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ABSTRACT: Some thermo-mechanical models have been reported for unsaturated soils. None of them is developed purposely to 
capture the nonlinearity of stress-strain curves and stiffness degradation at small strains (less than 1%). These existing models cannot 
therefore accurately predict ground movements and the performance of many civil structures under working conditions. In this paper, 
a new thermo-mechanical model is developed by using the bounding surface plasticity theory. Different from conventional 
elastoplastic models, plastic strain is allowed inside the bounding surface for capturing the degradation of soil stiffness with strain. 
This model is developed in terms of mean Bishop’s stress, deviator stress, suction, temperature, specific volume and degree of 
saturation. Thermal, hydraulic and mechanical behaviour of soil are fully coupled. To evaluate capability of the model, it is applied to 
simulate suction and temperature controlled triaxial shear tests on a compacted silt. It is evident that computed stress-strain relations 
and stiffness degradation curves are generally consistent with measured responses at various suctions and temperatures. 

RÉSUMÉ: Certains modèles thermo-mécaniques ont été signalés pour les sols non saturés. Aucun d'entre eux n'est développé 
intentionnellement pour capturer la non-linéarité des courbes contrainte-déformation et la dégradation de rigidité à de petites déformation 
s (moins de 1%). Ces modèles existants ne peuvent donc pas prédire avec précision les mouvements du sol et la performance de 
nombreuses structures de terre dans des conditions de travail. Dans cet article, un nouveau modèle thermo-mécanique est développé en 
utilisant la théorie de plasticité de surface de délimitation. Contrairement aux modèles élastoplastiques classiques, la déformation 
plastique est autorisée à l'intérieur de la surface de délimitation pour capturer la dégradation de la rigidité du sol avec déformation. Ce 
modèle est développé en termes de contrainte moyenne de Bishop, de contrainte déviatorique, de succion, de température, de volume 
spécifique et de degré de saturation. Le comportement thermique, hydraulique et mécanique du sol est entièrement couplé. Pour évaluer 
la capacité du modèle, il est appliqué pour simuler des essais de cisaillement triaxial à succion et à température contrôlée sur un limon 
compacté. Il est évident que les relations contrainte-déformation calculées et les courbes de dégradation de rigidité sont en général 
cohérentes avec les réponses mesurées à différentes succions et températures.
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1  INTRODUCTION 

Soils in many civil structures, such as high-speed railway 
embankments and energy piles, are subjected to various 
moisture and thermal conditions. To predict the performance of 
these civil structures, constitutive modelling of the coupled 
thermo-hydro-mechanical behaviour of soils have attracted 
great attention in recent years. François and Laloui (2008) 
developed a thermo-mechanical model for unsaturated soils. 
Coupling effects of the thermo-hydro-mechanical behaviour 
were taken into account. Particularly, it was assumed that water 
retention ability of unsaturated soil decreases with an increase 
of void ratio and temperature. Yield stress of soil increases with 
increasing suction but decreasing temperature. Adopting similar 
assumptions, several thermo-mechanical models for unsaturated 
soils have been developed (e.g., Tang and Cui 2009; Masin and 
Khalili 2012). As far as the authors are aware, none of them is 
developed purposely to capture soil behaviour at small strains 
(less than 1%). The degradation of shear modulus with strain, 
may not be captured well, although the non-linear soil 
behaviour at small strains is crucial to the serviceability of 
many civil structures (Atkinson 2000).  

In this study, a new thermo-mechanical model is developed 
for unsaturated soil, with an attempt to capture suction and 
thermal effects on soil behaviour at small strains, such as the 
degradation of soil stiffness with strain. To achieve this 
objective, some new formulations incorporating effects of 
suction and temperature are defined in different components of 

the proposed model (e.g., bounding surface, elastic and plastic 
moduli). The proposed model is applied to simulate triaxial 
tests on a silt at various suctions and temperatures. Measured 
and computed results are compared and analysed.  

2  MATHEMATICAL FORMULATIONS  

2 .1  Constitutive variables 

The proposed model is formulated in the triaxial space. Three 
variables are used to define the stress state of soil specimen, 
including mean Bishop’s stress (p*), deviator stress (q) and 
suction (s). Two volumetric variables, i.e. specific volume () 
and degree of saturation (Sr), are chosen to define the relative 
proportions of solids, water and air within an unsaturated soil 
element. Moreover, the temperature (T) is used to model 
thermal effects on soil behaviour. Apart from the above six 
variables, two state parameters ( and ) are adopted:  

  rSsf  1     (1)  

cee      (2) 

where e and ec are the current void ratio and the critical state 
void ratio corresponding to the current stress in the -lnp* plane, 
respectively. The state parameter , which was introduced by 
Gallipoli et al. (2003), is used to describe the stabilisation 
effects on soil skeleton arising from water meniscus between 
soil particles approximately. According to equation (1), the 
value of  depends on two terms: f (s) and (1-Sr). The first term 
f (s) represents the stabilizing normal force exerted by a single 
water meniscus (Fisher 1926), while the second term (1-Sr) 

- 2077 -



  Proceedings of the 19th International Conference on Soil Mechanics and Geotechnical Engineering, Seoul 2017 

 implicitly accounts for the number of water meniscus per unit 
soil volume. The other state parameter , which was proposed 
by Been and Jefferies (1985), is used to describe how far the 
soil state is from the critical state in terms of void ratio. 
According to the definition in equation (2), positive and 
negative values of  denote soil states on the wet and dry sides 
of the critical state line (CSL), respectively.   

2 .2  Three bounding surfaces 

The bounding surface plasticity theory of Dafalias (1986) is 
adopted in the development of the proposed model, with three 
bounding surfaces (Fc, Fs and Fh) constructed. The first one Fc is 
defined to describe the elastoplastic behaviour during 
compression. It is well-known as loading collapse (LC) surface 
in the p*-q- space and shown in Figure 1. Its size reduces with 
an increase in soil temperature. Fc can be described as: 

),(* 0 TppFc     (3) 

where p0(T,) is the preconsolidation pressure, which is related 
to normal compression lines (NCLs) and isotropic unloading-
reloading lines at various conditions of T and  as follows: 
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where the atmospheric pressure patm (101 kPa) is included as a 
reference pressure; () and  are slopes of NCL and unloading 
and reloading line (URL) in the -lnp* plane, respectively; and 
N(T,) is the intercept of NCL (specific volume at the reference 
pressure). 

The second bounding surface Fs is relevant to elastoplastic 
behaviour during shearing. It is also shown in Figure 1 and 
defined as: 

*pMqF ms      (5) 

where Mm is the maximum value of stress ratio q/p* in the 
stress history. Implicitly, it is assumed that Fs surface is planar.  

The third bounding surface Fh, which is used to predict 
elastoplastic behaviour governed by suction change. It consists 
of main drying and wetting curves, which shift to a lower Sr 
when e and T increase. Mathematically, it is expressed as: 

sh ssF      (6) 

where ss is soil suction obtained from main drying/wetting at 
the current degree of saturation, depending on Sr, s, e and T.  

2 .3  Yield surfaces for shearing  

Figure 2 shows that two yield surfaces are used to define a 
“wedge” in the p*-q plane. These yield surfaces are used to 
model elastic threshold for shearing. When soil stress state is 
inside the “wedge”, soil behaviour is assumed to be purely 
elastic. When soil stress state is on the yield surface and 
incremental stress is outwards, elastoplastic behaviour occurs. 
During the elastoplastic process, kinematic hardening theory is 
adopted to describe the evolution of yield surfaces. The 
“wedge” rotates in the p*-q plane with constant size and shape. 
At a given mean Bishop’s stress, the elastic range is 2mp*, 
where m is a soil parameter controlling the size of elastic range. 
The elastic “proportion” of a soil specimen might represent the 
proportion of the contacts between soil particles which are still 
intact and have not started to slide (Simpson 1992). For soil 
specimen at a higher matric suction and lower degree of 
saturation, more meniscus water exists in the specimen. 
Meniscus water causes an increase in the normal force holding 
the soil particles together and resisting the slippage between soil 
particles. Therefore, the specimen at a higher suction has a 
wider elastic range (Ng and Xu 2012). In this study, it is 

assumed that the relationship between m and  may be 
described by the following equation:  

bm
amm      (7) 

where ma and mb are soil parameters. In addition, the variable m 
is assumed to be independent of temperature for simplicity.  

 

 
Figure 1. Bounding surfaces in the p*- q-  space. 

 
Figure 2. Mapping rule for constant p* shearing mechanism. 

2 .4  Mapping rule for shearing 

Mapping rule is an important component in the bounding 
surface plasticity theory. When soil stress state is inside the 
bounding surface, it is used to project actual stress state on the 
bounding surface and hence define a new image stress state 
(Dafalias 1986). Apart from the actual stress state, the image 
stress state may affect many aspects of soil behaviour, including 
dilatancy and loading indices.  

Some key features of the mapping rule for Fs are shown in 
Figure 2. The stress ratio at which last loading reversal occurs 
(r) serves as the projection center. The maximum stress ratio in 
stress history (Mm) is the image stress ratio. Based on the 
relative positions of projection center, actual stress state and 
image stress state, two Euclidian “distances” (s ands) are 
defined. As illustrated in the figure, s is the “distance” between 
projection center and current stress ratio (), whiles is the 
“distance” between projection center and image stress ratio. The 
ratio of these two “distances” is defined as follows: 

rm
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     (8) 

According to this mapping rule, small fluctuations of stress 
require an update of r and therefore induce numerical errors. 
To avoid this problem, r is not immediately updated upon 
stress reversal. The update is made only when soil stress state 
reaches the yield surface. Consequently, numerical errors 
induced by small fluctuations of stress inside yield surfaces 
could be effectively eliminated in the proposed model.  

2 .5  Elasto-plasticity  

For each loading process, both elastic and plastic strains can 
occur. Elastic and plastic strains are calculated using the 
following two equations:  
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where de 
v  and dp 

v  are the elastic and plastic volumetric strains 
respectively; de 

q  and dp 
q  are the elastic and plastic shear 

strains respectively; dSe 
r  and dSp 

r  are the elastic and plastic 
increments of Sr respectively; K is the elastic bulk modulus for 
soil skeleton; G0 is the very small strain shear modulus; Kw is 
the ratio of incremental suction to elastic decrement of degree 
of saturation; and sk is isotropic thermal expansion coefficients 
for soil skeleton; (c), (s) and (h) are the loading indices for 
compression, shearing and suction change mechanism 
respectively; Dq(c) and Dw(c) are the dilatancy factors, defined as 
ratios dp 

q /dp 
v  and dSp 

r /dp 
v  respectively due to compression; 

Dv(s) and Dw(s) are ratios dp 
v /dp 

q  and dSp 
r /dp 

q  respectively due 
to shearing; Dv(h) and Dq(h) are ratios dp 

v /dSp 
r  and dp 

q /dSp 
r  

respectively due to suction change.  
It should be noted that equation (10) does not explicitly 

consider thermally induced plastic increments of strain and 
degree of saturation. Any phenomenon of thermo-plasticity is 
implicitly taken into account. This is because normal 
compression line, critical state line in the -lnp* plane and 
water retention curve in the current model are all temperature-
dependent. A change of temperature would alter the location of 
bounding surfaces for the plastic mechanism of shearing, 
compression and suction change. The loading indices (c), (s) 

and (h) are therefore all dependent on temperature.  

2 .6  Elastic and plastic moduli for shearing  

The elastic shear modulus G0 are calculated using 
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where C0 and Cs are soil parameters. The elastic modulus is 
assumed to be independent of temperature for simplicity. This 
is because experimental results reported in the literature suggest 
that the elastic stiffness of soil seems to be independent of 
temperature, at least the magnitude of variation is negligible 
(Campanella and Mitchell 1968).  

The loading indices in equation (10) are determined through 
hardening law and condition of consistency. From the bounding 
surface Fs, (s) is calculated using the following equations:   
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where h and nb are soil parameters; Kp 
s  is plastic modulus; s 

ands are Euclidian distances with respective to shearing, 
depending on the last loading reveasal, current and maximum 
stress ratios. The value of s /s is zero when there is a 180 
reversal in the stress path and approaches 1 as soil stress state 
moves towards Fs (see equation (8) and Figure 2). It can be 
deduced from equation (13) that Kp 

s  decrease as the ratio s/s 
increases. This is consistent with experimental observation that 

larger plastic strain would be induced as stress state approaches 
bounding surface. This is one of the key features of the 
proposed model different from other conventional elastoplastic 
models (e.g., Alonso et al. (1990) and Chiu & Ng (2003)).  

More details of the proposed cyclic thermo-mechanical 
model is given by Zhou and Ng (2016). In the present study, all 
the above constitutive equations are integrated using explicit 
sub-stepping stress point algorithm (Potts et al. 2001) to predict 
suction and temperature controlled triaxial shear tests. 

3  EXPERIMENTAL PROGRAM AND CALIBRATION OF 
SOIL PARAMETERS 

To evaluate capability of the proposed model, it is applied to 
predict the small strain behaviour of a compacted silt. Figure 3 
shows stress paths of four suction and temperature controlled 
triaxial shear tests. Two of them (S1T20 and S150T20) were 
carried out at 20°C, while the other two (S1T60 and S150T60) 
were conducted at 60°C. At each temperature, two different 
suctions (1 and 150 kPa) were considered. Each test consisted 
of four stages: isotropic compression, suction equalisation, 
thermal equalisation and shearing. The first three stages were 
designed to control the stress, suction and temperature condition 
of each specimen. After that, soil specimens were sheared at 
constant mean net stress (p), suction and temperature to 
determine shear stiffness degradation curve. More details of this 
series of tests were given by (Zhou et al. 2015). 

According to their functions, model parameters defined in 
the proposed model are grouped into six categories: water 
retention, elastic, isotropic compression, critical state, flow rule 
and hardening law. At isothermal condition, water retention 
curves at different stress states were used to calibrate the first 
categories of parameters. The bender element tests and isotropic 
compression tests were adopted to determine the second and 
third categories of parameters, respectively. Lastly, the other 
three categories of parameters were determined based on 
undrained triaxial tests. The details and results of model 
calibration were reported by Zhou and Ng (2016).  

 

 
Figure 3. Stress paths for suction and temperature controlled triaxial 
shear tests. 

4  COMPARISONS BETWEEN MEASURED AND 
COMPUTED RESULTS 

Figure 4(a) shows the measured and computed stress-strain 
relations of triaxial compression tests at two suctions (1 and 150 
kPa) and two temperatures (20 and 60C). It can be seen from 
measured results that deviator stress increases non-linearly as 
shear strain increases, even at very low deviator stress. Such a 
non-linearity at small strains is predicted well by the proposed 
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 model. This is one of the advantages of adopting the bounding 
surface plasticity theory, which predicts elastoplastic behaviour 
even at small strains. On the contrary, constitutive models based 
on conventional elastoplastic framework (Alonso et al. 1990; 
Chiu and Ng 2003) predict purely elastic behaviour for stress 
paths inside the yield surface. Computed soil stress-strain 
relation would be linear if elastic behaviour is predicted.  

From the slope of stress-strain relation, the secant shear 
modulus (G) of soil specimen is calculated (G = q/(3q)) and 
presented in Figure 4(b). At all conditions of suction and 
temperature, G reduces significantly with an increase of shear 
strain, starting from shear strain as low as 0.003%. Measured 
and computed results are fairly consistent over a wide strain 
range from 0.003% to 1%. This is partially because equation 
(11) is able to represent elastic shear modulus of unsaturated 
soil satisfactorily. Another important reason is that the 
bounding surface plasticity theory predicts non-linear stress-
strain behaviour even at small strains through the term s/s in 
equation (13). It is therefore the reduction of shear strain with 
increasing strain can be accurately predicted.  

It is clear from Figure 4 that soil response is stiffer at higher 
suction but lower temperature at strains less than 0.1%. Effects 
of suction and temperature are captured well by the proposed 
model. This ability to represent suction and thermal effects is 
attributed to some features of the proposed model. Firstly, 
parameter m, which controls the elastic range (see equation (7)), 
increases with an increase in suction. The predicted threshold 
strain is larger at suction of 150 kPa than that at suction of 1 
kPa. Secondly, the CSL shifts to larger void ratio with 
increasing suction but decreasing temperature. As the CSL 
shifts to larger void ratio, the state parameter  decreases. The 
reduction of  would induce an increase in Kp 

s  (see equation 
(13)). With a larger Kp 

s , subsequent shearing load would induce 
smaller plastic strain and therefore soil response is stiffer.  
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Figure 4. Comparisons between measured and computed results of 
suction and temperature controlled triaxial shear tests: (a) stress-strain 
relations; (b) degradation of shear modulus with strain. 

5  SUMMARY 

Using the bounding surface plasticity theory, a new thermo-
mechanical model is developed for unsaturated soils. Thermal, 
hydraulic and mechanical behaviour of unsaturated soil are 
modelled through a fully coupled approach. Different from 
conventional elastoplastic models, plastic strain is allowed 
inside the bounding surface with an attempt to model the 
degradation of soil stiffness at small strains, which is important 
to the serviceability of many civil structures.  

The new model is applied to predict suction and temperature 
controlled triaxial shear tests on an unsaturated silt. At various 
suctions and temperatures, the model shows good predictions of 
the shear modulus degradation with strain over a wide strain 
range, from 0.003% to 1%.  
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