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ABSTRACT: This paper focuses on an effective stress evaluation of the compression response of unsaturated soils during undrained 
compression to high stresses. During undrained compression of unsaturated soils containing a free gas phase, the void ratio, degree of 
saturation, pore air pressure, pore water pressure, and compressibility are expected to change in different ways. A modified form of 
Hilf’s equation is combined with the isotropic stress-strain curve in terms of effective stress to predict the changes in pore water 
pressure. These results are compared with the results from undrained compression tests on unsaturated, compacted clay performed to 
mean total stresses of 160 MPa. The modified form of Hilf’s equation and the effective stress analysis are found to provide a superior 
explanation of the compression response of unsaturated soils as compared to a conventional total stress analysis using Hilf’s equation. 
The model is used to highlight new insights into the role of unsaturated conditions on the compression response of soils to high 
stresses, specifically focusing on an improved evaluation of soil response during buried explosions, impact loading, or compression of 
soils containing gases in energy geotechnics problems. 

RÉSUMÉ: Ce document met l'accent sur une évaluation efficace du stress de la réponse de compression des sols non saturés lors de la 
compression non drainée à de fortes contraintes. Lors de la compression non drainée des sols non saturés contenant une phase libre de 
gaz, le rapport de vide, le degré de saturation, pression interstitielle de l'air, pression interstitielle de l'eau, et devraient compressibilité de 
changer de différentes façons. Une forme modifiée de l'équation de Hilf est combinée avec la courbe contrainte-déformation isotrope en 
termes de contrainte effective pour prédire les changements dans la pression de l'eau interstitielle. Ces résultats sont comparés avec les 
résultats des essais de compression non drainée sur insaturé, argile compactée effectuées pour signifier contraintes totales de 160 MPa. La 
forme modifiée de l'équation de Hilf et l'analyse efficace du stress se trouvent de fournir une explication supérieure de la réponse de 
compression des sols non saturés par rapport à une analyse de contrainte totale conventionnelle en utilisant l'équation de Hilf. Le modèle 
est utilisé pour mettre en évidence de nouvelles connaissances sur le rôle des conditions non saturées sur la réponse de compression des 
sols à des contraintes élevées, en se concentrant plus particulièrement sur une meilleure évaluation de la réponse du sol lors des 
explosions souterraines, la charge d'impact, ou la compression des sols contenant des gaz à géotechniques énergétiques problèmes.
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1  INTRODUCTION 

Although the highest mean stresses encountered in geotechnical 
applications such as embankment dams and deep tunnels is 
approximately 10 MPa, higher mean stresses may be 
encountered in the cases of buried explosions, impact loading, 
or compression of soils containing gases in energy geotechnics 
problems. Despite the mature understanding of these topics, the 
isotropic compression response of soils under undrained 
conditions remains a complex subject that deserves further 
study. This is perhaps because the undrained compression of 
saturated soil is often assumed to be dominated by the 
compression response of water, except in the case of very stiff 
soils (Skempton 1961). This same assumption cannot be made 
for unsaturated soils, as the presence of air-filled voids may 
have a significant impact on the compression response of soils 
over a wide range of mean stresses. Although it may be useful 
to interpret undrained tests using an effective stress analysis in 
order to define fundamental material properties, effective stress 
analyses are focused on volume changes of the soil skeleton and 
cannot estimate the changes in volume of the bulk soil-water 
mixture due to the finite compressibility of water. Due to these 
issues, some models involve the use of total stress analysis to 
evaluate the compression response of soils in undrained 
conditions (e.g., Zimmerman et al. 1987). However, a model 
that is based on total stress analysis may not be capable of 
capturing the fundamental mechanisms governing the 
compression response of unsaturated soils, where the magnitude 
of pore water pressure generation and compressibility of the soil 
skeleton during undrained loading depend on the initial degree 

of saturation. This topic was investigated by Mun and 
McCartney (2016) using a total stress analysis of the undrained 
compression behavior of unsaturated soils, but this study 
extends this investigation to use an effective stress analysis.  

2  BACKGROUND 

2 .1  Hilf Analysis 

Hilf (1948) combined Boyle’s law and a simplified form of 
Henry’s law to estimate the change in pore air pressure 
expected during changes in porosity under undrained conditions. 
He noted that an elastic prediction of the volumetric strain 
could be used to estimate the change in pore air pressure during 
a change in mean total stress, which was later presented in 
equation form by Fredlund and Rahardjo (1993). A major 
assumption in Hilf’s analysis is that the volume of dissolved air 
in the water is constant, which simplified the calculations of the 
change in pore air pressure. Despite the fact that this 
assumption is not physically realistic, Hasan and Fredlund 
(1980) found that the analysis of Hilf (1948) provides a good 
estimation of the pore pressure in the case where the soil has a 
highly rigid structure and the initial matric suction is low. 
Although the analysis of Hilf (1948) has been shown to be 
useful, the simplifying assumption does not permit evaluation 
of the case of pressurized saturation. At the point of pressurized 
saturation during undrained compression to high stresses, the 
free pore air will be completely dissolved into the pore water. 
Accordingly, Mun and McCartney (2016) updated the pore 
pressure analysis of Hilf (1948) to consider pressurized 
saturation during undrained compression. 
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 2.2  Modified Hilf Analysis for Pressurized Saturation 

The changes in pore pressure during undrained compression can 
be predicted by using a derivation similar to the analysis of Hilf 
(1948). From Henry’s law, the solubility of air in water (h) is 
proportional to the pore air pressure ua (i.e., h = ua/kh, where kh 
is Henry’s law constant). As the solubility (h) can be expressed 
in terms of a volumetric concentration (Lu and Likos 2004), the 
volume of dissolved air Vd in a unit volume of water Vw can be 
expressed as follows: 
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where the absolute air pressure (ua) equals 101.3 kPa and the 
solubility h equals 0.0201 at a temperature of at 20 °C (Gibbs et 
al. 1960). 

The pore water pressure analysis of Hilf (1948) can be re-
derived using the form of Henry’s law in Equation (1), based on 
the following assumptions:  

(a) Dissolved air follows Boyle’s law (Hilf 1948), which 
implies that the dissolved air is still compressible and 
can be considered as an ideal gas. Accordingly, the total 
mass of free and dissolved air in the undrained specimen 
is considered using Boyle’s law (i.e., uaVa=const.). 

(b) The reduction in soil volume is only assumed to be the 
result of the compression of free air and dissolved air, 
while it is assumed that the soil solids and the water are 
incompressible.  

(c) The pore water is assumed to be incompressible so that 
the volume of water in the soil during undrained 
compression is constant (i.e., Vwf = Vw0).  

Following these assumptions, Boyle’s law can be written in 
terms of the initial and final volumes of the free and dissolved 
air, and the initial pore air pressure ua0 and the final pore air 
pressure (ua0+ua), as follows: 
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where Va0 and Vaf are the initial and final volumes of free air, h0 
and hf are the initial and final values of the pressure-dependent 
solubility of air in water, and Vw0 and Vwf are the initial and 
final volume of water, which is assumed to be equal during 
undrained compression. Different than the analysis of Hilf 
(1948), the value of h will increase with changes in pore air 
pressure, implying that more air is dissolved in the pore water 
under increasing pressure following Equation (1). As mentioned, 
a reduction in the volume of voids (Vv) can be assumed to be 
equal to the change in the volume of air (i.e., Vaf = Va0 + Vv) 
during compression of an unsaturated soil. Based on this 
assumption, the following relationship can be obtained from 
Equation (2) by dividing the first and second terms by the 
volume of voids (Vv0): 
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where n0 is the initial porosity, n is the change in porosity 
(Vv/Vt), and Sr,0 is the initial degree of saturation (Vw/Vv). The 
initial volume of free air in the soil Va0 is equal to (1-Sr,0)·n0 and 
the initial volume of dissolved air is hSr,0n0.  

Rearranging Equation (3) represents an expression for the 
change in porosity (n), as follows: 
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At the point of pressurized saturation, all of the free air has 

been dissolved into the water and the change in porosity should 
be equal to the initial volume of free air (i.e., Va0 = (1-Sr,0)·n0). 
Following this assumption, the change in pore air pressure 
required to reach pressurized saturation (ua,ps) can be 
estimated as follows: 
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where ua,ps is one of the solutions of the quadratic equation. 

The value of ua,ps calculated using Equation (5) for soils 
having different initial degrees of saturation is shown in Figure 
1, along with the predictions from the analysis of Hilf (1948). 
Although the value of ua,ps is observed to increase nonlinearly 
with decreasing initial degrees of saturation in both analysis, the 
change in pore air pressure required to reach the pressure 
saturation is much lower for the modified Hilf analysis than 
those calculated using the analysis of Hilf (1948).  
 


Figure 1. Pore pressure change required for pressurized saturation of 
soils having different initial degrees of saturation 

Ideally, changes in volume of a soil should be calculated 
using a change in mean effective stress and Hilf (1948) 
estimated the volumetric strain of the soil skeleton as follows: 
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where p′ is the change in mean effective stress and mv is the 
coefficient of volume compressibility of soil in terms of 
effective stress for undrained conditions. The change in mean 
effective stress can be calculated using a form of Bishop’s 
(1959) equation, given as follows: 
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where p is the change in mean total stress and χ is the effective 
stress parameter which can be assumed equal to the degree of 
saturation (χ = Sr). 

Hilf (1948) assumed that the matric suction of the soil does 
not significantly change during undrained compression (i,e., 
ua=uw). In this case, Hilf (1948) estimated the volumetric 
strain of the soil skeleton as follows: 
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  Alternatively, the compression response of unsaturated soils 
under undrained conditions can be represented in terms of 
changes in mean total stress, as follows: 
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where mv,u is the coefficient of volume compressibility of soil 
in terms of total stress. This approach permits the overall 
volume changes of soil due to changes in externally applied 
mean total stresses. A total stress analysis such as this may be 
appropriate for the evaluation of volume changes of nearly 
saturated soils at high stresses.  

As the compression curves for most soils are nonlinear, mv,u 
will not be constant and will change with mean total stress. In 
order to evaluate pressurized saturation, the value of mv,u was 
defined between 1000 kPa to 10,000 kPa where the slope of 
compression curves is constant. It is expected that the value of 
mv,u in this range will depend on the initial degree of saturation. 
In order to consider the change in pore air pressure during a 
change in total stress under undrained conditions, Equation (4) 
can be combined with Equation (9) as follows: 
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where the change in pore air pressure (ua) during changes in 
mean total stress (p) under undrained conditions is one of the 
solutions of the quadratic equation. 

3  TESTING PROGRAM 

3.1  Materials and Specimen Preparation 

A low plasticity clay referred to as Boulder clay was selected as 
the test material for this study. Specimens having a diameter 
and height of 71.1 mm were prepared using static compaction to 
reach a target dry unit weight of 17.5 kN/m3, which corresponds 
to an initial void ratio of 0.51. The specimens were prepared 
using different initial compaction gravimetric water contents to 
evaluate the role of the initial degree of saturation on the shape 
of the undrained compression curve. The geotechnical 
properties of Boulder clay are shown in Table 1. It is 
acknowledged that compaction of specimens to different initial 
gravimetric water contents will lead to potentially different soil 
structures as well as different initial suction values. However, 
all of the specimens were compacted dry of optimum, so the 
soil structure is likely similar between the different specimens. 
It should be noted that the specimen having Sr,0 = 1.00 was 
prepared at the same conditions as the specimen having Sr,0 = 
0.92, but was subsequently saturated by upward imbibition of 
water while applying a vacuum to the top of the specimen. 
After saturation, this specimen was placed under a backpressure 
of 210 kPa, and Skempton’s B parameter was measured to be 
0.97 before starting the undrained compression test.  

 
Table 1. Geotechnical properties of Boulder clay 

Property Value 
D10 < 1.7×10-4 mm 
D30 < 0.001 mm 
D50 0.001 mm 
Gs 2.70 

Liquid limit, LL 41 
Plasticity index, PI 23 

Maximum dry unit weight, d,max 17.4 kN/m3 
Optimum water content, wopt 17.5% 

 

3.2  High Pressure Isotropic Testing of Unsaturated Clay 

A series of undrained isotropic compression tests under mean 
stresses up to 160 MPa were conducted for clay specimens 
having initial degrees of saturation ranging from 1.0 to 0.6 with 
the same initial void ratio. The experiments were performed in a 
high pressure isotropic loading apparatus that uses a high-
pressure syringe pump to control the total stress and track 
changes in specimen volume. This device was previously used 
by Mun and McCartney (2015, 2016), who presented detailed 
explanations of the different aspects of the device, system 
calibration, and testing procedures. After preparation of the 
compacted specimens and placement within the isotropic cell, 
mean total stresses were applied at a constant rate of 2%/hour 
using the syringe pump without permitting drainage from the 
specimen until reaching a mean total stress of 160 MPa. The 
rate selected in this study is relatively slow because the process 
of pressure saturation in unsaturated soils is expected to be a 
time-dependent process.  

The undrained compression curves with various initial 
degrees of saturation plotted on logarithm of mean stresses are 
shown in Figure 2. The results seem that the initial response for 
the unsaturated specimens is controlled by soil structures and 
the presence of air-filled voids lead to a softer response to 
ascend, until it reaches the apparent pressurized saturation. 
Evaluation of the compression curves indicates the slopes of 
undrained compression curves of unsaturated soil become 
steeper with decreasing initial degrees of saturation which 
reflects the compression of the air-filled voids. For mean 
stresses greater than the bends in the curves, the undrained 
compression curves are approximately linear with increasing 
mean stress. The summary of the undrained isotropic 
compression tests result are provided in Table 2. 

 

 
Figure 2. Undrained compression curves for compacted clay specimens 
having different Sr,0 in terms of total stress 

Table 2. Summary of results from the isotropic compression tests 
Parameter Values 

e0 0.509 0.506 0.507 0.515 0.519
Sr,0 1.00 0.92 0.84 0.72 0.61 
w0 18.9* 17.3 15.7 13.8 11.8 

u,i** - 0.010 0.016 0.037 0.053
pps (kPa) - 6,000 8,000 10,000 11,000

*Compacted at w0 = 17.3% then saturated to 18.9% using upward flow 
under vacuum 
** u,i is defined over the stress range (1,000<p<10,000 kPa) 

3.3  Evaluation of Pressurized Saturation 

The mean total stress required to reach the point of 
pressurized saturation pps can be calculated by combining 
Equations (5) and (9), as follows: 
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 The values of mv,u in above equations can be obtained from 
the plot of the change in void ratio versus the change in the 
mean total stress shown in Figure 2. In this case, the value of 
mv,u in this equation is directly related to the slope of the 
undrained compression curves of unsaturated soil after the 
mean preconsolidation stress (u,i), as follows: 
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Similar to the value of u,i, the value of mv,u is approximately 

zero for saturated soils, in which case the value of pps derived 
from Equation (11) is technically indeterminate. However, the 
value of mv,u of saturated soils is in reality slightly greater than 
zero during undrained compression, so the value of pps in 
Equation (11) can be assumed to be zero for saturated soils. 
Similar to Equation (11), the mean effective stress required to 
reach the point of pressurized saturation pps can be calculated 
by combining Equations (5) and (8), as follows: 
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In order to estimate the value of mv to use in Equation 13, 

the compression curves in Figure 2 need to be reinterpreted in 
terms of effective stress. As the pore water pressure was not 
measured in these high-pressure compression tests, an 
assessment of the change in pore air pressure for Boulder clay 
specimens having different initial degrees of saturation can be 
estimated using Equation (11), as shown in Figure 3. Assuming 
that the changes in matric suction are negligible and that the 
change in pore air pressure is equal to the pore water pressure, 
the undrained compression curves plotted in terms of the mean 
effective stresses are shown in Figure 4.  

 

 
Figure 3. Assessment of pressurized saturation for Boulder clay 

 
Figure 4. Undrained compression curves for compacted clay specimens 
having different Sr,0 in terms of effective stress 

Over the range of mean effective and total stresses where 
pressurized saturation occurs (1 to 10 MPa), the values of mv 
interpreted from the curves in Figure 4 are relatively similar to 
the values of mv,u interpreted from the curves in Figure 2. In 
other words, the pore pressures from Figure 3 caused a shift in 
the compression curves, but not a major change in the slopes. 
Using the trends in mv and mv,u for the specimens having 
different initial degrees of saturation, the predictions from 
Equations (11) and (13) are compared with the experimental 
points of pressurized saturation for Boulder clay observed from 
the compression curves in Figure 2 in Figure 5. Although both 
predictions match the data well, the effective stress analysis has 
a maximum percent difference of 6% for the initially driest 
specimens, while the total stress analysis has a maximum 
percent difference of 11%. 

 

 
Figure 5. Comparison of the magnitudes of pressurized saturation under 
different Sr,0 using both the mean total and effective stress analyses 

4  CONCLUSION 

The transition point at which the undrained compression curve 
is dominated by the air-filled or water-filled voids was found to 
be captured well using a refined version of the pore pressure 
analysis of Hilf (1948). The use of mean effective stress in the 
refined analysis was found to provide a better prediction of the 
points of pressurized saturation observed in undrained 
compression tests on unsaturated clay specimens.  
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