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ABSTRACT: Energy-based method for liquefaction potential evaluation formerly proposed has been revisited to discuss on how 
wave energy is compared with dissipated energy for liquefaction determined in laboratory tests. The energy dissipation in wave prop-
agation follows almost the same mechanism as in the cyclic loading tests, and the liquefaction potential can be evaluated by compar-
ing the upward energy and the energy in stress-strain curves in soils. The effect of free ground surface has also been examined in a 
liquefaction case history, indicating that the proposed EBM gives a safer side prediction by a proper simplification. 
 
RÉSUMÉ : Méthode basée sur l'énergie pour la liquéfaction-évaluation du potentiel a été revu afin de discuter de la façon dont 
l'énergie des vagues est comparée à l'énergie dissipée pour la liquéfaction déterminée dans les tests de laboratoire. La dissipation 
d'énergie dans la propagation des ondes suit à peu près le même mécanisme que dans les essais de chargement cyclique, et le potentiel 
de liquéfaction peut être évaluée en comparant l'énergie vers le haut et l'énergie dans les courbes de contrainte-déformation dans le 
sol. L'effet de surface libre a également été examiné dans une histoire de cas de liquéfaction, ce qui indique que l'EBM proposé donne 
une prédiction de côté plus sûr par une simplification appropriée. 
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1  INTRODUCTION.  

In the previous paper (Kokusho & Mimori 2015), the energy-
based liquefaction evaluation method (EBM) formerly devel-
oped by Kokusho (2013) was applied to a uniform sand model 
shaken by seismic motions of various magnitudes and also to 
liquefaction case histories. The results demonstrated that, for 
several ground motions, EBM tends to give basically compati-
ble results with the currently employed stress-based liquefaction 
evaluation method (SBM), if the stress reduction coefficient rn 
in SBM is properly chosen. However, for exceptional motions 
wherein acceleration is too large/small compared to small/large 
energy, the gap tends to widen between EBM and SBM.   

The background of the EBM liquefaction evaluations is that 
dissipated energy in soils during seismic loading is uniquely cor-
related with pore-pressure buildup or induced strain during lique-
faction. In EBM developed by Kokusho (2013) unlike other 
EBMs (e.g. Berrill and Davis 1985), the seismic wave energy is 
calculated as energy demand from a given earthquake motion and 
directly compared with the liquefaction energy capacity.   

In this paper, theoretical backgrounds on how to evaluate the 
earthquake wave energy and compare it with the dissipated 
energy based on laboratory soil tests are discussed. An additional 
case study is also conducted to examine the applicability of 
simplifications brought in this energy-based method.  
 
2  ENERGY IN UPWARD PROPAGATING SH-WAVE  

In this energy method, only the upward wave energy is directly 
compared with the liquefaction energy capacity at each layer, 
because the downward energy constitutes a part of the upward 
energy originally if the cumulative energy in a given motion is 
concerned (Kokusho 2013). The wave energy passing through a 
horizontal unit area in a time interval t=t1~t2 can be expressed 
as the sum of kinetic energy Ek and strain energy Ee of the equal 
amount (Timoshenko and Goodier 1951, Sarma 1971). 
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Let us consider the upward harmonic SH-wave shown in Fig. 
1 propagating in z-axis in a viscoelastic medium as; 

    *sin sinz
s su B t z V Be t z V                 (2) 

Here, B = the wave amplitude,  =the angular frequency, and 
*
sV     1 42 21 tan i

sG iG V e     is the complex S-wave 

velocity considering non-viscous damping where G iG =the 
complex shear modulus and  =the soil density. The phase 
delay angle δ is correlated with the damping ratio D as    

 1tan G G    1tan 2D , and the modified S-wave velocity V

can be approximated as *
s sV V  for 1.0  (Ishihara 1996). The 

wave attenuation coefficient  for the soil damping in Eq. (2) is 
defined as; 

     1 2
cos sin 2 s sV D V                     (3)                

Substituting Eq. (2) into Eq. (1) and integrating for one period 
t=0~ 2  , the energy in one wave length can be obtained as; 

   2 2 2 2 2

0
2z

sE V u dt B e
                    (4)  

Using the amplitude of particle velocity z
au Be   and the 

shear strain amplitude γa
z

a sBke u V     , the upward energy 
per wave length  in the upward propagating wave is;  

 2 22 2a a
E u G W                          (5) 

where W is equal to the maximum elastic strain energy in a 

 
Figure 1. Energy and dissipated energy in upward SH-wave  

 

Figure 2. Energy flow near ground surface (a) and  
how to simplify in top 1/4 wave length (b)
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 cyclic loading test of an elastic material of the shear modulus 
2

sG V  with the strain amplitude γa.   
The upward SH-wave is reflected at a ground surface and 

becomes the downward SH-wave as illustrated in Fig. 2(a), 
where displacement without damping may be formulated as; 

   i t z V i t z Vs su Ae Be                         (6) 
Due to the free ground surface, A B , indicating that the wave 
reflection occurs with the surface displacement 2 i tu Be  . 
The depth-dependent displacement is written as

 2 cos su B V z  i te  and illustrated with the dashed curve 
in Fig. 2(a). Nodes and antinodes of vibration, 4 apart in 
between, appear regularly at every 2 , starting from the top 
antinode at the surface. The kinetic and strain energies Ek and 
Ee per unit volume averaged over one period 2T    can be 
obtained respectively as  

 2 2 2cosk sE B V z    ,  2 2 2sine sE B V z     (7)  

Quite reasonably, the sum of the two energy densities is 2W con-
stant. As shown with the solid curves in Fig. 2 (a), the strain ener-
gy Ee is zero at the antinodes and 100% at the nodes, while the 
kinetic energy Ek is vice versa. Thus, the two kinds of energy are 
distributed with a fixed rate depending on the position from 0 to 
100% and is not convertible to each other because of the nodes 
and antinodes. This is significantly different from the wave prop-
agating upward without any boundary, where the kinetic energy 
can change freely to the strain energy to compensate energy dis-
sipated in propagation. This is, however, an extreme case by a 
steady harmonic motion of a fixed frequency and different from 
realistic transient irregular motion. However again, the free 
ground surface consistently serves as the antinode for waves of 
all frequencies. Consequently, it is assumed here that the surface 
boundary effect, though decreasing with increasing depth, can 
reach down to the 1/4-wave length for a representative period of a 
given seismic motion, but not beyond that. 

In Fig.2 (b) the upward SH-wave in the shallow depth of 4  
from the surface is zoomed in. Considering the effect of surface 
boundary, an energy ratio for a harmonic wave with wave 
length sV T  may be formulated based on Eq. (7) as;  

 * 2sin 2u uE E z                        (8)                                                        

wherein *
uE stands for the upward energy (consisting of Ee and 

Ek evenly) which can compensate the dissipated energy, and Eu 
is the total upward energy at the same depth z. Namely, at

4z  , the upward energy Eu consists of 50% Ek and 50% Ee, 
both of which can compensate the dissipated energy as in the 
normal upward wave energy ( *

u uE E  100%), while Eu is fixed 
to be 100% at z=0 composed of Ek ( *

u uE E  0%) with no com-
pensation for dissipated energy allowed.   

For earthquake motions, however, the applicability of Eq. (8) 
is obviously limited because of the irregularity of motions and 
nonlinear soil properties during strong earthquakes.  Hence, 
the energy ratio in Eq. (8) may well be further simplified and 
assumed to take the average value 1/2 down to the depth 4 as:  
 * 1 2u uE E                                     (9)                                                   

Considering that dominant periods of earthquake motions T in 
most liquefiable site conditions may be T>0.5~1.0 s, the depth 
of 4 means around 20 m or deeper, indicating that in normal 
liquefaction evaluation practice, the upward energy may be 
halved to compare with the liquefaction energy capacity.     
 
3  ENERGY DISSIPATION IN SH-WAVE & LAB TESTS 

It is obvious that the wave energy E′ arriving at z+z0 shown in 
Fig. 1 is formulated using the energy E at z in Eq. (4) as; 

   2 22 2 0 02z z zE B e We                        (10) 

Hence the energy dissipated in travelling from z to z+z0 is;  

 2 01 zE E E e W                     (11) 

The dissipated energy density for the wave travelling by one 
wave-length 0z  as indicated in Fig. 1 is formulated as;   

   2 41 1 DE e W e W                         (12) 

Hence, the ratio of the dissipated wave energy is written as; 
41 DE E e                 (13) 

and for 1.0sD V   or 1.0D  , it can be approximated by 
using the Taylor expansion as; 
 41 4DE E e D                         (14) 
This relationship has the same form as that correlating the 
dissipated energy W with the elastic strain energy W in cyclic 
loading tests 4W W D  . This is because the same mecha-
nism governs the wave propagation and the cyclic loading test. 
Namely, if the dissipated energy W is negligibly small, strain 
energy W given to the system in the first half cycle is all recov-
ered and used in the second half cycle in the wave propagation.  

In a stress-strain hysteresis loop of an ideal viscoelastic ma-
terial schematically shown in Fig. 3(a), the energy W =Area 
(ACDA'C'D') is dissipated in the specimen during the same 
cycle. Out of the energy given in the first 1/2 cycle, the energy 
for Area(ABC) can be recovered and recycled in the second 
1/2 cycle for Area(A’B’C’). According to the viscoelastic theo-
ry (e.g. Ishihara 1996), wherein shear stress sina t   is 
loaded to induce strain  sina t     with a phase-delay 
angle  , the dissipated energy W is formulated as  

  
2

0
sin cos sina a a aW t t dt

 
                   (15) 

Accordingly, the Area(ABC) is calculated as;  
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The energy supplied from outside in one cycle loading denoted 
here as 2W considering the energy recycling effect is obtained 
from W and ( )Area ABC or  ABCDA'B'C'D 'Area as; 
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(17) 

Then, the ratio of the dissipated energy to the strain energy in 
one cycle 2W considering the energy recycling is written as; 

  12 4 3 2 tan 2 1W W D D D D  
               (18) 

In Fig. 3(b), the variation of the energy ratio 2W W in Eq. 
(18) is shown versus the damping ratio D and compared with 

E E  41 De  in Eq. (13). The two curves on the chart are 
very similar to each other, both have the same initial tangent 
and tend to approach to the asymptote 2W W = E E 1.0  
with increasing D. This indicates that the energy dissipation 
mechanism during wave propagation is very similar and 
mostly reproduced by laboratory cyclic loading tests, though 
there is a small gap of maximum 10%, which cannot be 
explained by less than a few percent error caused by the 

Figure 3. Schematic stress-strain hysteresis loop of ideal viscoelas-
tic material (a), and ∆W/2W-~ D curve by cyclic loading  

compared with ∆E/E ~ D curve in wave propagation. 

（a） （b）

O

A

B

B’ γ

τ

τa
∆W

W

sina sina 

a

 2t    

C

t  

sina t  
 sina t    

A’

C’W

a D

D’

0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

E
ne

rg
y 

ra
ti
o
  

 

Damping ratio  D

4E E W W D  

    1 24 cos sin 2
1E E e

    

41 DE E e   
2 2W W D 

 1

4
2

3 2 tan 2 1

D
W W

D D D


  

 

(Approximate curve)

(Exact curve)

- 1542 -



  Technical Committee 203 / Comité technique 203 

  approximation sD V  in Eq. (3) between the two curves 
(Exact and Approximate in the diagram). Instead, it may be 
attributed to the difference in loading; namely, simultaneous 
cyclic loading on a whole soil specimen versus time-delayed 
loading in wave propagation.   

In data reduction of cyclic loading tests, the elastic strain 
energy W=Area(OAB) in the 1/2 cycle is normally employed 
to compare with the dissipated energy W . If the wave energy 
ratio E E  41 De  is compared with energy ratios using W
and W , E E is obviously represented well by the energy 
ratio 4W W D  when D is less than a few percent. 
However, for larger D-values in liquefaction problems it is 
more closely approximated by 2 2W W D  as observed in 
Fig. 3(b).    

The observation above in one-cycle loading may be extend-
ed to a similar relationship for accumulated energies in sequen-
tial loading in cyclic loading soil tests if the damping ratio D 
can be approximated by an average value. A systematic test 
program actually showed that the damping ratio of sand was 
nearly stationary, D=0.1 to 0.2 with the average 0.15 during 
liquefaction tests, as will be explained in Fig. 4 (b). Thus, the 
following equation seems to approximate the cumulative ener-
gy dissipation in developing liquefaction.  
 2 2W W D                               (19) 
Because the dissipated energy density for liquefaction is sup-
posed to be identical both in situ and in the laboratory, the up-
ward energy density E  should be compared in liquefaction 
potential evaluation with twice the cumulative elastic strain 
energy density Σ2W which is correlated with the cumulative 
dissipated energy density for liquefaction ΣΔW in Eq. (19). 

On the other hand, the upward energy *
uE to be able to com-

pensate dissipated energy is approximated as * 1 2u uE E  in Eq. 
(9) for liquefiable soils shallower than 20 m.  Combining these 
two factors, 2E  is to be compared with Σ2W, indicating that
E  can be compared with Σ4W (Kokusho 2013, Kokusho & 
Mimori 2015), as actually followed hereafter. 
 
4  ENERGY DISSIPATION IN LIQUEFACTION TESTS   

Fig. 4(a) exemplifies a typical stress-strain relationship obtained in 
undrained cyclic loading triaxial tests on sand. In Fig. 4(b), energy 
calculation results obtained from a series of tests on the same sand 
are shown (Kokusho et al. 2012).  In the vertical axis of this figure, 
the elastic strain energies W (the triangular area ODD’ or OBB’ in 
Fig. 4 (a)) multiplied by 4 because of the above-mentioned reason 
and summed up in the loading sequence as ΣW*=Σ4W are plotted 
in the vertical axis with open symbols versus the cumulative dissi-
pated energies ΣΔW (sequential summation of Area (ABCDA)) in 
the horizontal axis.  These plots by open-symbols were already 
obtained in the previous papers and formulated as the next equation 
which are employed in the liquefaction evaluation to determine 
cumulative energy ΣW* from the cumulative dissipated energy for 
liquefaction ΣΔW  (Kokusho 2013, Kokusho & Mimori 2015),  

 1.25 log /* 5.4 10
W c

cW                        (20) 

These ΣW*~ΣΔW plots can be compared with the well-known 
formula 4W W D  , and represented by an average value D. 

The correlation *W W   4W W D   for D=0.1, 0.15, 
0.20 is superposed with thin-dotted lines in Fig. 4 (b) to com-
pare with the open symbol plots. Obviously, nearly all the plots 
are in between D=0.1 and 0.20 despite different relative densi-
ties Dr and fines contents Fc throughout the cyclic loading tests 
and may be approximated by D≈0.15 as the average.   

Apart from using the elastic strain energy W as in the normal 
engineering practice, it may be possible to use 2W formulated 
before in Eq. (17) for an ideal viscoelastic material in order to 
correlate ΣΔW with more realistic liquefaction energy capacity.  

Namely, in addition to ΣΔW (Area(ABCDA)), the energy 
corresponding to Area(ABB’CDD’EA) can be evaluated based 
on the same laboratory soil test data. Then, following the same 
procedure as in Eq. (17), the strain energy in one cycle 2W can 
be formulated as;  

 2 ABB?CDD? EA 2W W Area                     (21) 
In order to compare this with the dissipated energy in the same 
way as * 4W W  versus W , 2W is doubled here and 
summed up to individual cycles as  * 2 2W W    and plot-
ted versus W with close symbols in Fig. 4 (b). The relation-
ship * ~W W   is not so different from * ~W W  for

W ≤ 0.02~0.04, at which the initial liquefaction is attained 
(Kokusho 2013).  Beyond that, *W obviously gives higher 
energy than *W , while *W tends to be almost proportional 
to W all the way for W =0~0.12. It is approximated by 
the next equation with a high coefficient of determination 
R2=0.997,  

* 2.06c cW W                              (22)               
Because *W   2 2W , Eq. (22) implies * 2W 

2W W    indicating that the cumulative dissipated energy 
is almost equal to the cumulative strain energy all through the 
liquefaction process.   
 
5  ADDITIONAL EBM CASE STUDY  

The most significant simplification employed in the present 
EBM is that the energy *

uE to be able to provide the dissipated 
energy is constant as * 1 2u uE E  in Eq. (9) within the depth of a 
quarter wave length from the ground surface. However, there 
may be more or less a certain depth-dependency of the energy 
ratio *

u uE E , actually. Hence, an additional study is conducted 
here to take into account the depth-dependency of *

uE in the  
EBM-evaluation by revisiting the previous case study (Kokusho 
and Mimori 2015).    

A farm land in Tannocho, Hokkaido artificially filled with 
loose volcanic sandy soil, gently inclined, liquefied and 
fluidized, and an area, 200 m long and 50 m wide, subsided by 
3.5 m maximum during the 2003 Tokachi-oki earthquake 
(M=8.0). The site was 230 km away from the hypocenter of the 
offshore plate-boundary earthquake, and the maximum 
acceleration recorded about 10 km away from the site was only 
0.056 g. Fig.5 (a) shows very low SPT N-values in shallow 
depths converted from Swedish Weight Sounding soil 
investigations results carried out after the earthquake. The 
thickness of the soft sandy fill before the earthquake was 
variable, 4~7 m, and the water table was 1~2 m below the 
ground surface. The sandy fill contained 33% of non-plastic 
fines with the mean grain size D50=0.2 mm.     

The case study there by Kokusho & Mimori (2015) indicated 
that EBM could successfully predict the liquefaction while SBM 

 

Figure 4. Typical stress-strain relationship in undrained cyclic loading 
triaxial test (a), and energy calculation results obtained  

from a series of tests on Futtsu sand (b). 
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could not, presumably because the PGA was so low despite the 
large earthquake magnitude and the long duration of motion of 
about one minute. The soil conditions, ground motion and 
laboratory soil test data used are all the same as in the previous 
paper. The only difference is that Eq. (8) is used here (called 
hereafter as Method-B) to consider the extreme effect of depth z in 
place of * 1 2u uE E   in Eq. (9) used in the previous paper (called 
as Method-A). In order to calculate the energy *

uE , Eq. (8) is 
rewritten as; 
     * 2 2sin 2 sin 2u uE E z t T                   (23) 

where t is the travel time of SH wave from the ground surface 
to a particular depth z using strain-dependent degraded S-wave 
velocities in individual layers (Kokusho & Mimori 2015) and T 
is the dominant period of the seismic motion (0.55 s).  

In EBM, those layer units with AER  1.0 are judged to liq-
uefy. The evaluation procedure of the AER value for Method-A 
was already explained in detail (Kokusho 2013), and that for 
Method-B slightly different from A is available in Kokusho 
(2016). In Fig. 5 (b), the AER-values obtained by Method-A 
and B are plotted versus soil depths at eight soil investigation 
points. Thus, all the points except P5 are evaluated liquefiable 
also in Method-B as in Method-A, though the liquefaction 
depths tend to be slightly deeper in Method-B than in A. The 
liquefaction may well be judged to occur in between the two 
lines of Method-A and B. In Fig. 5 (b), the results of SBM are 
also superposed with different symbols. In a clear contrast, 
SBM evaluates no possibility of liquefaction at all points be-
cause FL-values are far beyond 1.0 despite that the effect of the 
earthquake magnitude M8 is taken into account by choosing the 
stress reduction coefficient as rn =0.70 (Kokusho & Mimori 
2015). In EBM, Method-A may be recommended as a simpli-
fied and practical tool on a safer side in evaluating liquefaction 
in shallow depths, in contrast to Method-B which is inclined to 
evaluate extremely low liquefaction potential near ground sur-
face due to too small wave energy *

uE .  
 
6  SUMMARY 

1) Upward propagating harmonic SH-wave of wave length   
with velocity amplitude au and strain amplitude γa has wave 
energy density,  2 22 / 2a aE u G    , which is equal to 
the maximum elastic strain energy density in a cyclic load-
ing test 2 / 2aW G with strain amplitude γa. The wave ener-
gy density E W  consists of kinetic and strain energies,

2W each, and both of them can compensate dissipated wave 
energy evenly if necessary.  

2) The ratio of the dissipated energy E to the wave energy E
for a harmonic wave propagating one wave length in an 
ideal viscoelastic material is formulated as 41 DE E e    . 
This dissipated energy ratio and its variation with damping 
ratio D is almost identical with the energy ratio 2W W in 
one-cycle loading in cyclic loading tests, wherein W =the 

dissipated energy and 2W = the modified strain energy in 
one cycle considering that a part of the strain energy given in 
the former 1/2 cycle is recycled in the latter 1/2 cycle.   

3) Because the dissipated energy density for liquefaction 
should be identical both in situ and in the laboratory; E  =

W , the upward energy density E  may be compared in 
liquefaction potential evaluation with twice the cumulative 
strain energy 2W , if the elastic strain energy W is used as 
in normal engineering practice, corresponding to the 
cumulative dissipated energy for liquefaction W . 

4) Considering the effect of free ground surface, the energy *
uE

to be able to compensate dissipated energy may be simpli-
fied as * 1 2u uE E  at a depth shallower than 20 m in normal 
liquefaction problems. Combined this with 3) above, E  is 
to be compared with 4W as in the previous papers (Ko-
kusho 2013, Kokusho & Mimori 2015). 

5) With regard to the simplification * 1 2u uE E  , another EBM 
evaluation assuming more drastic near-surface wave energy 
reduction for a harmonic motion implemented here can still 
predict liquefaction at slightly deeper but similar depths in 
the liquefaction case during a far-field M8.0 earthquake. The 
simplification * 1 2u uE E  seems to be recommended because 
it gives a safer side as a practical evaluation.  

6) Laboratory liquefaction test data, revisited to more exactly 
correlate the dissipated energy with strain energy, indicate 
that the correlation *~W W  and the conventional one 

*~W W  used in the previous papers (Kokusho 2013, 
Kokusho & Mimori 2015) are not so much different up to in-
itial liquefaction. Also indicated is that the cumulative dissi-
pated energy W is almost equal to the cumulative strain 
energy *W all through the liquefaction process.   
 

Thus, the present EBM can predict liquefaction behavior very 
simply just by comparing the energy demand (the upward wave) 
with the liquefaction energy capacity correlated with the dissi-
pated energy. It may be able to readily take account of various 
aspects of input seismic motions (dominant period, duration, 
number of wave cycles and irregularity) only in terms of energy, 
and hence can be of a great help to examine the applicability of 
conventional SBM to a variety of earthquake motions. It is still 
necessary, however, to apply this EBM to more case histories to 
demonstrate its reliability in much more practical conditions.  
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Figure 5. Depth-dependent N-value distributions of liquefied case 
history site (a) and AER-values and FL-values plotted versus soil 

depth by EBM Method-A, B and by SBM (b).  
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