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ABSTRACT: This article deals with a non-associated mechanical model for soft clays. The aim of this study was to improve the 
accuracy of mechanical modeling of soft clays by defining and testing a non-associated flow rule. An inclined ellipse was used as a 
yield surface, and the focus was in the determination of plastic potential surface. The parameters of the model were derived from 
drained triaxial test results. The derived parameters of the model are presented for some Finnish soft clays. According to the 
comparison between observed and calculated values, the non-associated mechanical model performs fairly well. Clearly, the shapes of 
the yield surface and the plastic potential surface differ. However, the model should be further tested for different clays and other soils 
in order to verify the results. In addition, the plastic potential surface should be defined for extension as well.    

RÉSUMÉ : Cet article traite d'un modèle mécanique non associé pour les argiles molles. Le but de cette étude était d'améliorer la 
précision de la modélisation mécanique des argiles molles en définissant et en testant une règle de flux non associée. Une ellipse 
inclinée a été utilisée comme une surface de plastification, et le foyer a été dans la détermination de la surface de potentiel plastique. 
Les paramètres du modèle ont été obtenus à partir de résultats d'essais triaxiaux drainés. Les paramètres dérivés du modèle sont 
présentés pour certaines argiles molles finlandaises. Selon la comparaison entre les valeurs observées et les valeurs calculées, le 
modèle mécanique non associé se comporte assez bien. Clairement, les formes de la surface de plastification et de la surface de 
potentiel plastique sont différentes. Cependant, le modèle devrait être testé pour différentes argiles et autres sols afin de vérifier les 
résultats. De plus, la surface de potentiel plastique doit également être définie pour l'extension. 
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1 INTRODUCTION 

Very often deformations of cohesive soils are calculated using 
simplified associated soil models based on Critical State 
Models (Schofield and Wroth 1968, Roscoe and Burland 1968). 
In associated models, the plastic potential and yield surfaces are 
assumed to be identical (associated flow rule). In addition, both 
surfaces are often assumed to be second order curves (for 
instance ellipses). Even though these associated models usually 
perform well, development of mechanical modelling of 
cohesive soils is still needed.  

The aim of this study was to test a non-associated model for 
mechanical modelling of clay. Non-associated flow rule states 
that the shapes of plastic potential and yield surfaces differ. In 
this study, the derived non-associative model was tested for 
some Finnish soft clays by means of simulation of laboratory 
test results. For the modelling of yield surface, anisotropic 
elasto-plastic model was adopted (inclined ellipse). Therefore 
the focus of this study was in the definition and testing of the 
plastic potential surface model. The plastic potential surface 
was determined by integrating the flow rule, which was 
assumed to be linear. The plastic modulus was determined by 
summing incremental volumetric strains and shear strains. 

The studied clay samples were taken from Southern Finland 
near Helsinki, and they represent three different clays, including 
one reconstituted sample. All the studied clays are normally 
consolidated and very soft. The initial index properties (water 
content w0 and void ratio e0) of the samples are listed in Table 1. 
The analyzed laboratory tests (triaxial compression tests and the 
oedometer test) were carried out in Aalto University (previously 
known as Helsinki University of Technology) (Koskinen 2014, 
Köylijärvi 2015 Laaksonen 2014, Toivanen 1999).  

2 YIELD SURFACE 

Initial yield surface is usually determined by series of 
anisotropically consolidated triaxial tests (CA-tests) with 
different values of stress ratio q/p’. The yielding points 
(preconsolidation pressures) should be determined for at least 
4–6 CA-tests in order to fit the yield surface in (q,p’) -plane. In 
practice this in not often possible and some of the used yield 
functions have been determined based on lesser amount of tests.  

A suitable yield function f for Finnish clays is presented in 
Equation 1 (Korhonen and Lojander 1987, Lojander 1989, 
Näätänen and Lojander 1994, Rutanen 1987): 
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         (1)        
 

Where My, α and pm are parameters which define the size and 
inclination of the ellipse. An example of a yield surface and the 
geometrical meaning of parameters is illustrated in Figure 1. 
The yield surface represented has been defined for 
Östersundom clay (Köylijärvi 2015). The parameters of the 
yield surface have been derived from the results of four CA-
tests and one anisotropically consolidated drained compression 
triaxial test (CADC 6264).  

For clarity, all figures based on triaxial test data represent 
only one test, CADC 6264. In addition, as pore pressure is 
practically zero during drained compression triaxial tests, 
effective hydrostatic stress p’ is marked as p in all the equations 
and figures of this paper (p’=p).  
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Figure 1. Yield surface and some plastic potential surfaces of 
Östersundom clay (test CADC 6264). 
 
In Figure 1, there are also power function curves representing 
examples of plastic potential surface, which is discussed next. 

3 PLASTIC POTENTIAL SURFACE 

Plastic potential surface g defines the directions of strain 
increments. The directions of strain increment are often defined 
as the ratio dεv/dεs, which is also the definition of dilatation 
angle or dilatancy. Next, the plastic potential function which 
defines the shape of the plastic potential surface is derived.  

The relationship between the ratio between strains (dεv/dεs) 
and the stress ratio (q/p) during drained triaxial compression is 
shown in Figure 2. It was assumed, that the clay samples are at 
normally consolidated state from the beginning of the 
compression (shearing), which is also illustrated in the stress 
path in Figure 1. Thus all the strains presented in this paper are 
plastic.  

Figure 2 shows the relationship between the strain and stress 
ratios (flow rule), which can be estimated with a linear function. 
However, there are some irregularities at small values of stress 
ratio q/p. As the stress ratio increases, the linear trend grows 
stronger. Although it was found out that similar linear 
relationship applied for all studied clay samples, other soils 
might manifest different behavior.  
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Figure 2. Determination of the parameters of plastic potential function 
(test CADC 6264).  
 
This almost linear relationship was used in order to derive the 
plastic potential function g. By assuming that dεv/dεs = -dq/dp, 
the relationship g = g(q,p) can be integrated. As the governing 
equation is linear in this case, the following equation can be 
derived (Eq. 2): 
 

 
               (2)              
 

 
Where k is the slope and Mp is the value of the linear equation 
at dεv/dεs = 0 (Fig. 2). After the integration of Equation 2, the 
following equation for plastic potential surface is found (Eq. 3): 
 

         
                             (3) 
      

                             
Where C is a constant of integration. In Figure 1, the size of the 
plastic potential surface is defined by the value of C (negative 
number). As such, C corresponds to the parameter pm of yield 
surface function. 

The parameters of plastic potential function (k and Mp) 
where determined similarly for other clay samples. The 
determined parameters (including the used yield surface 
parameters) are listed in Table 1.     
 
Table 1. Parameters of yield and plastic potential functions 

Site Östersundom Östersundom 
Otaniemi 

(HUT) 
Otaniemi

Test  CADC6264 CADC6263 CADCr37† CADC2303

Depth (m) 2,6 4,9 - 4,4 

w0 (%) 73.9 50.5 77.6 82.7 

e0 1.96 1.34 2.06 2.35 

Yield surface parameters (Eq. 1): 

My 0.9 1.1 1.3 1.1 

α 0.25 0.15 0.62 0.10 

pm (kPa) 32 31.3 24.2 38.0 

Plastic potential surface parameters (Eq. 3):  

Mp 1.22 1.29 1.33 1.10 

k -1.85 -1.75 -1.33 -1.63 

† Reconstituted sample.  
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  4 PLASTIC MODULUS AND TESTING OF THE MODEL 

Incremental plastic strains are calculated along stress path by 
small increment of stresses Δq and Δp according to Equations 
4a-b (Laaksonen & Lojander 1990): 
 

 
               (4a)
  
  
               (4b) 
 
  

Plastic modulus H can be calculated along the stress path by 
using Equations 4a and 4b. This is illustrated in Figure 3 where 
volumetric strain εv (sum of Δεv) is plotted against the 
expression inside the brackets in 4a. Similarly, shear strain εs is 
plotted against the expression inside the brackets in Equation 4b.  
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Figure 3. Determination of plastic modulus H based on drained triaxial 
compression test data (test CADC 6264). 
 
The relationship is almost linear, and the slope of the line is the 
plastic modulus H (Eq. 4a-b). Again, linear relationship might 
not apply to all soils. In the studied tests, the value of H (the 
slope) was practically constant along the stress path, and was 
approximately the same for εv and εs observations. For the clay 
used in test CADC 6264 the average H was found to be 120 
(Fig. 3). 

Next, more accurate definition for plastic modulus is derived. 
According to critical state models, the (plastic) volumetric 
strain εv is defined as:     

                                               
                                   (5) 
 

Where λp is the parameter which defines the plastic volumetric 
strain caused by hydrostatic stress p. It was assumed that shear 
strain εs is respectively caused by deviatoric stress q, leading to 
Equation 6: 

 
                                   (6) 
 

Various definitions for plastic modulus H can be found from the 
literature, but many of them ignore the role of deviatoric stress 
and shear strain. As such, in this study, the following equation 
(Eq. 7) was selected (Laaksonen 1988): 

 
 
                       (7)  
 
 

Where  is a function depending on the history of plastic 
deformations (Laaksonen 1988). By combining Equations 5–7 

and by canceling the following definition for H was derived:  
      

                  
                      (8)              
                      

               
Then, by using Equation 8, plastic modulus H could be 
estimated more accurately. In Figure 4, H is plotted against 
hydrostatic stress p (during drained compression).  
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Figure 4. Plastic modulus H as a function of hydrostatic stress p and the 
average value of plastic modulus (test CADC 6264).  
 
It can be seen from Figure 4, that on average H is 120, and 
changes in the value are relatively small.  
  Lastly, observed and calculated strains during shearing were 
compared. The incremental strains were calculated using 
Equations 4a-b. For plastic modulus H, the average value of 
120 was applied. In Figures 5 and 6, calculated and observed 
volumetric strain εv and stress ratio q/p are shown as a function 
of shear strain εs (test CADC 6264). 
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Figure 5. Comparison between calculated and observed volumetric 
strain εv as a function of shear strain εs. 
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Figure 6. Comparison between calculated and observed stress ratio q/p 
as a function of shear strain εs. 
 
It can be seen from Figures 5 and 6, that the model performs 
fairly well also when the average value of H is used instead of 
function defined in Equation 8. The agreement between 
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 observed and calculated values was similar also for the other 
triaxial tests listed in Table 1. Moreover, the observations 
support the assumption of the clay being at normally 
consolidated state, since the strains increase steadily without 
any deviant values at the beginning of shearing (Figs. 5–6).  

5 SIMULATION OF OEDOMETER TEST 

Lastly, the model presented earlier was used in the simulation 
of an oedometer test. Data of incrementally loaded oedometer 
test 6223 was used, and the used sample is approximately from 
the same depth as the sample used in the triaxial test CADC 
6264 analyzed earlier (Östersundom clay).  

In the comparison between observations and calculated 
values, only plastic deformations were considered. Furthermore, 
the vertical stress applied in oedometer test was transformed 
into hydrostatic stress p by using the yield surface parameters. 
Observed and calculated volumetric strains εv with respect to 
increasing p are plotted in Figure 7. The observations represent 
estimated end-of-primary values.  
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Figure 7. Comparison between observed and calculated volumetric 
strains εv in the oedometer simulation (test 6223). 
 

According to the comparison (Fig. 7), the agreement between 
observed and calculated values is much weaker in oedometer 
test simulation compared to triaxial test conditions.  

There are many possible reasons for the weak performance 
of the model. The main reason might be the different rates of 
strains in triaxial and oedometer tests; in triaxial compression 
(shearing), the rate is constant, whereas in incrementally loaded 
oedometer test the rate of strain depends on the properties of the 
sample. Furthermore, the mechanical behavior of clay might 
differ too much in these two testing conditions due to different 
lateral confinement conditions. In addition, destructuration 
effects which were not taken into account might cause 
differences in the results.   

However, one should also note that in the triaxial test 
simulation the range of hydrostatic pressure p was 
approximately 32–42 kPa (Fig. 4) whereas in oedometer test the 
range was much larger, 40–500 kPa (Fig. 7). Thus the model 
derived based on triaxial test results might not apply for greater 
stress ranges.  

6 CONCLUSION 
 

According to the triaxial test simulations, the derived non-
associated model is suitable for the calculation of strains for 
soft clays. The agreement between observed and calculated 
values was found to be fairly good. Clearly, the shapes of the 
yield surface and the plastic potential surface differ slightly. 
The greatest difference is at low values of stress ratio. In higher 
stress ratios however, the difference is smaller. In the 
oedometer test simulation, the performance of the model was 
weaker due to various possible reasons discussed earlier.  

Plastic potential function g can be easily integrated from test 
results, but the calculation of derivative dεv/dεs is often difficult 
due to small irregularities in a single test, especially at low 
values of stress ratio.  

The most difficult task was the calculation of the plastic 
modulus H; most definitions of H found from literature neglect 
the effect of deviatoric stress and shear strain. According to the 
results, the selected definition seems suitable. Nevertheless, 
further studies regarding the determination of H are needed.  

By definition, Mp represents the critical state stress ratio. 
However, it is unclear why the M values of plastic potential and 
yield surface differ. In future studies, the accuracy of 
determining the yield and plastic potential surfaces should be 
developed in order to further study this issue. For example, in 
the determination of yield surface, it is important that all the 
samples represent the same state. In other words, the samples 
should have the same specific volume or one should ensure that 
the yield points lie on the same yield surface using other means.  

In future, besides developing the accuracy, the model should 
be tested for more clays and other soils in order to verify the 
results. Lastly, drained triaxial extension tests should be 
executed and analyzed in order to determine the shape of the 
plastic potential surface at negative stress values.     
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