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ABSTRACT: The characteristic features of undrained behaviour of sand were investigated for a range of initial densities (e0) and 
effective confining stresses (p′0) for isotropic and K0- consolidation, both experimentally and with discrete element methods (DEM). 
A steady state behaviour was observed for both experiment and DEM. However, the relation between state parameter, , and stress 
ratio at the triggering of liquefaction depends on type of consolidation, isotropic or K0. This raises questions about transferring 
knowledge from K=1 to the K0- condition. Further investigation using DEM simulation revealed that the dependence on consolidation 
history was related to fabric evolution due to the difference in stress history. This finding has practical importance for estimating yield 
(liquefaction) strengths, triggering of instability/liquefaction and developing  state dependent constitutive model for such behaviour.

RÉSUMÉ: Les caractéristiques du comportement non drainé du sable ont été étudiées pour une plage de densités initiales (e0) et de 
contraintes de confinement efficaces (p'0) pour la consolidation isotrope et K0, à la fois expérimentalement et avec des méthodes 
d'éléments discrets (DEM). Un comportement en régime stationnaire a été observé pour l'expérience et le DEM. Cependant, la relation 
entre  et le rapport de contraintes au déclenchement de la liquéfaction dépend du type de consolidation, isotrope ou K0. Cela soulève des 
questions sur le transfert de connaissance de K=1 à la condition K0. Des études plus approfondies utilisant la simulation DEM ont révélé 
que la dépendance à l'égard de l'historique de consolidation était liée à l'évolution du tissu en raison de la différence dans l'historique du 
stress. Cette constatation a une importance pratique pour l'estimation des forces de rendement (liquéfaction), le déclenchement de 
l'instabilité / liquéfaction et le développement d'un modèle constitutif dépendant de l'état pour un tel comportement. 
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1  INTRODUCTION  

The triaxial tests, where a soil specimen is subjected to three 
dimensional (3D) principal stresses (′1 is major principal stress 
and ′2=′3 are minor principal stresses), has been commonly 
used to understand the sand behaviour. Three types of sand 
responses due to triaxial undrained shearing have been 
consistently reported which are flow (F), limited-flow (LF), and 
non-flow (NF) as shown in Figure 1. The observed behaviour of 
sands mostly depend on their initial states, which are often 
represented by initial void ratio (e0) and confining stress (p′0).  

 
Figure 1. Types of undrained behaviour (Nguyen et al. 2016) 
 

For F behaviour, the deviatoric stress (q) quickly strain 
hardens to an initial peak and then strain softens with shearing 
until reaching equilibrium at the steady state (SS); where 
q=(′1-′3) and p′=(′1+2′3)/3. When q=p′=0 at SS, it is 
referred to as ‘complete liquefaction’ (Yamamuro and Lade 
1997). In the case of LF behaviour, after reaching an initial 
peak like F behaviour, q also strain softens with shearing to a 
transient minimum value referred to as the quasi-steady state 
(QSS). After QSS, the undrained shearing yields a continuous 
strain hardening to the SS. Both F and LF behaviour have been 

often known as static liquefaction, which is triggered at the 
peak q or the instability stress ratio (IS=q/p′) as shown in 
Figure 1. In the case of NF behaviour, the shearing only yields a 
gradual strain hardening towards SS because of the constant 
drop of pore water pressure (u). This is usually observed in 
dense to very dense sand due to dilation during shearing. 

The line joining SS data points of the same soil in e-log(p) 
space is the classical steady state line (SSL) which is the anchor 
concept in critical state soil mechanics (CSSM) framework. The 
e-log(p) space is divided into two distinct zones by the SSL. A 
soil element is contractive if its initial states are above SSL or 
dilative if its initial states are below SSL. The state of soil can 
also be presented by the state parameter () (Been and Jefferies, 
1985) which is the difference between the current void ratio (e) 
and the void ratio on SSL (eSS) at the same mean effective stress. 
A positive initial state parameter (0) is usually associated with 
F to LF behaviour i.e. static liquefaction whereas a negative 0 

value is associated with NF behaviour; where subscript “0” 
denotes at the start of undrained shearing for all notations used 
in this study. Furthermore, 0 exhibits good correlation with 
characteristic responses of sand such as instability stress ratio 
(IS) (Yang 2002, Mizanur and Lo 2012, Rahman and Lo 2014) 
and has been used in constitutive modelling (Li and Dafalias 
2000, Rahman et al. 2014b, Jefferies 1993).  

The mentioned CSSM framework above is elegant and 
based predominantly on laboratory experimentation on 
isotropically consolidated soil. However, a soil element beneath 
level ground is most likely K0- or normally consolidated. 
Although K0- condition is not difficult to achieve in triaxial 
testing, it is not routinely accomplished as in the case for 
isotropic consolidation. Therefore, experimental data for both 
isotropic and K0- consolidation for the same soil are not 
common. The question about transferring knowledge from K=1 
to the K0-condition is concerned, as there is still debate in the 
literature (discussed in the next section). Therefore, the 
objective of this article to present both experimental and 
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 discrete element method (DEM) data on the effect of 
consolidation history on the triggering of static liquefaction. 
This study adopted a DEM program, OVAL by Kuhn (2006) 
for all DEM simulations. 

 
2  LITERATURE REVIEW 

2 .1  Experimental study on the effect of consolidation history 
on undrained response 

There is experimental evidence that consolidation history affect 
undrained response of sand. For instance, Fourie and Tshabalala 
(2005) and Finno and Rechenmacher (2003) reported that the 
relocation of SSL in e-log(p′) space may be due to the 
consolidation condition. However, other studies including DEM 
found unique SSL irrespective of consolidation history (Kato et 
al. 2001, Chu and Wanatowski 2008, Nguyen et al. 2014).  

The studies of Kato et al. (2001) and Fourie and Tshabalala 
(2005) depicted that ηIS for K0- consolidation was higher than 
that for isotropic consolidation for loose sandy soil. A set of 
data was compiled in Figure 2 which shows that the instability 
stress ratio, ηIS, for K0- consolidation has a milder slope with 0 
than isotropically consolidated sands. Therefore, it would be 
desirable to develop a large dataset experimentally or 
numerically, quantitatively or qualitatively, to enhance our 
understanding of the link, if any between these conditions. 
Furthermore, a DEM study will provide micro-mechanical 
insights of such behaviour. 
 

K=1

K0

 
Figure 2. The effect of consolidation on the instability stress ratio, ηIS, 

and 0 relation.  

2 .2  Discrete element method (DEM) and micro-mechanics 

DEM allows the examination of microscopic material topology, 
fabric, or contact, to establish a link with the macro-response. 
The coordination number (CN), a very common micro-
mechanics measure used in the literature, presents the contact 
density of an assembly of granular materials and can be 
expressed as 
 

NCCN /2     (1) 
 

where C is the total number of contacts, and N is the number of 
particles in each specimen. 

Another micro- mechanics quantity was considered in this 
study is the fabric anisotropy. The structural anisotropy can be 
determined by the fabric tensor F, which was firstly introduced 
in Satake (1982) and expressed as the following equation 
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where nk is the direction (unit vector) of the kth contact and N is 
the number of contacts in the specimen.  

A scalar quantity of fabric can be presented by the von 
Mises fabric, FvM which is equivalent to

DJF23 ; where FJ2D is 

the second invariant of the deviatoric fabric tensor as presented 
below:  
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where F11, F22 and F33 are the fabric in the principal directions, 
and F12, F13 and F23 are the fabric in the shear directions. 

3  EXPERIMENTAL STUDY 

3.1  Materials 

The Yellow silty sand (YS) from South Australia was used in 
this study. Yellow sand is poorly graded and contained about 
10% fines (SP-SM according to the Unified Soil Classification 
System, USCS). The maximum and minimum void ratios are 
0.423 (1.86g/cm3) and 0.892 (1.40g/cm3) according to ASTM 
D-4253 and ASTM D-698 methods, respectively. The clean 
sand is uniform and sub-rounded. The fines were obtained by 
wet sieving the silty sand and classified as ML according to 
USCS which have liquid limit (LL) and plasticity index (PI) of 
40.0% and 9.3%, respectively.  

3.2  Specimen Preparation, Saturation and consolidation 

Although several methods have been reported in the literature 
for specimen preparation, modified moist tamping was thought 
to be most suitable as it reduces segregation of fines from sand 
and relatively loose specimens can be prepared, which is an 
important aspect for studies into static liquefaction. A 100 mm 
diameter and 100 mm in height specimen was prepared by 
tamping moist soil in ten equal layers. Enlarged end platens 
with free ends were used to minimize end restraint and ensure 
uniform deformation at high axial strains to almost 30%.  

After preparation, CO2 flushing, flushing of water under 
small vacuum (20 kPa) and high back pressure of 400 kPa were 
applied to achieve a Skempton’s B value of 0.98 or higher. The 
specimen was then consolidated to a desired mean effective 
pressure (p0), for the isotropic condition, or to an effective 
vertical stress (σ10), for the K0 condition. 

3.3  Results 

The variation of ηIS-0 data points for both isotropic and K0- 
consolidation are presented by open square and filled square 
symbols respectively as shown in Figure 2. It shows that ηIS for 
K0-consolidation has a milder slope with 0 than isotropically 
consolidated sands, although liquefaction potential (qmin⁄qIS) 
showed a unique relationship with ψ, irrespective of the type of 
consolidation. This attribute is further evaluated with the micro-
mechanics parameters obtained by DEM study. 

4  DEM STUDY 

4 .1  3D assemblies of ellipsoids 

The three dimensional (3D) assemblies of poly-disperse system 
with 1450 to 1800 ellipsoid particles were used in this study. 
The assemblies are either isotropic or K0- consolidated. The 
range of e0 values was 0.412 to 0.729 and p′0 varied from 50 to 
1000kPa for isotropic simulations, and the range of e0 was from 
0.395 to 0.709 and ′1 were from 30 to 900kPa for K0- 
simulations.  

The periodic boundaries were adopted in this study. To 
achieve constant-volume shearing for undrained condition in 
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OVAL, the deformation rates in three principle directions i.e. 
d1, d2 and d3 were controlled. d1 gave a small shearing rate 
of 10-5% in axial direction to ensure small overlaps between 
DEM particles and the near quasi-static condition of the DEM 
assembly. On the other hand, d2 and d3 were adjusted in such 
a way that the total volume change is zero. It should be noted 
that the inertia number was used to check the quasi-static 
condition of all DEM assemblies, and the details of this method 
can be found in Nguyen et al. (2017). The particles were 
assigned both normal and tangential stiffness of 108 N/m, 
coefficient of friction between particle contacts of 0.50, and the 
coefficient of translational and rotational mass (global) body 
damping of 0.05. The parameters i.e. stiffness and coefficient of 
friction were chosen in an acceptable range in the literature 
(Nguyen et al. 2017). The DEM simulations were carried out to 
a large axial strain i.e. 25% to achieve a SS condition. 

4 .2  Undrained steady state response and micro-mechanics 

The steady state (SS) points from all DEM simulations, either 
isotropic or K0, formed a unique curve i.e. SSL in e-log(p') 
space regardless of consolidation history as shown in Figure 3. 
This SSL can be expressed by a power function: 
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where pa is atmospheric pressure (100kPa). This finding is 
identical to experimental observation from the studies of Kato 
et al. (2001) and Chu and Wanatowski (2008). 
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Figure 3. The SSL for both types of consolidation simulations in e-
log(p') space. 

There were a few data points close to complete liquefaction 
(0-1kPa) slightly above the SS line. The reason was that these 
DEM simulations began at low confining stresses with high 
void ratios slightly above the SSL (e>0.68), therefore they 
underwent complete liquefaction before reaching the SSL. This 
effect may be due to the imposed undrained condition (i.e. 
e=0) fixing the void ratio slightly above the SSL. The similar 
observation was also found in the experimentation of Sydney 
sand containing fines in Rahman and Lo (2014). Therefore, the 
SSL corresponding to the low stress data points (p′SS<10kPa) 
from these simulations are plotted as a dotted line as shown in 
Figure 3.  

It is noted that the curvature of the SSL is often attributed to 
the onset of particle breakage (Konrad 1998). However, this 
might not be the reason as the ellipsoid particles in this study 
were unbreakable. Similar behaviour was observed in 
experimental studies (Rahman et al. 2008, Rahman et al. 2014a). 
Furthermore, in the micro- mechanics investigation, the values 
of CN at SS also showed a unique relationship to p′, irrespective 
of consolidation path as presented by the following power 
function: 
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In addition, Figure 4 showed the relationship between 

deviatoric fabric, FvM and p′ at SS. A narrow zone of FvM at SS 
was observed, which is in agreement with Li and Dafalias 
(2012), who proposed the theory of SS fabric for anisotropic 
critical state theory (ACST). In addition, Zhao and Guo (2013) 
also reported a similar observation for fabric anisotropy. The 
evolution paths of FvM for two isotropic and two K0- simulations, 
from the beginning of undrained shearing to the SS, were 
presented in Figure 4. Despite the differences in evolution paths 
of FvM, both isotropic and K0- simulations entered the same SS 
zone at the end of shearing. 
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Figure 4. The SS results and sample evolution paths for FvM in the 
relations with p′. 

Thus, the results of CN and FvM at SS enlightened the 
relationships between macro- and micro- behaviour of granular 
material of sand. The micro- mechanics quantities i.e. CN and 
FvM greatly impacted the SSL in the classical e-log(p′) space. In 
other words, the simulations reached the SS because CN and 
FvM came to equilibrium. Moreover, this micro- mechanics 
study also proved the fact that the different consolidation 
history (either isotropic or K0) did not affect the SS behaviour 
of the same soil. 

4 .3  Instability behaviour and micro-mechanics 

In the case of LF or F behaviour, the peak q in q-p′ space as 
shown in Figure 1, where strain softening or static liquefaction 
triggers, is called the liquefaction strength, qpeak (Yang 2002, 
Baki et al. 2014). Later, Mizanur and Lo (2012) characterized 
qpeak by the instability stress ratio (IS=q/p′) and used it to 
predict liquefaction behaviour. The instability curve (a relation 
between IS-0) obtained were unique for an isotropic 
consolidated soil.  

Figure 5.a showed similar IS values for both types of 
simulations when 00, although the curve for isotropic 
simulations dropped quickly to a very small value (i.e. close to 
zero) compared with K0- data at 0>0. Hence, the consolidation 
history seems to impact significantly the instability curve, 
which defines the triggering of static liquefaction. The 
differences in the instability curves were initially thought to be 
due to the difference in particle contacts at the onset of 
instability, CNIS. However, CNIS exhibited a unique relation 
with 0 irrespective of consolidation history as shown in Figure 
5.b. Therefore, fabric anisotropy at the onset of instability 
(FvM,IS) was evaluated with 0. The FvM,IS-0 as shown in Figure 
5.c showed exactly similar relation as in Figure 5.a i.e. the FvM 
for isotropic simulations reduced dramatically (some data points 
very close to zero) with increasing 0. The curve of K0- data 
points formed a milder slope than isotropic data points, which is 
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 in agreement with the experimental outcome from the testing of 
yellow silty sands. Therefore, the effect of consolidation on the 
triggering of instability is due to the difference of fabric 
anisotropy. 
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Figure 5. Instability behaviour for different consolidation simulations: 
(a) The conventional instability curve (IS-0); (b) The relations 
between CN at instability and 0 (c) The relations between FvM at 
instability and 0. 

5  CONCLUSIONS 

The study covered both experimental and DEM approaches for 
the examination of undrained behaviour of granular materials. 
The major findings are: 
o SSL achieved from DEM is unique and independent of 

consolidation history. Moreover, CN also reached 
equilibirum when approaching SS and the results of CN 
formed a non-linear relation in CNSS-p′SS space. A similar 
observation was also found when investigating FvM at SS. 
This enlightens the knowledge of the correlation between 
macro- and micro- mechanics and how micro-mechanics 
quantities influences the overall macro-behaviour. 

o The exponential relations betweenIS and 0 were found for 
both isotropic and K0- conditions from both experimental 
and DEM approaches. However, these relations are not 
unique and they are affected by consolidation path. The 
values of IS from isotropic data decreased more quickly  
with increasing 0 than K0- data. This finding is in 

agreement with previous experimental studies. Similar 
differences were observed for fabric quantities, although 
their CNIS showed a unique relation with 0. The observed 
dependence of IS on consolidation history was strongly 
reflected the fabric anisotropy (FvM). Thus, fabric should be 
considered in constitutive formulations to model such 
behaviour. 
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