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ABSTRACT: In soil mechanics, it is of major interest to distinguish the soil behavior under cyclic or transient loads from that of
monotonic ones. Most cyclic plasticity models require accurate predictions of irreversible strains computed through a flow rule in
virgin loading and during stress reversals which is typically performed using a plastic hardening modulus. In bounding surface
models, hardening modulus is calculated using an interpolation rule essentially relating the location of current stress tensor to its
projection on the bounding surface. It is important that the interpolation rule used to obtain the plastic modulus through stress tensor
is consistent with the hardening law. In this study, a new interpolation rule for the computation of plastic hardening modulus during
stress reversals of soils is proposed within the Generalized Plasticity Theory. The rule is used in the calculation of plastic strains
during unloading-reloading cycles requiring a single material parameter to be defined as a function of accumulated deviatoric plastic
strain. Firstly, a bounding surface is embedded in the generalized plasticity framework and a number of static and cyclic triaxial tests
are simulated. Then the effect of the new interpolation rule on the cyclic behavior of cohesive and cohesionless soils is investigated.
RÉSUMÉ: Dans la mécanique des sols, il est un intérêt majeur de distinguer le comportement du sol sous des charges cycliques ou
transitoires, celles des statiques. La plupart des modèles de plasticité cyclique nécessitent des prédictions précises des souches
irréversibles calculées à l'aide d'une règle d'écoulement dans la charge vierge et pendant les inversions de contraintes, qui est
généralement réalisée en utilisant un module de durcissement en plastique. Dans les modèles de la surface de la limitation, le module
de durcissement est évalué en utilisant une règle d'interpolation essentiellement liée à l'emplacement du tenseur de contrainte à sa
projection sur la surface de la limitation. Il est important que la règle d'interpolation utilisée pour obtenir le module plastique à travers
le tenseur de contrainte soit conforme à la loi de durcissement. Dans cette étude, une nouvelle règle d 'interpolation pour le calcul du
module de durcissement plastique lors des inversions de contraintes des sols est proposée dans la théorie de plasticité générale. La
règle est utilisée dans l'analyse de contraintes plastiques pendant les cycles de chargement-déchargement-rechargement et nécessite un
seul paramètre de matériau à définir en fonction de la déformation plastique déviatorique accumulée.
KEYWORDS: Cyclic behavior, Generalized Plasticity, Hardening law, Interpolation rule, Soils.
1 INTRODUCTION
Since soils are particulate materials, their response are
determined by experiments performed by controlling drainage
and loading conditions. Under applied loads, shear behavior of
natural soils, as measured in the laboratory, should also be
modeled using mathematical theories such that geoengineering
problems containing such soils might be solved through
numerical methods. Among those theories, the Generalized
Plasticity Theory (GPT) (Zienkiewicz and Mroz 1984,
Zienkiewicz et al. 1985, Pastor et al. 1985, Pastor et al. 1990)
not only predicts the necessary information of soil behavior
sufficiently, but it does this rather simply needing to use the
least amount of material parameters. That is, the model is
capable of capturing the actual behavior of soils with the
desired level of accuracy and presents plausible and repeatable
arguments. For example, the Classical Plasticity and the
Bounding Surface Plasticity, which are both the special cases of
the GPT, require many model parameters and many
mathematical functions to be defined (i.e. yield and plastic
potential functions etc.). Not only GPT reduces the need for
such complex functions, but it actually allows development of
many new models as a result. Plus, given the need one can
always employ such functions in GPT for modeling a particular
test. This feature of GPT makes it flexible enough to model the
nonlinear static and dynamic behavior of both cohesionless and
cohesive soils. Particularly, modifications provided to the
theory in recent years, made it more appealing to use in solving
some key problems encountered in geotechnical engineering
and geomechanics.
In this study, a new hardening interpolation rule along with a
local degradation function of plastic modulus depending upon

the location of the current stress state relative to the one on the
bounding surface is incorporated into the generalized plasticity
formulation. A set of static and cyclic triaxial shear tests
conducted on normally consolidated (NC) clays and a loose
sand is then simulated.
2

GENERALIZED PLASTICITY THEORY

Effective stress increments are calculated through the stressstrain relationship as,

d ij '  Dijkl d  kl

(1)

Here, dij’, is the change in effective stress, Dijkl is the fourth
order elasto-plastic material matrix and dkl is the strain
increment. The response needs to be distinguished in terms of
loading and unloading, the directions of which should be
determined using the associated unit vectors. This way, there is
no need to explicitly define a loading surface (i.e. yield
surface). The distinction is:
dkl':n>0 → loading
dkl':n<0 → unloading
dkl':n=0 → neutral loading

(2a)
(2b)
(2c)

These relations are valid only for hardening materials and
should be changed in the case of softening with the introduction
of dije calculated using the elastic strains. It is thus, necessary
to define the inverse of material matrix in loading (L)/unloading
(U) with the help of continuity condition such that the elastoplastic constitutive matrix is evaluated. It can be readily shown
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that in neutral loading both relations are equal (Zienkiewicz and
Mroz 1984). Therefore we write,
L
e
Cijkl
 Cijkl


U
e
Cijkl
 Cijkl


1 L
ng  n
HL

(3a)

1 U
ng  n
HU

(3b)

deformation upon continued reloading-unloading cycles until
failure. Therefore, there is a significant need for a mechanism
that will distinguish virgin loading behavior from that of stressreversals. In bounding surface plasticity, this distinction is made
by introducing an interpolation rule defined considering the
location of the current stress vector, '' relative to the location
of the corresponding stress vector on the bounding surface, .

The unit vectors ngL/U and n in (3) can be freely chosen as equal
(associated flow rule) or not (non-associated) where ngL/U is the
plastic flow direction and n shows the loading direction.
Decomposition of strains is then written classically,
d  ij  d  ij e  d  ij p

(4)

where the elastic and plastic strains are calculated as,
e
d  ij e  Cijkl
d kl '

d  ij p 

(5)

1

(6)

 ngL /U  n  : d ij

H L /U 

where HL/U is the plastic modulus and is computed using the
consistency condition, dF=0. Inverting (3) and using (1) we get,


D e ngL /U nT D e
d    D e 
H L /U  nT D e ngL /U



 d  L /U


(7)

The term in the brackets is the elasto-plastic constitutive matrix.
Although this relation is no different than the one used in
classical plasticity, the fact that no yield or any other surface is
required to derive it makes the GPT a powerful yet simple
theory. Derivation of (7) can be found in Pastor et al. (1990). In
summary, in order for the monotonic response of soils to be
defined completely, HL/U moduli and the two unit vectors ngL/U
and n are sufficient. While it is not required, GPT also allows
F=0 surface to be implemented to calculate the unit vector n as,
n=(∂F/∂)/√ (∂F/∂)T(∂F/∂)

(8)

F=0 can also be the “bounding surface” as is commonly used in
the related “Bounding Surface Plasticity” which is the case in
this study. In the case of undrained loading, pore pressure
increments (dpw) are computed in terms of triaxial stress
parameters (p, q) and the confining stress d3 as,
dp w 

dq
 d  3  dp 
3

(9)

Figure 1 illustrates the bounding surface and its role in defining
the plastic modulus utilizing the hardening interpolation rule.
There,  is the angle of internal friction, e0 is the initial void
ratio,  is the slope of the virgin consolidation curve,  is the
slope of the elastic unloading curve and pc is the preconsolidation pressure defined as:
pc=pc0 exp(-vp)

(10)

where =(1+e0)/(-) being a source of volumetric hardening.

Figure 1. Bounding surface and locations of stress vectors

Zienkiewicz et al. (1985) propose a simple interpolation as:
HL=Hcs(0) 


where Hcs is the value of the plastic modulus, HL, on the
bounding surface, 0 is the distance from the origin to the
corresponding stress on the bounding surface,  is the distance
of current stress vector from the origin and  is the single
material parameter.  is taken as an exponential function of
accumulated plastic deviatoric strain, sp, defined as:
 = 0exp(-Dsp)

In its current form, cyclic behavior of soils cannot be accurately
modeled. That is, when for the first time unloading occurs, soil
material undergoes elasto-plastic deformation. While the
magnitude of elastic strains stays limited, soil exhibits plastic

(12)

with  p  2 3 d  p d  p where d  sp  d  ijp   ij d  vp 3 and D>0
s
s
s

is a proportionality constant. This way of defining an
interpolation of plastic modulus in terms of location of the
stress vector with respect to the corresponding vector on the
bounding surface produces fairly acceptable results
(Zienkiewicz et al. 1985, Pastor et al. 1985), in particular for
clay-like soils. In this study, a new hardening interpolation rule
along with a new local linear degradation function for is
proposed. The variation is determined based on the fact that the
stress correspondent on the bounding surface must satisfy
F=n2(m+c)2 +3  2-n2a2=0 with m=I1=ii/3,  =√1/2SijSij
and Sij=ij-ijm. In the case of triaxial stress state, p =m and
q=√3  . Here, n=Mcc/a with Mc being the slope of the failure
line on the compression side, c=pc/R and a=pc-c. Current
interpolation takes the form:
X=m(R)(pc/100)(1/m'')

(13)

where pc is in kPa, m'' is the current mean effective stress and
m(R) is a function of R, the ratio of the diameter (i.e. pc of
given F) of the ellipse to the distance of the center from the
origin (Figure 1). So a geometrical definition of the stress
vector inside bounding surface is included in determining the
ratio of stresses, X. The m function is here proposed as:
m(R)=a0(R)+a1(R)Mc

3 HARDENING INTERPOLATION RULE

(11)

(14)

whose coefficients are determined either as a function of R or
taken as constants for a specific experimental simulation using
Figure 2. While R≥2 mostly suffices, for R=2, X can also be
determined directly by solving F=0 for the  on the bounding
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surface. Moreover, 2<R<3 varies as much as R≥3 and so is
differentiated in Figure 2.

In the analyses, plastic modulus is taken as HL=H0p'f() where
f()=(1-/M)(1+d02)/(1+ d2) sign(1-/M)

(19)

with d0=(1+)M and  is a constant power. Elasticity moduli of
the clay namely, the shear, Ge and the bulk modulus, Ke are
usually considered dependent on mean effective stress. Thereby
we have; dse=dq/Ge and dve=dp'/Ke with Ge=G0p'/p0 and
Ke=K0p'/p0 with G0 and K0 being the initial values and p0, the
reference pressure. Figure 3 shows simulation results of NC
undrained clay and a heavily OC clay in a drained triaxial test.
300

q

200
100

(a)

0

0

0.05

0.1



0.15

200
p

250

0.2

0.25

Eps
ss

300

q

200
100

(b)
Figure 2. Variations of X with Mc for various R.
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Equation (11) now becomes:
HL=Hcs(X) 


q

15

(15)
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5

where  is now a linear function of accumulated plastic
deviatoric strain as:
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=0(1-sp)

(16)

4

NUMERICAL SIMULATION OF TRIAXIAL TESTS

In this study, the main framework of GPT is implemented in a
computer program which is verified with available monotonic
and cyclic triaxial test results. However, the proposed
interpolation method is only utilized in simulating cyclic tests.
Simulation of some monotonic tests is presented first for the
sake of demonstration of the model and verification of the code.
4.1

Monotonic Tests

A number of drained and undrained triaxial shear tests of
normally consolidated (NC) and over consolidated (OC) clay
soils under stress and strain controlled loading is simulated. In
parallel with the critical state theory, assuming that the elastic
strains are considerably smaller than plastic strains, dilation
ratio is defined as d=dvp/dsp. As a result of tests by
Balasubramaniam and Chaudhry (1978) under constant stress
ratio, =q/p', a linear relationship is found for d as:
d=(1+)(M-)

(17)

where  is a constant to be determined from the best line fit of
experimental data of  vs. d and M is the slope of the critical
state line. Unit vectors in volumetric and shear components, nv
and ns are now defined without F=0 surface (Pastor et al. 1990):
nv =d/√(1+d2)
ns =1/√(1+d2)

(18a)
(18b)

pw

0

where  is a positive constant. In the following simulations,
(16) is used along with (13), (14) and (15) in comparison to
previously proposed exponential degradation of  (12), and
(11). It should be noted here however, that (12) can also be
utilized with (15) or other more sophisticated relations.
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Figure 3. Constant 3' triaxial simulations of undrained NC Bangkok
clay (a)-(b) =0.75, tests Balasubramaniam and Chaudhry (1978),
Weald clay OCR=24 (c)-(d) =-0.44, tests Henkel (1956) (p',q kPa)

4.2

Cyclic Tests

A number of undrained cyclic triaxial tests of NC clays and a
sand fill are modeled in this section. In the analyses, G is either
taken as constant or dependent on mean effective stress as
mentioned before. For bulk modulus, K=(1+e0)p'/ is used.
Figure 4 shows the shear strain controlled test results of Taylor
and Bacchus (1960) as modeled by Zienkiewicz et al. (1985)
and predicted by the new degradation rule in this study. Under
cyclic deviatoric strain of q=±0.8%, while a slight
overprediction of deviatoric stress is obtained by Zienkiewicz et
al. (1985), a slightly better response is predicted in this study.
The effect of 0 and  of (16) is also presented. Figure 5
presents pore pressure increase of a sandy fill soil where the
new interpolation with a constant  gives a good match with the
test in the first ten cycles. As the loading continues, however,
response seems to be captured better by linear degradation
giving overall a better prediction than Zienkiewicz et al.’s
exponential degradation. Such a function is also used with the
newly proposed interpolation rule in the figure for the sake of
comparison. Simulation of a strain-controlled two-way loading
test on NC kaolin clay can be seen in Figure 6. While hysterisis
behavior and reduction in effective stress leading to cyclic
mobility is captured well with the new model, the proposed
linear degradation yields similar results with the exponential
form of Zienkiewicz et al. (1985).
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Figure 4. Two-way strain-controlled undrained triaxial test simulation
of saturated NC clays compared with Taylor and Bacchus (1960) tests
and Zienkiewicz et al. (1985), a) Deviatoric stress variation in time, b)
Mean effective stress variation, c) Stress path for various , d) Pore
pressure vs. N, G=17,300kPa, e0=0.962, OCR=1, pc0=442kPa, =0.132,
=0.021, Mc=1.5, Me=1 (extension), R=2, =100.

5 CONCLUSION
A new hardening interpolation rule along with a linearly
varying power of plastic deviatoric strain is incorporated into
the Generalized Plasticity Theory. A set of static and cyclic
tests conducted on NC clays and a loose sand is simulated. The
new interpolation rule with modulus degradation is in good
agreement with the test results. Moreover, it yields slightly
better results than the exponential degradation rule proposed in
earlier works which proves the new relation to be useful.
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Figure 5. Normalized pore pressure response of two-way stresscontrolled undrained triaxial test simulation of sand fill as compared to
Seed et al. (1973) test and Zienkiewicz et al. (1985), G0=25000kPa,
K0=34000kPa, OCR=1, pc0=103kPa, =0.1, =0.005, =370, R=2.28 for
linear, 2.5 for others, =0 and 500, D=300, 0=10.

Figure 6. Two-way strain-controlled undrained triaxial test simulation
of kaolin clay as compared to Kuntsche (1982) Grenoble workshop tests
and Zienkiewicz et al. (1985), a) Octahedral stress-axial strain
relationship, b) Decreasing mean effective stress with axial strain of
1=±1%, c) Mean effective stress variation, d) Stress path, G=8000kPa,
OCR=1, pc0=400kPa, =0.2, =0.05, =19.20, R=2, =0, 100, 0=20.
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