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ABSTRACT: Recently, many multiphase coupled numerical methods have been proposed for unsaturated soils and the choice of 
stress variables to describe the mechanical behavior of unsaturated soils and the constitutive models has been widely debated. In the 
present study, the so-called skeleton stress and the suction are used to discuss the triaxial compression behavior. Firstly, we conducted 
triaxial compression tests under fully undrained conditions, that is, constant air and water shearing tests. The values of the initial 
skeleton stress are controlled to be the same while the suction is set to be various values to investigate the effect of suction. Then, we 
performed numerical simulations of the triaxal compression tests under fully undrained conditions by using an elasto-viscoplastic 
constitutive model for soil skeleton, a water retention model, and the conservation equations. From the results, we found that the 
model used in the present study can describe the air-water-soil coupled mechanical behavior such as an increase in pore pressures, 
change in the suction, volumetric compression, and the suction effect on the strength.  

RÉSUMÉ : Récemment, de nombreuses méthodes numériques multi phases couplées ont été proposées pour les sols non saturés, et le 
choix des variables de contraintes pour décrire le comportement mécanique des sols non saturés et les modèles de comportement a été 
largement débattue. Dans cette étude, le skeleton stress et la succion sont utilisés pour discuter du comportement à la compression 
triaxiale. D’abord, nous avons effectué des simulations de compression triaxiaux dans des conditions entièrement non drainées donc à air 
et eau constants. La valeur initiale du skeleton stress est fixée pendant que la succion est réglée à différentes valeurs afin d’étudier son 
influence. Ensuite, nous avons simulé une compression triaxiale dans des conditions entièrement non drainés en utilisant un modèle de 
comportement élasto-viscoplastique pour le squelette du sol, un modèle de rétention d'eau, et les équations de conservation. De ces 
résultats, nous avons constaté que le modèle utilisé dans cette étude peut décrire le comportement mécanique de l’ensemble air-eau-sol, 
comme une augmentation de la pression interstitielle, un changement dans la succion, une compression volumétrique, et l'effet de la 
succion. 
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1  INTRODUCTION 

The choice of stress variables to describe the mechanical 
behavior of unsaturated soils and the constitutive models has 
been widely debated since Bishop (1959) has shown the 
effective stress equation for the case of two phase fluid. In the 
experimental studies, the combination of two separate stress 
variables of au  and wa uu  ( : total stress, au : pore air 
pressure, au : pore water pressure) is widely adopted, and 
material parameters such as the friction angle are obtained with 
respect to each stress variable (e.g. Fredlund et al. 1978). 
However, the obtained friction angle with respect to suction 
generally shows strong non-linearity with suction. Thus, the 
predictive capacity of the approach is limited to situations 
where the suction range used in the laboratory is the same as 
that expected in the field (Khalili and Khabbaz 1998). Recently, 
many multiphase coupled numerical methods have been 
proposed for unsaturated soils (e.g. de Boer 2000, Schrefler 
2002) and the following stress equation was shown by 
generalizing the effective stress for saturated soil to the three 
phase material. 

 

ijijij p '     (1) 
 

  arwr uSuSp  1    (2) 

 
where ij  is the total stress tensor, p  is the mean value of 
fluid pressures weighted with the saturation degree, rS  is the 
degree of saturation, and ij  is the Kronecker’s delta. 
Currently, no single stress variable has ever been found which 

describes all the aspects of the mechanical behavior of 
unsaturated soils, such as, the increase in the preconsolidation 
stress with suction, and collapse upon wetting (Wheeler and 
Karube 1996, Jommi 2000). Therefore, Jommi (2000) called the 
stress variable ij'  defined in Eqs.(1) and (2) as average soil 
skeleton stress instead of effective stress, and currently the term 
of skeleton stress is widely used. Furthermore, as stated by Biot 
(1962) and Oka (1996), the principle of effective stress does not 
hold exactly when the compressibility of pore fluid cannot be 
neglected even for the solid-fluid two-phase material. 

The suction effects on the macroscopic mechanical behavior 
can be classified into two categories, that is, an increase in 
confining stress and an increase in yield stress and the stiffness 
of the soil skeleton against plastic deformations (Kohgo et al. 
1993). The latter may come from the bonding effect of 
meniscus formed between the soil particles. From the above, the 
skeleton stress is used as the basic stress variable in the 
constitutive model of soil skeleton, and a scalar variable, e.g., 
suction can be introduced to describe the bonding effect. 
Adopting the skeleton stress provides a natural application of 
the mixture theory to unsaturated soil and some models were 
proposed based on this approach (e.g., Oka et al. 2006, Gallipoli 
et al. 2008, Laloui and Nuth 2009). 

In the present study, triaxial compression tests of 
unsaturated sandy soil were performed under fully undrained 
conditions, that is, constant air and water shearing tests. The 
stress variables of the skeleton stress and the suction were used 
to discuss the results. Generally, pore water pressure is set to be 
various values to investigate the effect of suction in the 
experiments of unsaturated soils. However, we have to notice 
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 that the values of the initial mean skeleton stress change with 
changing suction in that case. In the present study, the values of 
the initial skeleton stress are controlled to be the same by 
controlling cell pressure while the suction is set to be various 
values in order to investigate the suction effect on the 
mechanical behavior. In addition, we conducted numerical 
simulations of the triaxal compression tests by using an elasto-
viscoplastic constitutive model for soil skeleton, a water 
retention model, compressibility of pore air, and the field 
equations, namely, conservations of mass and conservations of 
momentum. 

 
2  TRIAXIAL COMPRESSION TESTS UNDER FULLY 

UNDRAINED CODITIONS 

2 .1  Test device and the soil tested 

Figure 1 gives a schematic diagram of the testing device for a 
cylindrical specimens 50 mm in diameter and 100 mm in height. 
In order to separate the routes for the measurement and the 
control of the pore air pressure and the pore water pressure, a 
ceramic disc and a polyflon filter were used. The air entry value 
of the ceramic disc was 100 kPa and the thickness was 7 mm. 
For the fully undrained tests, no pore air or pore water was 
allowed to flow out in the shearing process. In order to 
accurately measure the pore air pressure, a pressure gauge and a 
diaphragm valve is controlled by air pressure from outside of 
the cell (Oka et al. 2010, Kimoto et al. 2011). In the present 
study, the volume changes are measured by taking photographs 
through the acrylic cell from the orthogonal two directions at 
intervals of 1% axial strain. The obtained images are analyzed 
by extracting the boundaries of the specimens automatically by 
using a software. Calibration process was performed using 
saturated soil and we confirmed that the calculated volume 
change by the image analysis gives close agreement with the 
volume of drained water. 

The sandy soil, obtained from a river embankment of the 
Kizu River in Kyoto Prefecture and passed through a 2-mm 
mesh sieve, was tested in the present study. The grain size 
distribution curve is shown in Figure 2. The soil is composed of 
74% sand, 17% silt, and 9.2% clay. The soil was mixed well 
with water to make up the optimum water content and then 
compacted in six or seven layers. The specimen was compacted 
to achieve an 85% degree of compaction which corresponds to 
a dry density of around 1.61g/cm3.  

 
Table 1. Test conditions for fully undrained triaxial tests. 

U1-10 U1-50 U1-80

Cell pressure [kPa] 300 281.5 270

pore air pressure [kPa] 200 200 200
Pore water pressure [kPa] 190 150 120

Suction [kPa] 10 50 80
Void ratio e 0.614 0.607 0.595

Saturation S r  [%] 47.17 43.25 42.46

Initial mean skeleton stress  [kPa] 104 103 104  
 

U2-10 U2-50 U2-80

Cell pressure [kPa] 431 412.5 400

pore air pressure [kPa] 200 200 200

Pore water pressure [kPa] 190 150 120

Suction [kPa] 10 50 80

Void ratio e 0.562 0.565 0.572

Saturation S r  [%] 51.52 46.75 45.68

Initial mean skeleton stress  [kPa] 236 236 236  
 

2 .2  Testing conditions and procedures 

The test conditions and specimen data before loading are given 
in Table 1. The values of the initial mean skeleton stress are set 
to be about 104 kPa for the cases U1-10, U1-50 and U1-80, and 
236 kPa for the cases U2-10, U2-50 and U2-80, respectively. 
The values of suction are set to be 10, 50, and 80 kPa. The 
values of the skeleton stress are generally difficult to control 
because they depend on the degree of saturation. In the present 
study, the water retention characteristics were obtained in 
advance, that is, the degree of saturation under each suction 
level could be predicted, so that it was possible to control the 
values of the initial mean skeleton stress by setting cell pressure 
to the prescribed ones. 
   After compaction, the specimens were set in the triaxial cell 
and confining pressure of 20kPa was firstly applied. Then, the 
cell pressure and an air pressure were increased under 
undrained conditions for water. Before shearing, the drainage, 
water-absorption, and consolidation processes were conducted 
until the water drainage was completed. The axial strain rate of 
0.1%/min was applied under fully undrained conditions for both 
water and air. 
 

c
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Figure 1. Schematic figure of the triaxial cell. 

 

 
Figure 2. Grain size accumulation curve. 

 

2 .3  Test results  

Figures 3 and 4 show comparisons among the results with 
suction levels of 10, 50 and 80 kPa under the initial mean 
skeleton stress of 104 kPa and 236 kPa. The mean skeleton 
stress F

mm P  ,   arwr
F uSuSP  1  is used as a 

stress variable in the stress paths. Figures 3(a) and 4(a) show 
that the deviator stress is larger for the cases with higher initial 
suction in the early stage of shearing, but the magnitude 
relations of the deviator stress levels is reversed at 10% of axial 
strain in Figure 3(a) and 7% of axial strain in Figure 4(a), 
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  respectively. We consider that it is related to the change in 
suction (Figures 3(d) and 4(d)) and the volume compression 
(Figures 3(c) and 4(c)) during shearing. More precisely, the 
hardening effect due to both increase in suction and the volume 
compression during shearing is larger for a lower level of initial 
suction. As for the stress ratio at the critical state, the stress 
paths at large strain level meet on a straight line with a gradient 
of 1.41, which indicates that the behavior at the critical state can 
be described through the use of the skeleton stress. 
 

 
(a)                          (b) 

 

  
(c)                        (d) 

(a) Stress-strain relations, (b) Skeleton stress paths, (c) Volumetric 
strain-axial strain relations, (d)Suction-saturation relations 
Figure 3. Fully undrained triaxial tests (Initial skeleton stress =104kPa). 
 
 

 
(a)                         (b) 

 

 
(c)                        (d) 

(a) Stress-strain relations, (b) Skeleton stress paths, (c) Volumetric 
strain-axial strain relations, (d)Suction-saturation relations 
Figure 4. Fully undrained triaxial tests (Initial skeleton stress =236kPa). 

3  SIMULATIONS 

3 .1  Governing equations 

The mechanical behavior of partially saturated soils is generally 
described by the conservations of mass for the solid and the 

fluid phases, the conservations of momentum for the solid and 
the fluid phases, a constitutive equation for soil skeleton, a 
water retention model, and constitutive equations for pore water 
and pore air. Since the stress for each phase, strain, and the 
degree of saturation change under fully undrained conditions, 
the above equations are needed to consider in order to simulate 
the behavior. Herein, under the conditions of the controlled 
axial strain 1d =known, and the constant air and water 
conditions, the experimental results shown in the previous 
section were simulated by solving the simultaneous linear 
equation. The unknowns are the increment of deviator stress: dq , 
the increment of mean skeleton stress: md  , the increment of 
pore air pressure: adu , the increment volumetric strain: vd , the 
increment pore water pressure: wdu , and the increment of degree 
of saturation: rdS . As for describing changes in the air density, 
the equation of ideal gases is used, and the compressibility of 
water is neglected in the current simulations. Although the 
specimen becomes inhomogeneous during the tests, the 
heterogeneity is disregarded and the specimen is treated as an 
element in the following simulations. 
   In the constitutive model for soil skeleton, the skeleton 
stress tensor is used as a stress variable and the suction effect is 
introduced by expanding of the yield surface and the 
overconsolidation boundary surface. The overconsolidation 
boundary surface separates the normally consolidated region, fb 
≥ 0, from the overconsolidated region, fb<0, as follows: 
 

  0ln0 
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where  mijij S    is the stress ratio tensor, and (0) denotes 
the state at the end of consolidation. 

mM  is the value of stress 
ratio at the critical state. mb   is the strain-hardening 
parameter which controls the size of the boundary surface. The 
suction effect is included in mb   as 
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 zma   describes the structural degradation effect and given 

by a function of the second invariant of viscoplastic strain 
tensor.  , , e  are compression index, swelling index, and 
the void ratio, respectively. s  is suction, sN  describes the 
suction effect, C

is  is the reference suction, IS  denotes the 
increase in yield stress when the suction increases, and 

ds controls the rate of change in mb  . The suction effect is 
introduced similarly in the static yield surface. 
   As for the soil-water characteristics, the van Genuchten 
model was extended by introducing the effect of volume change 
following Gallipoli et al. (2003), as 
 

  
n

mPeS mnC
re

1
1,1 '     (7) 

  rerrrr SSSSS minmaxmin     (8) 

 
where reS is the effective saturation, mn ,,,   are the material 
parameters, maxrS is the maximum saturation, minrS is the 
maximum saturation. The soil-water characteristics curve is 
given on the c

r PSe   space by Eq. (7). 
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 3 .2  Simulation results 

Table 2 shows a part of material parameters used in the 
simulations. Since the water content w  is constant under fully 
undrained condition, c

r PS    relations can be obtained for 
each value of w  using the relations of rs SwGe  . The 
parameters   and   are determined by the curve fitting of 
soil-water characteristics curves during shearing for each 
suction level in the present study. Figures 5 (a)-(d) show the 
simulation results for the initial mean skeleton stress of 104 kPa. 
The model used in the present study can describe the air-water-
soil coupled mechanical behavior such as an increase in pore 
pressures, change in the suction, volumetric compression, and 
the suction effect on the strength. Further studies are needed to 
improve the soil-water characteristics model considering the 
effect of hysteresis. 
 
Table 2. Material parameters 

U1-10 U1-50 U1-80

 M m

 s i
C

 [kPa]
 S I , s d

 n’

   [1/kPa] 6.50×10
6

1.10×10
3 5.00

  30.0 12.0 1.0

 S r  max, S r  min [%]

1.410

80.0

1.20, 0.90

1.50

77.6, 40.0  
 
 

 
(a)                        (b) 

 

  
(c)                         (d) 

(a) Stress-strain relations, (b) Skeleton stress paths, (c) Volumetric 
strain-axial strain relations, (d)Suction-saturation relations 
Figure 5. Simulation results for fully undrained triaxial tests (Initi
al skeleton stress =104kPa). 

4  CONCLUSIONS 

We conducted triaxial compression tests under fully undrained 
conditions in which the values of the initial skeleton stress are 
controlled to be the same while the suction is set to be the 
various values in order to investigate the effect of suction. The 
results show an increase in deviator stress with an increase in 
initial suction at the early stage of shearing, but the magnitude 
relations of the deviator stress levels is reversed, probably due 
to the hardening effect by both volume compression and 
increase in suction during shearing. Then, we performed 
numerical simulations of the tests by using an elasto-
viscoplastic constitutive model for soil skeleton, a water 

retention model, and the conservation equations. From the 
results, it is found that the model used in the present study can 
well reproduce the air-water-soil coupled mechanical behavior 
such as an increase in pore pressures, change in the suction, 
volumetric compression, and the suction effect on the strength. 
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