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ABSTRACT: In recent years, stone columns have been used to support footings and embankments constructed on soft soils. Several 
design methods have been developed, including theoretical and numerical solutions to address several design issues. However, more 
research is needed to develop a simple yet robust design method. A new analytical method is proposed to assess stone column 
performance under applied external loads. Pile critical length is derived to estimate column length required to resist applied load by 
a floating stone column only. This method is used together with the numerical analysis to investigate the effectiveness of floating 
stone columns using relative settlement reduction ratio. The results of numerical parametric study were compared to the derived 
analytical solutions in order to examine stone column behavior. Despite the simplicity of the analytical approach adopted in this 
study, the proposed solution enhances the understanding of the stone column performance and can be used for estimating the critical 
length of the columns. 

RÉSUMÉ: Ces dernières années, les colonnes de pierres ont été utilisées pour supporter la base de fondations ou de remblais sur sols 
meubles. Plusieurs méthodes de design ont été développées, dont des solutions théorique et numérique pour traiter certains problèmes 
de conception. Cependant plus de travail de recherche est nécessaire pour développer une méthode de conception simple mais robuste. 
Une nouvelle méthode analytique est proposée pour estimer les performances des colonnes de pierres sous l’application de chargements 
externes. La longueur critique de pieu est dérivée afin d’estimer la longueur de colonne de pierre flottante requise pour qu’elle résiste à 
elle seule au chargement appliqué. Cette méthode est utilisée en combinaison avec une analyse numérique pour étudier l’efficacité des 
colonnes de pierres flottantes en utilisant le rapport de réduction de tassement relatif. Les résultats de l’étude paramétrique ont été 
comparés aux solutions analytiques dérivées afin d’examiner le comportement des colonnes de pierres. Malgré la simplicité de 
l’approche adoptée dans cette étude, la solution proposée améliore la compréhension des performances des colonnes de pierres et peut 
être utilisée pour estimer la longueur critique des colonnes. 
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1  INTRODUCTION 

Piles are often used in the UK and abroad as a foundation for    
road and rail embankments constructed over soft ground. The  
main function of the piles is to transfer embankment loads into 
deeper, more competent strata. It is important to consider the      
impact of the thickness of a soft soil layer on foundation selection. 
Generally, end-bearing piles can be an effective solution when 
the soft soil thickness is relatively small, i.e. up to 25m. However, 
when the embankment is to be constructed over ground that is 
soft or compressible to adequately support the embankment, 
granular columns can be installed in a soft ground as an 
alternative to piles to provide a foundation with satisfactory 
performance.  

When the installed columns do not reach bearing strata due to 
the large thickness of the soft soil, the constructed stone columns 
are called floating columns. Moreover, floating stone columns 
can be used in lieu of full-length piles to control embankment 
settlement, satisfy specification performance criteria and to 
prevent the lateral spreading of the subsoil. 

In current practice, the numerical analysis is often used to 
investigate a stone column settlement performance. A series of 
analytical and empirical design methods are available to address 
the settlement improvement associated with stone column 
installation. In the UK, most designs use Priebe’s method to 
assess settlement improvement (Priebe 1995). In this paper, 
numerical study of axisymmetric model (an efficient 
mathematical means of modelling stone column grids) using hard 
soil model is performed and compared with derived analytical 
model to understand effectiveness of stone columns. The study 

is carried out with the intent to provide practicing engineers with 
a simple tool for assessing the foundation settlement in soft soils. 

 The focus of this paper is to propose a simplistic analytical 
model that can predict the settlement improvement in soft soils 
by the installation of vibro stone columns. The design of stone 
columns in soft clays is usually governed by performance 
(settlement) rather than column capacity to support applied load. 
An analytical approach developed by Satibi (2009) was modified 
in the current study to assess the performance of an infinite grid 
of floating stone columns.  

 
Figure 1. Settlement analysis of one cell of an infinite grid of  
floating stone columns (a) Vertical cross section (b) Vertical   
effective force equilibrium of element A (after Satibi 2009). 
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This approach is used to calculate critical stone column length 

defined as the minimum required length to resist the applied load 
solely by a floating stone column (ignoring toe resistance 
contribution). Although the existence of a critical column length 
was reported by several researchers (e.g. McKelvey et al. 2004, 
Wehr 2004), this finding is not supported in this current study 
because the applied load is at a working level rather than at an 
ultimate level. The analytical approach is based on the uniformly 
distributed load applied on top of the stone column following unit 
cell concept, as shown in Figure 1. Figures 1(a) and 1(b) show 
the vertical cross section of the axisymmetric cell and an element 
A illustrating effective vertical forces in equilibrium within the 
column. The effectiveness of footing or embankment constructed 
on top of the floating stone columns is then investigated by using 
a relative settlement reduction ratio (RSR). The relative 
settlement reduction is defined as: 

 

RSR= 
𝑆0−𝑆𝑆0   ( 1 ) 

where the subscript “0” means no stone column is installed 
thus So is soft soil surface total settlement without ground 
improvement by stone column installation. S refers to the total 
settlement at the surface of the soft soil improved by stone 
columns. It needs to be emphasized that it is necessary to use an 
advanced method such as the finite element method for detailed 
design. A program is written by the author in a Visual Basic to 
model circular cell geometry as illustrated in Figure 1.  

 
2  ANALYTICAL MODEL DERIVATIONS 

Stone columns have been increasingly used to support 
embankments especially when a settlement/differential 
settlement is involved. Several researchers (e.g. Pulko and Majes 
2005 and Sexton and McCabe 2013) have indicated that the 
settlement of infinite grid of floating stone columns can be 
considered in a unit cell model. Different types of stone columns 
have been used, each with different rigidities, and using different 
installation processes and materials. The analytical model 
adopted in this research is based on the rigid column theory 
(Satibi 2009). The soft soil settlement due to the foundation 
applied load is based on the Hooke’s law of elasticity where the 
soil is idealised as linear elastic, uniform, and isotropic if no 
stone column is installed. Hence; 

 𝑆𝑜 =  𝑆𝑙 + ∆𝑆𝑜 = (𝑞 . (𝐻 − 𝑙))/𝐸𝑜𝑒𝑑,2  + (𝑞 . 𝑙)/𝐸𝑜𝑒𝑑,1) ( 2 ) 

 ∆𝑆0 refers to the partial soft soil settlement up to a depth of l. 
Where l is the stone column length if installed. Settlement of the 
soft soil below the stone column toe level, 𝑆𝑙 .q, refers to the 
embankment/foundation surcharge including the external 
applied load, and H is the soft soil layer thickness. Eoed is defined 
as the oedometer or compression modulus of the soft soil layer. 
It should be noted that previous investigations (e.g. Balaam et al. 
1977) demonstrated that using an elastic analysis will slightly 
under-predict the settlement performance of stone columns at 
working loads. Therefore, it is deemed sufficiently accurate to 
use the elastic approach to investigate the total settlement of 
stone columns in this paper. If an embankment/foundation is 
constructed over a soft soil and improved with stone column, 
then soft soil settlement can be determined by the equilibrium of 
the effective vertical stress. 

Considering floating condition with the ground water at 
surface, the effective vertical stresses in Figure 1 can be written 
as follows: 

 

[(−𝜎𝑣′ + 𝜎𝑣′ + ∆𝜎𝑣′ − 𝛾′. ∆𝑧) . 𝜋(𝑅2 − 𝑟2)] − 2𝜋𝑟. 𝜏∆𝑧 = 0 ( 3 ) 

R is the radius of the circular cell, r is the stone column radius, 𝛾′  is the effective unit weight of the soil and τ is the stone 
column shaft friction. In terms of the soil mechanics theory, the 
ultimate skin friction on the stone column shaft (if it is modelled 
as rigid column) can be evaluated in soft to firm clays in terms 
of effective stress using the following equation (Terzaghi et al. 
1996). 

 𝜏 =  𝑅𝐹. 𝜎𝑣́ ( 4 ) 

where RF is the lateral reduction factor representing the 
reduction in the effective angle of friction with increasing depth 
to the residual value. On the assumption that during rigid column 
installation surrounding soft clay is in a remoulded state and the 
cohesion intercept is zero. 
 
RF= 𝐾𝑠 . 𝑡𝑎𝑛 𝛿 ( 5 ) 

where 𝐾𝑠  is the coefficient of earth pressure after stone 
column  installation and δ is the average value of the angle of 
friction between stone column and soil. There are a few 
methods to simulate stone column installation effects. However, 
Priebe’s approach (Priebe 1995) is the most acceptable method 
in the industry. It is based on the increase in the coefficient of 
lateral earth pressure (Ks=1.0) to simulate stone column 
installation. 

Satibi (2009) derived pile critical length and settlement   
after improvement as follows: 

 𝑙𝑐𝑟𝑖𝑡 =  √ 2 .  𝑞𝛽 .  𝛾′ ( 6 ) 

𝑆 =  𝑆𝑙 +  (𝑞+ 𝛾′ .𝑙+𝛾′𝛽 )𝐸𝑜𝑒𝑑,1 .𝛽  . (1 − 𝑒−𝛽𝑙 )– 𝛾′ .𝑙𝐸𝑜𝑒𝑑,1 .𝛽 − 𝛾′ .𝑙22 .  𝐸𝑜𝑒𝑑,1 ( 7 ) 

Critical stone column length 𝑙𝑐𝑟𝑖𝑡  is the column length that 
satisfies the criteria where the entire embankment/foundation 
load is resisted by the floating stone column and no load is 
transferred to the soil where β can be calculated as follows: 

 𝛽 =   ( 2𝑟𝑅2− 𝑟2) . 𝑅𝐹  ( 8 ) 

and 𝐸𝑜𝑒𝑑 is the oedometer modulus of the soft soil layers taken 
as tangent modulus and can be determined by power law relation 
(Brinkgreve and Broere 2006): 

 𝐸𝑜𝑒𝑑 =  𝐸𝑜𝑒𝑑𝑟𝑒𝑓 . ( 𝜎𝑣′𝑃𝑟𝑒𝑓)𝑚
 ( 9 ) 

where 
 𝐸𝑜𝑒𝑑𝑟𝑒𝑓 = Tangent stiffness for primary oedometer loading at 

the reference pressure 𝑝𝑟𝑒𝑓=100kPa. 
 
m= Power for stress level dependency of stiffness.  
 
A typical design inputs 𝐸𝑜𝑒𝑑𝑟𝑒𝑓

 =1.5MPa and m= 1 are used for 
soft cohesive soils. Therefore, above equation reduces to 𝐸𝑜𝑒𝑑= 
15. 𝜎𝑣′ . The effective stress 𝜎𝑣′ is calculated at the middle of 
the soft soil layer and includes an additional applied load. Soft  
soil oedometer modulus can be determined as follows: 

 𝐸𝑜𝑒𝑑,1 = 15 . (0.5 .  𝑙 .  𝛾′ +  𝑞 ) ( 10 ) 
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𝐸𝑜𝑒𝑑,2 = 15 . (0.5 .  (𝐻 + 𝑙𝑐𝑟𝑖𝑡).  𝛾′ +  𝑞 ) ( 11 ) 

Therefore, the effectiveness of the embankments on floating 
rigid inclusion can be calculated based on the relative settlement 
reduction (RSR).  

 
3  NUMERICAL PARAMETRIC STUDY AND 

SETTLEMENT ANALYSIS 

The proposed analytical approach has been used to predict the 
critical length of stone column and to assess the effectiveness of 
stone columns, with R equal to 0.75m and a stone column radius 
of 0.3m. In this analysis, the soft soil has an effective unit weight 
of 6.5 kN/m3 and an effective angle of internal friction equal to 
25°. The coefficient of the lateral earth pressure Ks is equal to 1.0 
in order to account for installation effect of stone column, which 
is consistent with the value proposed by Priebe (1995). 

A numerical parametric study has been carried out and 
compared to the analytical method to examine the impact of 
various key parameters, such as soft layer thickness and stone 
column spacing, on the column-foundation system behaviour. 
The Finite element (FE) program Plaxis 2D was used to model 
the stone column behaviour. The stone column reinforced 
foundation has been analyzed by the axisymmetric soil model 
similar to that used in the analytical approach. The geometry and 
mesh used in the FE analysis are shown in Figure 2. The mesh 
has a radius of 0.75m to 1m to simulate a typical column spacing 
of 1.5m to 2m and the stone column radius is equal to 0.3m. 

In the subsequent FE and analytical analyses, the settlement 
behaviour of various configurations of soft soil thickness and 
stone column spacing is examined for loads up to 50kPa. 
Boundary conditions are applied by preventing horizontal 
displacement at the vertical side of the mesh and preventing both 
vertical and horizontal movement at the bottom. The ground 
water level is set to be at the ground level. The hardening soil 
constitutive model is used for the soft soil and stone column 
materials. The soft soil and column backfill properties used in FE 
calculations are listed below in Table 1. 

 
Table 1 Material property as used in FE- Analysis 

Properties Soft    
Soil 

Stone 

φ' [o] 25 45 
c' kPa 0.1 0.1 
ψ [o] 0 15 
γ kN/m3 16.5 19 𝐸50𝑟𝑒𝑓 =  𝐸𝑜𝑒𝑑𝑟𝑒𝑓 MPa 1.5 70 𝐸𝑢𝑟𝑟𝑒𝑓 MPa 4.5 210 𝜐𝑢𝑟 [-] 0.2 0.2 
m [-] 1 0.5 

4  RESULTS 

The influence of column length and soft soil thickness upon the 
performance of a unit cell model is shown in Figure 3. The 
relative settlement reduction against stone column length with 
different soft soil thicknesses is shown for the applied load of 
40kPa on top of the stone column which is a typical working load 
for foundations constructed over the stone columns.  

The effectiveness of the stone column as ground improvement 
technique is represented by the relative settlement ratio. The relative 
settlement ratio increases with the increasing of the stone column 
length. In general, the effectiveness is between 50 and 60% at a critical 
stone column length for columns installed at the spacing of 1.5m. The 
effectiveness of stone columns is slightly decreased where the RSR 
deceases to around 45 to 55% at critical column length if the column 
spacing increases to 2m centre to centre . The effectiveness is reduced 
because the more widley spaced stone columns attract a higher 
proportion of the load. It is also shown in Figure 3 that the 

 
Figure 2. FE mesh and geometry 

 
Figure 3. RSR improvement with pile length 
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Figure 4. Effectiveness of floating stone columns upon the variation of 
foundation surcharge for a soft soil thickness of 10m, 14.5m and 20m 
with column spacing of 1.5m at critical column length. 
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 improvement in settlement due to stone column installation is 
relatively more pronounced with reducing soft soil layer thickness. 

Based on the analysis performed on the unit cell model, it was 
observed that there is a good agreement between numerical and 
analytical solutions (Figures 3, 4 and 5). It can also be seen from 
Figures 4 and 5 that convergence is more pronounced at higher 
loads (around 50kPa). 

Generally, both the numerical and analytical methods predict 
similar reduction in the settlement at a critical stone column 
length. However, there is a slight difference in the RSR between 
the numerical and analytical solutions for soft layer thickness of 
10m and 20m (maximum difference of about 12%). The 
difference may be attributed to the assumption of constant 
oedometer stiffness in the analytical model, whereas in the FE 
modeling, stress dependent oedometer stiffness values are 
applied. 

 
The variations of the RSR with the applied load are compared 

in Figures 4 and 5. As the thickness of the soft clay layer at the 
bottom of the column increases, the RSR decreases irrespective 
of the column spacing as predicted in the analytical model. At 
lower loading, the settlement improvement is marginally higher 
than that at higher loads as presented in Figures 4 and 5. The 
marginal improvement in the RSR at lower loads is due to the 
initial readjustment of the stone particles. However, as the load 
increases, the improvement in settlement decreases rapidly. 

 
5  CONCLUSIONS 

In this paper, the settlement performance of stone columns was 
studied. An analytical method was proposed to predict the 
improvement in settlement due to stone column installation at 
any depth up to the critical column length predicted by the 
analytical model. 

Based on the results obtained from the derived analytical 
model and the parametric study through the FE analysis, the 
following conclusions may be drawn: 
 

1. Stone columns improve the foundation settlement 
behaviour. As the length of stone column increases, 
there is an increase in the RSR (Relative Settlement 
Reduction) ratio. 

2. The parametric study shows that the RSR ratio is about 
45 to 60% at the critical stone column length.  

3. The column spacing has an impact on the settlement 
reduction. Increasing the column spacing and thereby 
reducing the ratio between the area of cross-section of 
stone column and the area of surrounding soil, leads to 
a slight reduction in the RSR. 

4. The analytical model predicts that the RSR ratio 
decreases as the thickness of soft layer increases 
irrespective of the column spacing. 

 
5. At lower loading levels, the settlement improvement is 

marginally higher than that at higher load levels. The 
marginal improvement in the RSR at lower loads is due 
to the initial realignment of the stone particles until an 
equilibrium condition is met. 

 
It should be noted that these conclusions are based on the 

numerical and analytical analyses of a single column under an 
applied vertical load. The behaviour of a stone column in groups 
such as stone column suppporting an embankment, is typically 
different from the case of a single stone column analysis. 

It should be pointed out that the proposed analytical model is 
based on the Hooke elastic theory and the rigid column theory. 
Therefore, the settlement performance of stone columns at 
working loads is slightly underestimated. Despite the simplicity 
of the analytical approach adopted in this study, the proposed 
solution enhances the understanding of stone column 
performance and may be used for estimating the critical length 
of stone columns. 
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Figure 5. Effectiveness of floating stone columns upon the variation of 
foundation surcharge for a soft soil thickness of 10m, 14.5m and 20m 
with column spacing of 2.0m at critical column length. 
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