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Numerical analysis of fluidization of sandy materials by CWENO method

Analyse numérique de la fluidisation des matériaux sablonneux par la méthode CWENO

Kazunori Fujisawa, Akira Murakami
Graduate School of Agriculture, Kyoto University, Japan, fujik@kais.kyoto-u.ac.jp

ABSTRACT: Sandy materials behave as a fluid when the effective stress is significantly small and they exhibit large deformation.
The fluidization of sands involves a multiphase flow consisting of sand particles and seepage water. This paper provides a numerical
method for computing the motion of the fluidized sand induced by seepage flow. An Eulerian formulation is adopted to derive the
governing equations, which form a hyperbolic system of partial differential equations and enable us to deal with the migration and the
large deformation of fluidized sand. The CWENO method is employed to easily solve the hyperbolic system without Riemann
solvers, and the two problems of upward sand boiling and discharging sand are numerically analyzed. The results have revealed that
the large displacements of the sand are successfully computed even when its effective stress is under the critical state.

RESUME : Les matériaux sablonneux se comportent comme des fluides quand la contrainte effective est significativement faible et qu’ils
présentent une déformation importante. La fluidisation des sables implique un flux multiphasique constitué de particules de sable et d’eau
d’infiltration. Cet article propose une méthode numérique de calcul des mouvements du sable fluidisé induit par le flux d’infiltration. Une
formule eulérienne est utilisée pour dériver les équations gouvernant le flux, qui forment un systéme hyperbolique d’équations aux
dérivées partielles et permettent de traiter la migration et la forte déformation du sable fluidisé. La méthode CWENO est utilisée pour
résoudre facilement le systéme hyperbolique sans solveur de Riemann, et les deux problémes du bouillonnement du sable vers le haut et
du sable de décharge sont analysés numériquement. Les résultats ont montré que les grands déplacements du sable sont calculés avec
succes, méme lorsque sa contrainte effective est au-dessous de I’état critique.
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1 INTRODUCTION
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Sandy materials behave as a fluid when the effective stress is ot Ox, p, 0x,  p, Ox
significantly small and they exhibit large deformation. For ' ' b3 @)
example, the seepage failure of sand, known as sand boils or +(1-ng + = V)
quicksand, occurs when the effective stress and the stiffness of Ps
the sand vanishes due to an increase in pore water pressure and épn Opng,
its gradient. The critical hydraulic gradient has been known as 7"'7 =0 3)
the quick condition; it can predict whether a sand boil may i
occur or not, but it cannot give any information of how the sand opng, 0Opnqq; op 4
boil develops. At present, methods for predicting the behavior 7+T = Ha_X+ pIg; __(q' - @
of sand during the seepage failure are limited (e.g., Richards & . . / !
Reddy, 2007, Benmebarek, 2005). The fluidization of sands %_’_ ao—ljvk _ _(aVk ) %4_ WO' oW (5
involves a multiphase flow consisting of sand particles and ot ox, = Dy 2°0x  Ox, Gi i« T W (3)

seepage water. This paper provides a numerical method for

computing the motion of the fluidized sand induced by seepage
flow. Herein, an Eulerian formulation is adopted to derive the
governing equations, which form a hyperbolic system of partial
differential equations and enable us to deal with the migration
and the large deformation of fluidized sand. The CWENO
method (Central Weighted Essentially Non-Oscillated method,
e.g., Levy et al, 2002) is employed to easily solve the
hyperbolic system without Riemann solvers, and the two
problems of upward sand boiling and discharging sand are
numerically analyzed.

2 GOVERNING EQUATIONS

The mass conservation of both seepage water and sand, and the
equations of motion for them are adopted as the governing
equations describing the failure process of sand induced by a
seepage flow. An Eulerian formulation of the equations gives
the following forms for the partial differential equations:

o(1-n) N o(l1-nyv,
ot ox.

i

=0 (1)

where n, vi, i, 'y, Wi, Djki, p, P, Ps, 1(, g, and x; denote the
porosity, the spatially-averaged velocity of the sand particles
and the seepage water, the effective stress tensor, the spin tensor,
the tensor for elastic or elastoplastic coefficients, the water
pressure, the densities of water and the sand grains, the
coefficient of hydraulic conductivity, the gravitational
acceleration and the components of the rectangular coordinate
system, respectively. Egs. (1) and (3) are the mass conservation
of the sand and the seepage water, respectively, and the
equations of motion for them are Egs. (2) and (4). Eq. (5) is
corresponding to the rate-type constitutive equation for the sand,
in which the Jaumann stress rate is used.

3 NUMERIAL METHOD

The CWENO scheme is based on the finite volume method
originally proposed by Levy et al. (2002); it is employed to
solve the above governing equations. To apply the CWENO
scheme, Eqgs. (1) to (5) are rewritten in the following form:

ou 6F(u) oG(u)
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where u, Hu), G(u) and S(u) denote the vectors of the
conserved variables, the convective fluxes in the x1 and x»
directions and the source term, respectively. For the numerical
analysis presented later, a rectangular grid with mesh sizes of
~Axi= Ax: in both directions is used for simplicity. Defining

I as the domain of a finite volume cell around (x,x/), i.e.,
[X—h/2,x+h/2]x[x] —h/2,x/+h/2] and letting Af and
u, ;denote the interval of time steps and the spatial average of
the conserved variable u over /;, the integration of Eq. (6) over
the staggered cell Zwn 12, ie., [X,x +A)x[x,x + 4], and

the interval of time #'to ¢! (=¢"+A?) results in the following
equation (See Figure 1):
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2l j‘,z F(u(x", x,0) - F(u(X, x, 1) dx dt
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rar L Glu(x, x",0) - Glu(x, x/,0) dx dt
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where z,, ., denotes the spatial average of zover fi1/2,+1/2

at the ath time step. The CWENO scheme is characterized by
the integration over the staggered cell, seen in Eq. (11), to
avoid the implementation of Riemann solvers. Using the
smoothness of the solution on the segment (X, x/)x[¢, '],
the time integral in Eq. (11) can be evaluated by a simple
quadrature rule rather than solving a Riemann problem. For
example, a fourth-order method can be achieved by using
Simpson’s rule as
At

Ji = A )

+4 fu(x, X, 0"+ At/ 2) + f(u()‘{,xzf’tnﬂ))}

and the following centered quadrature rule in space for the
integral in spaces:

Ay dy = L Ay +13 Ax
[, fdy == AX™+13 A5

+13 Ax) - AXH)

(12)

(13)

Eq. (11) is the fundamental equation of the CWENO scheme
for updating variable u. Although the detailed procedure cannot
be explained here due to space limitation, the CWENO scheme
is briefly summarized into the following four steps:

1. Find an accurate evaluation for cell averages on

staggered grid @, from the given cell averages

lli’il/z,jﬂ/z .

2. Compute the point value of the first derivatives of fluxes
at the integer grid points. These sets of data are required
in order to obtain the mid-values at  and ¢ by
solving a sequence of Cauchy problems.

3. Evaluate the mid-values using a Runge-Kutta scheme.

4.  Update the staggered control volume averages by Eq.
(1.

At the end, the solution is projected back to the center of each

finite volume cell via an inverse reconstruction similar to Step

1. Details of each step can be found in Levy et al. (2002) and

Levy et al. (1999).

=

Normal cell

Figure 1. Normal and staggered grids and variables.
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Figure 2. Computational domain and boundary conditions.
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Figure 3. Initial water pressure and effective stress.
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Figure 4. Computed water pressure and effective stress.

4 NUMERIAL RESULTS

The aim of this section is to numerically analyze the two
problems of upward sand boiling and discharging sand induced
by seepage flow and to compute the behavior of the sand
particles and the seepage water during these phenomena.

Figure 2 shows the finite volume cells discretizing a sand
column subjected to the upward seepage flow, where the normal
and the staggered cells are drawn with black and gray lines,
respectively. Figure 3 shows the initial pore water pressure and
effective stress, which was numerically computed before the
sand boil was started in order to make the initial conditions. The
initial distributions of the pore water pressure and the effective
stress were computed by the method described in the previous
section considering the equilibrium of the soil and the water
under the gravity. As shown in Figure 3, the hydrostatic
distribution of water pressure was given to the initial condition
for the seepage water, and the sand initially had the earth
pressure at rest.

The sand boil was generated by gradually raising the water
pressure at the bottom, while the water pressure at the top
(x2=0.3) was maintained. The water pressure at the bottom
(x2=0) was increased from the initial value of 2.94 to 5.88
(=5.85%1.005) kPa within 10 seconds (See Figure 2). The
bottom pressure of 5.85 kPa corresponded to the quick
condition of the sand. The sand was assumed to be an elastic
material and the elastic modulus tensor in Eq. (5) was
constructed by the coefficient of earth pressure at rest of Ko=0.5
and the bulk modulus of K~667 kPa.

Figure 4 exhibits computed water pressure p and effective
stress 6722 at upper, middle and lower points of the sand column,
which are indicated by black dots (e) in Figure 2. As the water
pressure increases, in accordance with the given boundary
condition, the effective stress at all these points decreases.
Figure 5 shows the changes in velocities of seepage flow ¢ and
sand particles v2 at the upper point. From Figure 5, it is seen

O Computed seepage flow velocity
& Computed velocity of sand
- - — Analytical seepage flow velocity
—— Analytical velocity of sand
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Figure 5. Comparison between computed and analytical
velocities of sand and seepage water.
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Figure 6. Computational domain and boundary conditions.
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Figure 7. Geometric change of the upper surface.

that the velocities rapidly increase after 10 seconds when the
water pressure reaches the quick condition. Assuming the
incompressibility of water and the uniformity of the flows in the
upward direction, the analytical solutions for the velocities of
seepage water and sand during sand boiling can be obtained as
follows by solving Egs. (2) and (4) under the condition that the
effective stress is zero (Fujisawa et al., 2014).

_ e X Fat By
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Figure 8. Effective stress path around the exit.

in which

a=_ TP g e :i((l—n)(&—lj (16)
kp,(1—n) k n P

¢1in Egs. (14) and (15) denotes the ratio of the excess hydraulic
gradient to the critical one of the quick condition; it should be
noted that the ¢in these equations is the elapsed time after the
sand boil has occurred. The value of ¢is 0.005 in this analysis
because the given value of the water pressure at the bottom was
5.88 kPa (=1.005x5.85 kPa), as mentioned above, which
exceeds the critical value of 5.85 kPa by 0.5%. The solid and
dotted lines in Figure 5 indicate the analytical solutions of
velocities v and ¢ calculated from Egs. (14) and (15),
respectively. Figure 4 shows that the computed velocities are in
good agreement with the analytical solutions.

Figure 6 shows the finite volume grid which discretizing a
box filled with a sand fully saturated by water. Similarly to
Figure 2, the normal and the staggered cells in Figure 6 are
drawn with black and gray lines, respectively. The sand box has
an exit on the right side and it allows the sand and the pore
water to discharge.

The exit was initially sealed and the static earth pressure at
rest were assumed as the initial conditions as well as the above-
mentioned problem. The initial pore water pressure was
hydrostatic with 4.0 kPa at the upper face, which was
maintained during the computation. The computation of the
discharging sand from the box was started with immediate open
of the exit by imposing the effective stress and the pore water
pressure of zero to the boundary conditions. The other boundary
conditions are seen in Figure 6. For simplicity, the walls of the
box were assumed to be friction-free boundaries and the elastic-
perfectly plastic model was applied to the constitutive equation
of the cohesionless sand with the critical state frictional
constant of M=1.2.

Figure 7 shows the geometric change of the upper surface
with elapsed time. This figure was drawn by tracking the circles
(©) on the upper surface over the computed velocity field. As
seen in Figure 7, the right side drastically settles down because
of the discharge of the sand from the exit and the middle part
moves both downward and rightward, while the left side
exhibits small displacements. Figure 8 shows the effective
stress path at the point near the exit, which is indicated by the
black dot (e) in Figure 6. At the beginning of the computation,
the stress point is located under the critical state line. The
effective mean stress decreases and the stress point moves to
the left side because the exit is open. During the sand is
discharging, the stress point is almost on the critical state line.

5 CONCLUSIONS

In order to compute the fluidization of sandy materials, this

article has proposed a numerical method, in which the Eulerian

form of the governing equations was adopted to avoid the
difficulties involved with the large deformation of the soil and

CWENO scheme was applied for solving them. The numerical

simulations of the two problems, i.e., the one-dimensional sand

boiling and the discharging sand from a soil box, has revealed
the following results;

1. In the analysis of sand boiling, the fluidization of the sand
due to the loss of the effective stress was successfully
computed as shown in Figs. 4 and 5. In addition, the
computed velocities of the sand and the seepage water in
the numerical analysis of the upward seepage failure were
consistent with the analytical solutions.

2. In the sand-discharge problem, the computation of the
large displacements was achieved as seen in Figure 7, and
the effective stress of the discharging sand was also
successfully computed even when the stress was under the
critical state (See Figure 8).
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