain imposed in these field experiments were 
low and, as the necessary improved instrumentation for 
laboratory testing became available, so that very small strains 
could be measured in the laboratory, it was apparent that the 
stiffness increased very rapidly as the level of recordable strain 
became smaller.  The gap between field and laboratory values 
began to shrink.   

Laboratory geophysical techniques in the form of ‘bender 
element’ tests have also helped to create a common ground of 

field and laboratory approaches to the deduction of elastic 
stiffness from the observation of the transmission of small 
amplitude waves through the ground or sample.  A ‘bender 
element’ (Fig 25) is formed of two layers of piezoceramic 
material (Lings and Greening, 2001) glued together and wired 
in such a way that imposition of an electric signal causes one 
layer to extend and the other layer to contract so that the pair of 
layers bends and in doing so generates some sort of shearing 
activity in the soil (Fig 25d).  A second bender element located 
on the other side of the sample acts as a receiver and the time of 
arrival of the shear wave Δt having travelled a distance H (Fig 
25f) implies a shear wave velocity Vs=H/Δt and thus a shear 
stiffness: 

 
G = ρ Vs

2    (6) 
  

where ρ is the density of the medium through which the  wave 
is travelling. 

With appropriate wiring, Lings and Greening (2001) show 
that it is possible to make the two layers extend and contract 
together so that something more like a compression wave can 
be produced as well as the shear wave (Fig 25d, e). 

This sounds easy but the challenge comes in identifying the 
time of arrival of the shear wave at the receiving element (Fig 
26).  The interpretation of the test assumes that a plane wave is 
propagating through the sample which is assumed to be a 

Figure 23:Severn-Trent sand: effect of state parameter on drained
triaxial compression response. 

Figure 24: Progress in measurement of stiffness of soils (after Atkinson
and Sallfors,1991) 

Figure 26: Typical bender element signal: transmitted pulse and
received signal (O'Donovan, 2013) 

Figure 25a, b, c: Bender element formed of two layers of piezceramic
material; d.  e: switching polarity of excitation gives possibility of
bender (shear wave) and compression wave operation; 
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 homogeneous elastic continuum.  But the shear wave source is 
something more like a point source; the wave front is more 
nearly spherical than planar; the sample is not of infinite extent 
but has lateral boundaries to the sides and a boundary behind 
the source element.  And the soil is not a homogeneous elastic 
continuum but is an assembly of individual particles (or clumps 

of clay molecules).   
It is hardly surprising that the received signal usually bears 

little resemblance to the signal that was applied to the source 
element.  At both input and output there is a transfer function 
which converts applied voltage to bender tip movement or 
bender movement to voltage.  The interpretation of the arrival 
time is uncertain.  Different groups have championed various 

geometrical features (Fig 26) – peaks or points where the signal 
changes sign – or correlations of the input signal shape with 
segments of the received signal.  The travel distance H is also 
somewhat uncertain – is it the distance from tip (source) to tip 
(receiver)? or is it a little greater than this recognising that the 
contact between bender and particles is occurring over the 
length of the bender.   

The finite width of the sample provides opportunities for the 
(spherical) wave to be reflected at the boundaries and this 
reflection will certainly contain elements of compression wave 
as well as shear wave (and the initial bender perturbation will 
probably also have some compression content).  The 

compression wave velocity Vp is higher than the shear wave 
velocity (Fig 28): 

 
Vp/Vs= [2(1-ν)/(1-2ν)]1/2   (7) 

 
so that for Poisson's ratio ν=0.2, for example, Vp/Vs =1.63.  
Compression waves will always tend to overtake the shear 
waves.  Analyses of wave propagation in a soil sample treated 
as a continuum (Fig 27) indicate that the longer the sample the 
nearer the deduced stiffness approaches the one-dimensional 
compression stiffness whatever the chosen method of 
interpretation (Fig 28). 

There is again a particular moral to be drawn from such tests.  
The bender element test is generating a lot of detailed 
information.  This information is inconsistent with the usual 
simple interpretative model.  But in addition these 
observations are telling us (or could tell us) more about the 
wave transmission characteristics of the granular material which 
could be used to feed a more complete model. 

An illustration of the rather random way in which energy 
from a disturbance is transmitted through an assembly of 
circular particles, producing nothing resembling a planar or 
spherical wave front is shown in Fig 29.  A particle has been 
removed manually from the discrete element modelling (DEM) 
of the assembly (Fig 29a) creating something like a point source.  
The distribution of energy from particle movements in the 
assembly shortly after the particle removal is shown in Fig 29b.  

Where particles are favourably aligned energy passes very 
rapidly from contact to opposite contact at something 
(presumably) approaching the speed of sound in the quartz or 
whatever the typical mineral.  That speed will be very much 
faster than any wave speed for the quasi-continuum of the 
assorted particles. 

The more general moral to be drawn from these examples is 
again that, if the demand for model calibration against test 
observation seems a completely impossible task – because the 
character of the response that appears in model simulations is 
completely at odds with that observed – then the model is 
probably defective.  You would do better to make use of a 
more subtle model which has a greater chance of matching 
simulation and observation. The inadequacy of the model 
should be a prompt to improve the choice of model. 

5.  CONJECTURES AND REFUTATIONS 

Popper (1963) proposes a philosophy of development of 
scientific understanding in which there are no scientific truths 
but only conjectures which have until now remained unrefuted.  
Soil models are typically based around a number of conjectures. 

Figure 27: Wave propagation through sample; attenuation and
contamination of transmitted wave (Arroyo, Miur Wood, Greening,
Medina and Rio, 2006) 

Figure 28: Deduced shear and compression wave velocities (Arroyo,
Muir Wood, Greening, Medina and Rio, 2006) 

Figure 29: Propagation of energy resulting from removal of single
particle from assembly of particles. 
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 There are several ways in which we might profitably 
combine testing and modelling.  At the most practical end we 
perform tests in order to pick off values of soil parameters 
which have clear physical meaning in the description of the 

model and rely on visual optimisation for a few remaining 
parameters. 

A second route is to treat the model as a single entity and to 
choose values of all the parameters simultaneously through an 
optimised fit of the model to the available data – concentrating 
on data obtained on stress or strain paths which have some 
relevance to the intended application. 

A third route is to devise tests which deliberately explore or 
explode the conjectures out of which the model is constructed.  
We can illustrate these three approaches using the Cam clay 
model.  In fact there are many variants of Cam clay and it 
provides a rather general framework for development of models 
(Muir Wood, 1990).  The principles that follow will be fairly 
generally applicable but we will interpret them in the context of 
the ingredients of the Cam clay model.  These ingredients will 
be described and assembled. 

Roscoe and Burland (1968) assume that yield loci exist for 
‘Modified’ Cam clay which are elliptical in shape in the p’:q 

plane (Fig 30) .  When yielding occurs the plastic deformation 
mechanism is described by the normal to the yield locus at the 
current stress state – so-called associated flow. The expansion 
(hardening) of the yield locus is dependent only on plastic vol-

umetric strain, consistent with a linear relationship for normal 
consolidation in the compression plane of specific volume v and 
ln p’ (slope λ).  The elastic volumetric strain is also consistent 
with a linear relationship in this compression plane (slope κ). 
The geometry of the ellipse is controlled by one parameter M 
analogous to a critical state angle of friction.  A reference 
specific volume is required to fix either the consolidation 
process N or the locus of ultimate critical states Γ.  (N and Γ 
are linked through the geometry of the yield locus.)  An elastic 
shear stiffness G is required to complete the description of 
response inside the yield locus. 

Picking off the parameters individually, one-dimensional 
compression tests or isotropic compression tests produce values 
of λ and N (Fig 30b); the average slope of an unloading loop in 
the compression plane gives us κ (Fig 31a). An unloading cycle 
in a drained or undrained shear test gives us G (Fig 31b) and the 
stress ratio at large deformation gives us M.  This seems a 
pretty efficient way of choosing values for the 5 soil parameters, 
by direct visual assessment of routine test data. 

However, it makes no attempt to seek a good description of 
the overall shape of the stress-strain or volume-strain response 
observed in the shear test; and makes no attempt to concentrate 
on stress levels and stress paths which might be directly 
relevant to a geotechnical application.  For example, it is 
probably unlikely that such an application will involve 
enormous amounts of consolidation volume change.  And if 
failure is to be avoided then the shear strains are unlikely to be 
sufficient to bring the soil to a critical state.  The nonlinearity 
of shearing response at low strains may well be important (Fig 
31): in fact, it emerges elegantly but mysteriously from the 

Figure 30: Cam clay, identification of soil parameters M  λ  κ  N

Figure 31: Unloading stiffness of Cam clay: high or low?
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 model.  It is quite strongly controlled by λ-κ but you would 
hardly suspect that from their individual definitions. 

As an alternative strategy, Muir Wood et al. (1993) perform 
a visual fit (or a programmed optimisation) for all 5 parameters 
simultaneously using a weighted subset of the available data – 

concentrating on stress changes of interest.  This evidently 
acknowledges the anticipated inability of the model to match all 
aspects of the observed mechanical response, such as hysteretic 
unload-reload cycles in compression or shear (Fig 31).  There 
is need for intelligent subjectivity (and an accompanying 
explanatory narrative) in choosing a set of parameters to match 
model and test.  For example, in Fig 31, a concentration on 
small strains would produce higher stiffnesses in both 
volumetric and shear deformation.  Muir Wood et al.  show 
just such results. 

The most important conjecture of the Cam clay class of 
models is the existence of yield loci of size controlled by the 
stress history.  The model described by Roscoe and Burland 
chooses an elliptical yield locus which is geometrically simple 
but the selection of parameters has made no reference to this 
shape.  There are sub-conjectures which state the existence of 

a plastic potential surface from which the mechanism of plastic 
deformation can be deduced (in many of this class of models 
the plastic potential and yield surface will coincide but that is 
not a necessary assumption); and the link between change in 
size of the yield locus and the plastic volumetric strain – a 
volumetric hardening law.  This third conjecture is relatively 
easy to confirm: it matches with the linkage of yielding with the 
normal compression of the soil (Fig 30b).  But how do we 
check for the existence of (elliptical) yield loci? 

A yield locus marks the boundary between elastic and elastic 
plus plastic response.  Usually the combination of elastic and 
plastic strains will lead to a significantly lower stiffness 

immediately after the yield locus is encountered as the effective 
stresses are changed. So a sharp change in stiffness along a 
stress path might be one diagnostic (Fig 32a).  However, 
Nature tends to abhor sharp corners (Natura non facit saltus.).  
and we have already seen how predictable sample 
heterogeneities resulting from variably complete consolidation 
may obscure such sharp corners (Figs 17 and 32b).  A finite 
stress cycle passing through an initial yield locus might show 
little or no permanent strain but instead show a hysteretic 
response indicating dissipation of energy and plasticity (Fig 
32c).  A small cycle of stress which takes the stress state 
through the initial yield locus and then returns to the starting 
stress might show some residual permanent irrecoverable strain 
(Fig 32d).   

In generating a permanent strain the yield locus will have 
changed in size so while we may have found one point on the 
initial yield locus any further testing on the same sample will 
engage with the new yield locus.  Tatsuoka (1972) used  a 
multiple sequential stress probing procedure to deduce the 
shape of the yield loci for Fuji river sand (illustrated 
schematically in Fig 33).  A ‘significant’ change in stiffness on 
a stress probing path AB is interpreted as a yield point so that B 
lies, by implication, on a new (larger) yield locus. The stress 
path then retreats from B to C, and the mean stress is increased 
to D for loading DE. The next interpreted stiffness drop on this 
reloading path is interpreted as a second yield point on the yield 
locus created by the previous loading to B.  With a series of 
such probes on a single sample a series of segments of 
hardening yield loci can be discovered, which could be matched 
with some appropriate mathematical description (Fig 33a). 

There are, therefore, various possible diagnostic procedures 
but all of them are subject to the smoothing of response that is 
inevitable for a material which is composed of many somewhat 
individual particles and is only by modelling assumption a 
continuum (Fig 31). 

We can imagine that the concept of yielding is linked with 
changes in the fabric of the soil – the distribution and activation 
of particle contacts.  Numerical modelling of granular 

Figure 32: Detection of yielding: a: sharp change in incremental
stiffness; b: temporary increase in rate of continuing fall of stiffness
with increasing strain; c: energy dissipation in cycle of loading and
unloading; d: irrecoverable deformation after a cycle of loading and
unloading. 

Figure 33: Detection of segments of yield loci from multiple loading
and unloading of single soil specimen (compare Tatsuoka, 1972). 

Figure 34: 'Big' yielding - Cam clay-like - yield locus deduced for one-
dimensionally compressed kaolin (after Al-Tabbaa, 1987). 
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 assemblies – Discrete Element Modelling – has been performed 
using (usually) idealised particle shapes (spheres or discs) and 
idealised interparticle contact laws (some sort of nonlinear 
spring converting (numerical) particle overlap into transmitted 
contact force).  Such modelling often shows that the extent of 

the stress changes that can be imposed without producing any 
change in the fabric is very small if not actually zero (Thornton, 
2000).  Modelling is concerned with the development of 
appropriate simplifications of reality, and our assumption 
(conjecture) of the existence of large historic yield loci (as in 
the Cam clay model) may be convenient but easily refutable. 

In the old days when Cam clay was seen as the nec plus ultra 
of soil models (there was after all very little competition) it was 
supposed that the yield loci were large, having expanded to 
accommodate the history of loading of the soil. The assembled 
stress:strain observations were interpreted accord-ingly with the 
eye of faith happy to spot the necessary changes in stiffness 
(Figs 34, 35).  Soil models might be regarded as being of the 
Cam clay ‘type’ if they are constructed around a single 
hardening yield locus of whatever chosen shape (Fig 35).  

Such elastic-hardening plastic soil models have yield loci 
which expand to accommodate the history of loading of the soil.  
For a heavily preloaded (overconsolidated) soil the yield locus 
thus described is large and the range of elastic stress paths 
(roaming freely within the yield locus) is similarly extensive.  
The model insists on recoverable (though not necessarily linear) 
elastic response whereas the soil shows both nonlinearity and 
irrecoverability – and certainly not the sharp peaks that Cam 
clay predicts for the yielding of rather heavily overconsolidated 
clays or the sharp changes in stiffness that Cam clay proposes 
for every occurrence of yielding. 

With a more critical perusal, and with the DEM finding of 

precariousness of fabric in mind, the same data of response of 
kaolin samples having a common history, subjected to rosettes 
of stress changes, can be interpreted to give a much smaller 
elastic region, carried kinematically with the stress history.   

The yield locus as a description of the region of stress space 
which can be reached elastically – and without significant 
change of fabric – is very small and local to the current stress 
(Fig 36).  From experimental observation, one might choose to 

assume that on the whole the plastic strain increments are 
somewhat orthogonal to these local yield loci (Fig 34b) – 
though the design of progammes of testing to explore the detail 
of the plastic potential introduces more challenges.  The 
plastic potential is concerned with plastic strain increments and 
not total strain increments.  A model for the elastic behaviour 
of the soil is required before we can proceed. 

The yield loci for soft clays collected by Graham et al. 
(1988) from sites in Northern Ireland, Norway, Quebec, 
Manitoba (Fig 35) (and the associated stress strain response 
from which the yield loci were deduced) may show something 
but it is unlikely to be strictly yielding. 

The difficulty becomes more acute with a deduction of three 
sets of `yield' loci (Fig 37) proposed by Smith et al. (1992) for 
natural clay from Bothkennar, west of Edinburgh, in Scotland.  
To pass beyond a current yield locus is to develop some 
inelastic response and to disturb the particle arrangement and 
damage any bonds that might have formed. Having passed 
beyond the initial current yield locus (and carrying the current 
yield locus with us as we go) the continuing changes to the 
fabric of the soil will be specific to the particular path that we 
are following.  Our models may introduce functions and 
curves in order to describe the mechanical response but these 
are mathematical constructs and not conjectural representations 
of aspects of physical reality which lend themselves to 
refutation. 

6.  TESTING WITH A PURPOSE 

6.1  Response envelopes 

The extreme nonlinearity and history dependence of soil 
stiffness make the task of gathering complete and representative 

Figure 35: Collected yield loci of natural clays (after Graham, Crooks
and Lau, 1988). 

Figure 36: a: Kinematic hardening interpretation of yielding of
kaolin; b: plastic strain increments (Al-Tabbaa, 1987) 

Figure 37: Bothkennar clay yield loci, and logical consequence of 
intermediate non-monotonic loading (Smittih, Jardine and Hight, 1992)
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 sets of observations of soil response extensive and demanding.  
Constitutive modelling is concerned with the prediction of the 
incremental stiffness response of the soil:  Given its history, 
how will it respond to small changes of stress or strain?  There 
is a logic in trying to devise programmes of testing to answer 
that question directly.  That is the aim of stress response 
envelopes proposed by Gudehus (1979). 

The intention is, ideally, to have a large number of identical 
samples of soil which can, in groups, be subjected to particular 
histories of stress or strain.  The general intention is described 
in Fig 38.  Looking first at Figs 38 a, b, the soil specimens 
have initial stress state a in Fig 38b.  Applying the strain 
increment 01 (Fig 38a) the change of stress is found to be a-a1 
(Fig 38b); the short line at point a1 records the direction of the  
strain increment, it is parallel to 01 in Fig 38a.  

The procedure is repeated for other strain increments having 
the same normalised length (so that the strain probes form a 
rosette of standard variable size).  Fig 38a shows constant 
volume strain increments 02, for undrained unloading and 05 
for undrained loading, together with increments 03 and 04.  
The stress responses have been computed using the Cam clay 
model: a-a2 a-a3 and a-a4,  When sufficient strain increments 
have been imposed (Fig 39a), the stress responses a1, a2, a3, a4, 
a5 etc can be joined by a curve which is the stress response 
envelope for stress state a for the standard magnitude of strain 
increment (Fig 39a). members of the group are subjected to 
different strain paths to form a rosette of strain probes (Fi7a).  
For each of the strain probes the stress response is determined.  
The collection of stress responses to a set of strain increments 
of standard length form a stress response envelope.   

The examples of incipient stress response envelopes shown 
in Fig 38 and b, c and and the complete envelopes in Fig 39b, c, 
d have actually been calculated using the Cam clay model but 
they illustrate typical features of elastic-plastic response.  The 
two curves in Fig 39b are segments of ellipses (compare Fig 
38b).  The initial state is on the yield locus in a section of 
strain space in which plastic hardening – steady increase in size 

of the yield locus with continuing straining – is predicted.  
Stress or strain probes which are directed within the initial yield 
locus are (initially) elastic and have high stiffness (points a2 
and a3): the stress changes resulting from the standard 
magnitude of strain probe are relatively large compared with an 
onward pointing probe such as a5, which continues the initial 
loading and continue the process of yielding and hardening of 
the yield locus. Fig 39c shows the stress response for an elastic-
perfectly plastic model in which the plastic stress changes are 
permitted only to lie along (up or down) the yield locus which 
in this case is also the plastic failure line (as in the Mohr-
Coulomb model) – the ‘loading’ ellipse of Fig 39b has 
degenerated to a straight line.   

The stress increments shown for initial stress b in Fig 38c 

indicate the response in a regime in which post-failure softening 
is occurring.  Points b1, b2 and b3 represent elastic unloading 
as before.  Points b4 and b5 represent plastic unloading, post 
peak softening. No matter what we do the specimen is going to 
unload.  The current stress state now lies outside the stress-
response envelope (Figs 38c, 39d).  This is an illustration of 
classic bifurcation of response in which the same stress 
increment can be reached either elastically or plastically. This is 
the physical reality behind the localisations seen in Figs 2a, 4, 6 
and 7. 

Other modelling frameworks will produce patterns of 
envelopes which are broadly similar (see, for example, 
Kolymbas (2012)) – and which can be interpreted to feed 
alternative model development.  It is worth remarking in this 

Figure 39: Cam clay response envelopes: a: strain increment rosette; b:
Cam clay: stress response envelope c).Cam clay stress response
envelope - hardening region; c: stress response envelope for perfectly
plastic failure; d: stress response envelope: Cam clay softening region.

Figure 38: Explanation of creation of stress response envelopes.

Figure 40: Demonstration of ability of Cam clay to erase memory of 
original stress state and stress history for continuing probes with 
constant strain increment direction. 
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context that the response envelopes illustrate the reliability of 
working from strain increment to stress – a stress response can 
always be obtained.  However, Figs 39c and d demonstrate 
that the opposite is not true: there is a broad fan of stress 
increments – heading away from the initial stress – which the 
softening soil (Fig 39d) or the elastic-perfectly plastic soil (Fig 
39c) is quite unable to sustain. 

The development of response envelopes is relevant for 
(infinitesimally) small increments of strain and stress: defining 
the history dependent general incremental stiffness of the soil.  
But we can, for interest, investigate the response for any length 
of strain probe that the testing apparatus is able to sustain.  The 
effect of applying continuing strain probes with constant ratios 
of strain components to Cam clay samples with a few different 
histories is shown in Fig 40.  The emphasis is on the distant, 
asymptotic response.  At large strains the memory of the stress 
histories prior to the probing is completely lost.  One of the 
asymptotic responses in each figure corresponds to the critical 
state in which continued shearing occurs at constant volume and 
stress – the continuing shear deformation at the critical state 
cannot be shown in these diagrams. 

But enormous strains are not necessarily required for soils to 
demonstrate constitutive amnesia. Some experimental obser-
vations are shown in Fig 41.  These are plots in a π-plane 
deviatoric section of stress space for stress probes on Hostun 
sand performed in a true triaxial ‘cubical cell’ by Muir Wood et 
al. (2007).  In this device all three principal stresses, applied 
through flexible pressure cushions, can be varied independently.  
Three sets of samples were subjected to deviatoric histories A, 
AB, and ABC and then each sample was subjected to one of a 
rosette of deviatoric (constant mean stress) probes (applied as 
stress probes for ease of control).  From each probe the stress 
increment corresponding to a deviatoric strain increment of 
magnitude 0.05% and 1% was determined.  The collected data 
then form two stress response envelopes for each of the three 
histories: dotted envelopes for 0.05% strain and solid envelopes 
for 1% strain.   

For deviatoric strains of magnitude 0.05% these envelopes, 
like the kinematic yield loci for kaolin (Fig 36) are clearly tied 
to the points of probing A or B or C.  However, for deviatoric 
strains of magnitude 1% the response envelopes are essentially 
independent of the starting point and identical within the 
accuracy of the experiments: the sand has forgotten its original 
history of loading. 

6.2  Reference configuration 

Having spent several decades testing rather ‘simple’ soils – pure 
clays, single sized sands – researchers have increasingly turned 

their attention to more ambitious materials – broadly graded 
natural soils such as glacial tills and residual soils (for example, 
Altuhafi et al. (2006)), and mixtures of different classes of soil: 
clays plus gravels (Kumar and Muir Wood, 1996), soils with 
flexible fibres (Michałowski and Čermák, 2003; Diambra et al., 
2013; Dos Santos et al., 2010).   

An obvious starting point with such studies is to ask ‘how 
much of ingredient B do we need to add to ingredient A in order 
to influence the response of the mixture?’  The question seems 
innocent but it cannot be answered without having some 
modelling framework for the mixture in mind.  The behaviour 
of soils is so strongly influenced by the volumetric packing 
(Figs 21, 22) that we need to have a rationale for choosing an 
appropriate reference volumetric configuration for the 
comparison of responses of tests on A with and without B.   

Suppose that ingredient A is sand and ingredient B is 
flexible polypropylene fibres (or possibly soil roots) (Muir 
Wood et al., 2016).  There are various ways in which the 
volumetric packing of the sand can be described in the presence 
of the fibres; and the preparation technique chosen to prepare 
comparable samples with different fibre contents, will itself 
make some assumption about what constitutes an appropriate 
measure of packing (Fig 42). 

The fibres have volume Vf, the soil particles have volume Vs 
and there are voids with volume Vv.  The volume proportion 
for the fibres ρ = Vf/(Vf+Vs) or volume ratio Vf/Vs = ρ/(1-ρ).  
There is an immediate choice in preparing the mixture – do we 
assign the volume of fibres to the solids or to the voids?   

The specific volume of the mixture with the fibres included 
in the solids is (Fig 42b): 

 
v=(Vs + Vf + Vv)/(Vs +Vf)   (7) 
 
The volume of fibres is small; they hardly provide a con-

tinuous load bearing phase.  Including the fibres in the voids, 
treating everything apart from the soil particles themselves as 
void space, the operational specific volume is (Fig42c): 

 
vsf = (Vs + Vf + Vv)/Vs = v/(1 - ρ)  (8) 
 

Figure 41: Hostun sand in a true triaxial cubical cell: deviatoric
response to rosette of probes following common histories A, AB and
ABC (Muir Wood, Sadek, Dihoru, Lings and Javaheri, 2007). 

Figure 42: Alternative strategies for preparation of soil/fibre mixtures:
a: plain soil; b: fibres replace soil (overall volume constant); c: fibres
replace void (overall volume constant). 

Figure 43: Fibres stealing void from sand to create fibrepsace.
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The response of plain sand with specific volume vo could be 
reasonably compared with mixtures prepared either with v = vo 
or with vsf = vo.  But there are further possibilities. 

One modelling strategy, that seems to meet with some 
success in describing the volumetric response (contraction or 

dilation) of the mixtures, is to suppose that the fibres  
themselves require some volume of surrounding voids 
(Diambra et al., 2010) – in other words that they steal some 
voids from the soil in order to create their own fibrespace (Fig 
43).   The volume of fibrespace might be somehow linked to 
the surface area of the fibres (Muir Wood, 2012).  The total 
volume of voids is then divided into Vvf associated with the 
fibres and Vvs associated with the  soil.  The specific volume 
of the fibres in fibrespace is: 

 
vf = (Vvf + Vf)/ Vf    (9) 
 
The effect of fibrespace on specific volume v is shown in 

Fig 44a; and the effect on vsf is shown in Fig 44b – in these two 
definitions the void space is not subdivided. 

If we associate all the voids with the soil particles but leave 
the volume of fibres with no attached voids, there is an 
intermediate specific volume vsv (Fig 44c): 

 
vsv = (Vs + Vv)/Vs = (v - ρ)/(1 - ρ)  (10) 
 
Finally, if we regard the voids contained in fibrespace as 

inalienable, then we can define a soil specific volume, vs (Fig 
44d): 

 
vs = (Vs + Vvs)/Vs = (v - vfρ)/(1 - ρ)  (11) 
 
These various definitions of specific volume are compared 

in Fig 45a for v = 1.6 and vf = 3. 
An immediate illustration of the effect of this stolen void 

ratio or fibrespace is provided by the results of the procedure 
adopted for preparation of the fibre-sand mixtures (Fig 45b)  
(Ibraim et al., 2012; Ibraim and Fourmont, 2007).  For a given 
amount of tamping effort, the final density of packing reduces 
as the fibre content increases.  

One-dimensional compression linked with tamping produces 
only compressive direct strain increments overall so that there is 
no obvious possibility at the ‘system’ level of fibres being 
stretched by tensile strain increments in order to influence the 
compaction.  However, at the particle level there may be some 
mechanical interaction with the fibres because of local fabric 
changes (Consoli et al., 2005; Ibraim et al., 2006; Diambra and 
Ibraim, 2015).  If we suppose that the soil always reaches the 
same density at the conclusion of tamping then we can ascribe 
the lower overall density to the need to include the fibrespace. 
Analysis of the compaction produces fibrespace specific 
volumes of vf ~5-10.  These may seem a little high but with 
this magnitude the model is able to provide adequate 
simulations which match the observed dependence on fibre 
content of direct shear response of fibre-sand mixtures (Muir 
Wood et al., 2016). 

Is it possible to choose the initial density of the soil-fibre 
specimens to guarantee direct comparability of response?  
Two strategies have typically been adopted for preparation of 
fibre-soil mixtures (Fig 42). 

1.  Some of the volume of soil particles is replaced by 
fibres so that the specific volume of the mixture matches the 
specific volume of the plain sand v = vo (Fig 42b) (Dos Santos 
et al., 2010; Michałowski and Čermák, 2003; Heineck et al., 
2005) [v = vo, vsf = vo/(1 - ρ), vsv = (vo - ρ)/(1 - ρ); vs = (vo - 
vfρ)/(1 - ρ)]. 

2.  The volume of sand is kept constant and the addition of 
fibres replaces some of the voids (Fig 42c) so that the specific 
volume vsf = vo (Fig 42b) (Diambra  et al., 2010; Ibraim et 
al.,2010). [v = vo(1 - ρ); vsf = vo, vsv = vo - ρ/(1 - ρ); vs = vo - 
v_fρ/(1 - ρ)]. 

The simulations described by Muir Wood et al. (2016) 
combine a simple model of fibres being stretched by the soil 
which contains them with the Severn-Trent sand model 

Figure 44: Alternative definitions of specific volume. 

Figure 45: a: Alternative definitions of specific volume (v = 1.6, vf = 3); 
b: effect of fibre content on specific volume obtained by moist tamping
specimen preparation. 
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 described in section 4.1 as a rational improvement of the Mohr-
Coulomb model.  In simple shear the fibres that are oriented in 
directions which receive tensile strains generate increased 
normal stress for the soil and some additional shear stress. 

The overall response is of course sensitive to the 
interpretation of the volumetric packing of the soil which is 
required in order to calculate the value of state parameter which 
plays a central role in the Severn-Trent sand model (Figs 21, 22, 
23).  The specimens are prepared with fibres replacing either 
soil or void (Fig 42). Initial state parameter is then computed 
with or without the inclusion of fibrespace. The volume 
changes are shown as volumetric strains in Fig 46b and are 
shown in relation to the critical state line in Fig 46c. Evidently 
vo > vo(1 - ρ) - ρ and the second strategy will produce denser 
samples which will show greater dilation, even before the 
fibrespace of fibres and voids is removed from the calculation 
of effective densities. 

A simple conclusion is that it is meaningless to say that 
‘addition of fibres increases (or decreases) dilatancy’, because 
such a statement can only be made in the context of a clear 
definition of the reference configuration which cannot be made 

without both a complete description of the procedure for 
preparing and testing the soil-fibre mixtures and also the detail 
of the modelling of these mixtures. Properly contextualised the 
observations become another element of the dataset to 
incorporate into the modelling. 

A somewhat similar path can be taken through the modelling 
and comparison of mixtures of clay with gravel (Kumar and 
Muir Wood, 1996).  The principal result, which seems to 
apply to compression, seepage, shearing and cone penetration 
response up to reasonable stress levels, is that the coarse 
particles take up space but play no mechanical role until they 
occupy some 50-60% of the volume of solid material.  These 
aspects of mechanical behaviour can be adequately correlated 
with the volumetric packing of the clay matrix, equivalent to vsv 
(equation (10)).  But the conclusion remains the same: once 
attempts are  made to compare the behaviour of mixtures with 
different proportions of constituents, clarity is needed in 
definition of the reference configuration to be used for 
comparison, and that reference configuration will depend on the 
structure of the models that are developed iteratively and 
interactively alongside the experimental observations. 

7.  CONCLUDING REMARKS 

Modelling and testing are inextricably linked although  the 
link is often subliminal. All testing is performed in the context 
of a certain model: we have explored some of the interactions 
between modelling and testing which have important influences 
on the ways in which the testing can be put to the benefit of 
model development or improvement. 

The perfect soil test probably does not exist. Test devices 
have a beguiling simplicity which may hide inevitable defects.  
Inadequate or excessive friction on specimen boundaries may 
prevent geometrically regular deformation (triaxial, simple 
shear), apparatus details may turn what was intended to be a 
single element test into a boundary value problem (simple shear, 
torsional hollow cylinder, direct shear box).  Yet for purposes 
of routine testing we rarely have the possibility of 
deconvolution, trying to work back from observations of the 
boundary value problem to the implications for the constitutive 
modelling of the soil. 

We have not said much about modelling at the particle level 
or about ways in which we might upscale such particle-scale 
observations to provide inspiration for continuum macro-scale 
modelling.  The precariousnesss of soil fabric that is observed 
in particle scale modelling tends to support the notion that an 
elastic region of stress space in which the soil has high stiffness 
and there is no energy dissipation has a rather small size and 
must move kinematically with the recent stress history. Such is 
the support for elastic-plastic modelling based around kinematic 
hardening of the yield surface. 

We have observed, without much comment, the localisations 
that develop within test specimens forming patterns of 
heterogeneous deformations and stress transfer at an early stage 
of specimen deformation.(Figs 4, 5, 6, 7, 9).  The cell size of 
such patterns, typically some 20-100 times an average particle 
size.should have implications for the dimensions of soil testing 
equipment, which should be at least (say) 20 times the cell size 
seen in the.patterning.  Our testing apparatus rarely satisfy thie 
criterion (Muir Wood, 2012). 

Models are also, by definition, defective.  There are regular 
situations where geotechnical engineers are expected to achieve 
the impossible by matching a model simulation with an 
experimental observation to which it bears little resemblance. 
The conclusion from such an impossible task must be that the 
model that is being used is itself inadequate and that the use of a 
more satisfactory model would both help calibration and 
improve understanding. 

Models are constructed around various assumptions and 
conjectures.  Routine testing cannot be expected to test all Figure 46: Simulations of shearing with constant vertical stress σz=σzoi:

a: mobilised friction τ/σzo and shear strain εs; b: vertical strain εz and
shear strain εs; c:spceific volume of soil vs and vertical stress
experienced by soil σzs (simulations performed with vf  = 3, ρ = 0.03).
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 these supporting conjectures but research testing (and numerical 
modelling of micromechanics of particulate assemblies) should 
be designed to challenge the conjectures. 

The collection of stress response envelopes for a range of 
stress histories requires large numbers of identical samples for 
each history.  Miniaturisation and parallelisation of testing 
devices and procedures potentially could find an application for 
homogeneous fine grained soils. 

Drawing conclusions about the consequences of changes in 
constituents of a soil cannot be achieved without a clear model 
of the behaviour of the soil with and without the constituents. A 
reference configuration for application in such a case will 
emerge from an appropriate model.  Without such a model and 
reference configuration, the comparative statements that are 
made will be without objectivity.    

A model is an appropriate simplification of reality.  No 
matter how extensive our testing of a model against laboratory 
data a subsequent application will certainly take themodel into 
an unknown region of stress space in which it is to be hoped 
that no unintended instabilities will appear. 
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