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ABSTRACT: Traditionally, slope stability analysis and calculation of factors of safety is done by means of limit equilibrium analysis 
utilizing the methods of slices. However, the so-called strength reduction technique performed with the finite element method may 
prove to be a powerful alternative. This is in particular true if support elements such as nails, anchors and piles have to be considered, 
because the effect of these structural elements is not very realistically captured in these simplified methods. When using finite 
element analysis, these structural elements can be included in the model, but different options exist. If the piles are not placed at a 
very narrow spacing, a classical 2D representation will not be sufficient and 3D analyses, which are computationally more 
demanding, will be essential. In order to avoid 3D calculations, a feature is available in some finite element codes where structural 
elements at a certain spacing can be introduced in 2D by means of a special element formulation and the performance of such an 
approach will be investigated in this paper. 

RÉSUMÉ : Traditionnellement, l'analyse de la stabilité des pentes et le calcul des facteurs de sécurité s'effectuent au moyen d'une analyse 
d'équilibre limite en utilisant les méthodes des tranches. Cependant, la technique dite de réduction de résistance réalisée avec la méthode 
des éléments finis peut s'avérer une puissante alternative. Ceci est particulièrement vrai si des éléments de support tels que des clous, des 
ancrages et des pieux doivent être pris en compte, car l'effet de ces éléments structurels n'est pas très réaliste dans ces méthodes 
simplifiées. Lors de l'analyse par éléments finis, ces éléments structurels peuvent être inclus dans le modèle, mais il existe différentes 
options. Si les pieux ne sont pas placés à un espacement très étroit, une représentation 2D classique ne sera pas suffisante et des analyses 
3D, qui demandent des calculs plus exigeants, seront essentielles. Afin d'éviter les calculs 3D, une fonction est disponible dans certains 
codes d'éléments finis où des éléments structurels à un certain espacement peuvent être introduits en 2D au moyen d'une formulation 
d'éléments spéciaux et la performance d'une telle approche sera étudiée dans ce papier. 
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1  INTRODUCTION 

In practical geotechnical engineering the factor of safety of 
slopes is determined by means of simple limit equilibrium 
analysis employing various variations of the method of slices 
(e.g. Janbu, 1954, Bishop, 1955). However, because the finite 
element method has become a routinely applied powerful tool 
for assessing displacements and stresses for working load 
conditions, this technique is increasingly being used to calculate 
ultimate limit states and consequently factors of safety. This is 
usually done by the so-called strength reduction technique (e.g. 
Brinkgreve and Bakker, 1991) where, based on an analysis with 
characteristic strength parameters, an incremental decrease of 
tanφ’ and cohesion c’ is performed until failure is obtained in 
the numerical analysis. This procedure works only with linear 
failure criteria and therefore a Mohr-Coulomb failure criterion 
has been used for all studies presented in this paper. The FOS is 
defined by: 
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If structural elements such as nails, anchors or piles are used to 
increase the factor of safety an appropriate representation of 
these elements in the finite element model has to be ensured. 
This can be achieved by a full 3D model where the supporting 
elements are individually modelled by e.g. beam elements or 
similar element formulations. However, in order to avoid 
complex 3D models alternative approaches have been suggested, 
one of them being the so-called “Embedded Beam Row” (EBR) 
as implemented in the finite element code Plaxis (Brinkgreve et 
al., 2015). 

In this paper the performance of this modelling technique is 
investigated by a series of finite element calculations for slope 
stability problems. Results are compared to full 3D analyses, 
again performed with the finite element code Plaxis 
(Brinkgreve et al., 2015), and conclusions on the applicability 
of the EBR for modelling support structures in slope stability 
analysis are drawn.     

2  SHORT DESCRIPTION OF EMBEDDED BEAM ROW 

In order to improve the modelling of structural elements such as 
piles, nails or anchors which are placed at a regular lateral 
spacing in 2D finite element analysis the so-called embedded 
beam row (EBR) option has been made available in the FE-
code Plaxis (Figure 1). This simplified approach allows to deal 
with repetitive structural elements in a 2D plane strain model. 
The Embedded Beam Row is represented by a Mindlin beam 
element as the plate element. This beam element is connected 
with interfaces to the soil mesh. Thus the beam can deform 
individually to the soil mesh. Also the soil can deform 
individually, unlike when a plate element is installed. The 
interface transfers forces to the Embedded Beam Row and 
models the soil structure interaction. The nodes around the 
Embedded Beam Row are duplicated and connected via this 
interfaces to the soil nodes. The nodes have three degrees of 
freedom: two of translation (ux, uy) and one of rotation (�z). 
The material data set of an Embedded Beam Row does not 
contain the stiffness response of piles and soil (like so called ‘p-
y curves’). EBR use special line-to-line interfaces which consist 
of spring elements and sliders to consider a skin resistance. The 
stiffness of the interfaces is dependent on the spacing (Ls), the 
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 shear stiffness of the surrounding soil (Gsoil) and the interface 
stiffness factor (Sluis, 2012). The bearing capacity in axial 
direction of the beam is provided by the skin (Tskin) and tip 
resistance (Fmax), whereas the latter is ignored in the current 
study. A limit can also be put on the lateral skin resistance (Tlat) 
and it is this parameter which has the largest influence on the 
results for problems like the one addressed in this paper. The 
original 3D formulation of an embedded pile, which follows a 
similar concept, is described in detail in Tschuchnigg (2013). 
 

 
 
Figure 1. Soil structure interaction with elastic springs (Sluis, 2012) 
 

3  EXAMPLE 1 

In this example the effect of the out-of-plane spacing and the 
assumed lateral skin resistance on the calculated factor of safety 
for a slope is evaluated comparing full 3D analyses with 2D 
analyses employing the Embedded Beam Row option. In 
addition, two modelling options in the 3D analyses, namely 
modelling the pile by means of volume elements or embedded 
piles are considered. 

3.1  Geometry of slope and strength parameters 

This first example is taken from a comprehensive study on the 
effect of soil nailing on the stability of small slopes where the 
inclination of nails was varied (Mosser, 2016). As a limiting 
case a vertical nail was considered in this study for testing the 
EBR option in Plaxis. The slope height is 2 m and the 
inclination is 30°. The shear strength parameters are 2.0 kN/m² 
for effective cohesion and 30° for the effective friction angle. 
Associated and non-associated cases with dilatancy angles of 
30° and 0° are considered. Nails are modelled as linear elastic 
material. 

3.2  Results – Embedded beam row 

The results obtained from this study are summarized in Table 1. 
The following can be observed. First of all, there is only a slight 
difference in calculated factors of safety whether an associated 
(dilatancy angle = 30°) or a non-associated (dilatancy angle = 
0°) flow rule is assumed. This is to be expected because the 
friction angle is relatively low, but for higher values significant 
differences could be expected (Tschuchnigg et al., 2015). 
Secondly it can be observed that an increase in lateral skin 
resistance (Tlat) increases the factor of safety and an increase of 
lateral distance (Ls) of the soil nails reduces the calculated 
factor of safety. The limiting case of a very small lateral 
resistance corresponds well to the unreinforced case. However, 
it is also evident that even a very large lateral distance of nails 
(Ls = 20 m) leads to an increase of the calculated factor of 

safety when the lateral skin resistance is very high, a result 
which cannot be considered as realistic.  
This aspect will be addressed again in the next chapter. Figure 2 
shows the obtained failure mechanism for an assumption of Tlat 
of 1.0 kN/m and “unlimited” respectively.       
 
Table 1. Calculated FoS for EBR for different resistance Tlat  
 
Ls [m]  Tlat [kN/m] (ass.)       Tlat [kN/m] (non-ass.) 

0.1   1.0  5.0    500  0.1  1.0  5.0  500 

0.1   1.88 2.17 2.21 2.21  1.79 2.12 2.15 2.15 
0.5   1.81 1.96 2.13 2.17  1.73 1.85 2.10 2.11 
1.0   1.80 1.88 2.08 2.17  1.72 1.79 2.05 2.11 
3.0   1.79 1.84 1.94 2.17  1.71 1.74 1.86 2.11 
6.0   1.79 1.82 1.87 2.17  1.71 1.75 1.80 2.11 
10.0  1.79 1.80 1.84 2.17  1.71 1.73 1.78 2.11 
20.0  1.79 1.79 1.81 2.17  1.71 1.72 1.74 2.11 

No support    1.78        1.71 

 
 

 
Figure 2. Failure mechanism obtained with EBR and different Tlat 

(Ls=20 m) 

3.3  Results – 3D model 

Figure 3 shows a typical 3D model when the nail is modelled 
with volume elements and interface elements to control skin 
friction. In addition, a model where the nail is modelled with 
the embedded pile option is set up. The results are summarized 
in Table 2 and Figure 4. It can be concluded that modelling the 
nails by means of volume elements or by using the embedded 
pile option has a minor influence in the results. Within the 
considered range of lateral spacing (0.5 to 12 m) the 2D 
analysis utilizing the embedded beam row option also lead to 
similar factors of safety. However, the assumption on the value 
of lateral skin resistance has some influence on the results, as 
discussed in the previous chapter, and this value is not 
straightforward to determine.  
 

    
 
Figure 3. Typical 3D mesh used 
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Table 2. Comparison of 2D and 3D results for example 1 
 

Ls [m]  2D (ass.)        3D (ass.) 

   Tlat  [kN/m]      EB    VE  

5.0   10.0  15.0       

0.5   2.14  2.16  2.17   2.20   2.16 
1.0   2.09  2.12  2.14   2.14   2.10 
3.0   1.94  2.03  2.09   1.92   1.94 
12.0  1.82  1.87  1.91   1.86   1.84 

No support   1.78      1.78 

 
 
Figure 4. Comparison of 2D and 3D results for example 1 
 

4  EXAMPLE 2 

4.1 Geometry of slope and strength parameters 

Figure 5 depicts the geometry of the slope considered for this 
study. A very fine mesh was used in order to avoid a significant 
influence of mesh discretization on the results. In this case 
vertical piles are used to support the slope and their length and 
position in the slope has been varied in a comprehensive study 
(Torggler, 2016). Emphasis here is again put on the influence of 
the input value for lateral skin resistance in combination with 
the lateral spacing. The shear strength parameters are 10.0 
kN/m² for effective cohesion and 15° for the effective friction 
angle and the dilatancy angle is 0°. Piles are assumed to behave 
as linear elastic materials.   
 
 
 

 
Figure 5. Geometry of example 2 
 

4.2 Results 

Figure 6 shows the results for some extreme cases. The pile 
length is 20 m and the spacing is 1, 10 and 100 m respectively. 
The factor of safety is plotted against the lateral skin resistance 
assumed for the embedded beam row. It follows that for all 
spacings the factor of safety increases with lateral skin 
resistance, a trend which is of course expected. However, it 
becomes clear that lateral skin resistance and spacing are related 
to each other because the same factor of safety is obtained for a 
spacing of 10 m and a value for Tlat = 100 kN/m and a spacing 
of 1 m and a value for Tlat = 10 kN/m. This is confirmed in 
Figure 7 where the factor of safety is plotted against the lateral 
skin resistance per meter out-of-plane direction. It follows that 
the governing parameter is the skin resistance per meter because 
all the spacings plot roughly on the same line. The crosses in 
Figure 7 indicate convergence problems in the analysis when 
the spacing is very large. 
 

Figure 6. Safety factor vs lateral skin resistance per EBR 

Figure 7. Safety factor vs lateral skin resistance per meter out-of-plane 
dimension 

 

5  EXAMPLE 3 
 
The last example is concerned with the same slope as discussed 
in the previous chapter but with the assumption of a weak layer 
being present as shown in Figure 8. The shear strength 
parameters are 10 kN/m² for effective cohesion and 25° for the 
effective friction angle for the slope and 0 kN/m² for effective 
cohesion and 20° for the effective friction angle for the weak 
layer respectively. The dilatancy angle is 0° for both materials. 
The safety factor without the supporting pile row is 1.07. This 
example has also been analyzed in 3D in order to have a 
reference solution whereas the piles have been modelled with 
the embedded pile option in Plaxis 3D. The result of this 
analysis is shown in Figure 9. As expected, for large spacings 
the factor of safety approaches the value for the unsupported 
slope and at very small spacings the factor of safety is 
significantly higher because essentially a continuous wall is 
modelled, enforcing a change in the failure mechanism. Figure 
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 10 indicates that similar factors of safety can be obtained in a 
2D analysis using the EBR option but it has to be mentioned 
that this agreement has been found by varying the lateral skin 
resistance in an arbitrary way and only the best fit is shown here. 
Figure 11 confirms the finding from the previous study that the 
governing factor is the combination of lateral skin resistance 
and spacing in such a way that the lateral skin resistance per 
meter out-of-plane direction is the key parameter influencing 
the results.    

 
Figure 8. Geometry of example 3 

 
Figure 9. Calculated factor of safety for example 3 – 3D model  

 
Figure 10. Calculated factor of safety for example 3 – comparison 
2D/3D model  

 
Figure 11. Calculated factor of safety for example 3 safety factor vs 
lateral skin resistance per meter 

5  CONCLUSION 

The finite element method can be conveniently used to access 
factors of safety of slopes supported by structural elements such 
as piles, anchors or nails whereas the so-called strength 
reduction technique is usually employed. However, modelling 
of the aforementioned types of reinforcement requires full 3D 
analyses. Although feasible, it is desirable in geotechnical 
practice to employ computationally less demanding 2D analyses 
by introducing some simplifying assumptions. One possibility, 
provided in the finite element code Plaxis, is the use of the so-
called Embedded Beam Row option where a spacing of 
structural elements such as piles can be introduced in a 2D 
finite element analysis by means of a special element 
formulation together with the assumption of interface properties. 
This approach works reasonably well when piles are subjected 
to vertical loading and the spacing is in the order of 6-8 times 
the diameter of the structural element but is somewhat 
problematic when these structural elements act as dowels and 
are mainly loaded in horizontal direction. This has been 
investigated in this paper. It follows from this study that the 
governing factor influencing the factor of safety of a reinforced 
slope is the combination of spacing and assumed lateral skin 
resistance. As the second parameter is very difficult to 
determine significant engineering judgement is required in 
order to ensure a reasonably realistic resistance in the model. It 
is therefore recommended to perform 3D analyses of a 
representative unit (as depicted in Figure 3), at least when 
investigating failure. For working load conditions the 
Embedded Beam Row can be expected to be more suitable.            
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