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ABSTRACT: The paper describes an approach for the design of rigid piles to reinforce unstable slopes. Pile-soil interaction is 
considered by modeling the soil by a series of elastic-plastic springs along the pile shaft. The method assumes that both the modulus 
of horizontal subgrade reaction and the ultimate soil resistance increase linearly with depth. The results of analysis, developed for 
free-head condition and uniform soil displacement, are presented in non-dimensional form in terms of shear force developed at the 
slip surface as a function of the normalized sliding depth. The method allows capturing pile response not only at the soil ultimate state 
but also at the intermediate states. For fully elastic response a set of closed form expressions is provided. For an elastic-plastic soil 
response design charts are provided to estimate the maximum bending moment along the shaft and the pile head deflection, so that for 
an assigned value of the required resistant force both ultimate and serviceability limit state of the pile can be checked. 

RÉSUMÉ : Cet article présente une approche de projet des pieux rigides pour le renforcement de pentes instable. L’interaction sol-pieu 
est tenue en compte en modélisant le sol par des appuis last-plastiques le long du fût du pieu. La méthode repose sur l’assomption que soit 
le module de réaction horizontal soit la pression de plastification augmentent linéairement avec la profondeur. Les résultats de l’analyse, 
développée sous l’hypothèse de pieu libre en tête et de déplacement uniforme du terrain, sont représentés en forme graphique par la force 
adimensionnelle de cisaillement à la surface de glissement en fonction de la profondeur adimensionnelle de glissement. La méthode 
permet de simuler la réponse du pieu non seulement à l’état limite ultime du sol, mais aussi dans des états intermédiaires, en fonction des 
déplacements du sol instable. En cas de réponse totalement élastique, des expressions analytiques ont été établies. En cas de réponse 
élasto-plastique, des abaques pour évaluer le moment maximum de flexion et le déplacement de la tête du pieu sont fournis, afin de 
vérifier, pour une valeur assignée de la force résistante requise, soit l’état limite ultime, soit l’état limite de service. 
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1  INTRODUCTION 

Slope stability is often improved by using passive piles. In 
recent decades there have been several reports in the literature 
on successful use of piles to stabilise a slope (e.g. Sommer 1977, 
Fukuoka 1977, Reese et al. 1992; Poulos 1995)  

Different methods have been proposed to evaluate the 
performance and design of reinforcing piles in slopes, as well as 
to evaluate the safety factor of a reinforced slope (Ito et al. 1979, 
1981, 1982; Chow 1996, Hassiotis et al. 1997, Cai and Ugai 
2000, 2011; Ausilio et el 2001; Jeong et al 2003, Won et al 
2005, Wei and Cheng 2009, Ellis et al 2010, Yamin and Liang 
2010; Kourkoulis et al. 2011, 2012; Ashour and Ardalan 2012)  

Although numerical three-dimensional analysis are in 
principle the most rigouros approach to analyze the problem, 
they are computationally intensive and time-consuming. 
Therefore in the practice the so-called decoupled methods are 
widely used, in which the behaviour of slope and piles is 
analyzed separately (Viggiani 1981, Poulos 1995). This design 
approach may be simplified in three main steps: (a) using the 
traditional limit equilibrium methods to compute the required 
lateral resisting force needed to increase the factor of safety of 
the slope to the target value; (b) evaluating the shear force that 
each pile can provide as a consequence of soil sliding (c) 
selecting a pile configuration able to provide this required force 
without structural damage. 

Some researches (Poulos 1995, Kourkoulis et al. 2011) 
indicate that the most effective solution is to install the least 
number of drilled piles with the maximum attainable 
reinforcement, which implies the use of large diameter piles. 
When large diameter piles are subjected to the horizontal 
movements of the surrounding soils, in some circustances it 
may be reasonable to assume a rigid deformation for the piles. 

In this paper a methodology of analysis is presented, in 
which a rigid pile with free head is embedded in a cohesionless 
soil. Similarly to previous studies on passive piles (e.g. 
Hassiotis et al 1997; Cai and Ugai 2011; Guo 2014, among 
others) the subgrade reaction method is used to model pile-soil 
interaction. The soil is schematized by a series of independent 
elastic-plastic springs, so that nonlinear effects are incorporated 
in the analysis (Lee et al. 1995).  

 
2  METHOD OF ANALYIS 

Figure 1 shows a pile of length L and diameter D embedded in a 
cohesionless soil under a lateral soil movement ys0 for a height 
Ls (= L) The basic assumptions for the proposed method are as 
follows: 
- the pile is rigid so that the displacement yp at a depth z below 
the ground surface can be obtained as: 

 tanzyyp  0     (1) 

where y0 is the horizontal displacement of the pile head and  is 
the angle of rotation;  
- both the modulus of horizontal subgrade reaction Es and the 
ultimate lateral soil resistance (pu) vary linearly with depth as 
shown in Fig.1.  

znES      2FL   (2) 

zmpu      1FL   (3) 

A discussion on the proper selection of Es and pu is beyond 
the scope of the present paper, but it should be considered that 
both Es and pu may depend on pile spacing, especially for piles 
with center-to-center spacing less than 3D (e.g. Kourkoulis et al 
2012). 

Finally, it is necessary to point out that, in a soil with ES 
varying with depth according to (2), a pile can be considered  
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Figure 1. (a) Rigid pile deformation; (b) soil movement; (c) variation of 
ES with depth and (d) variation of pu with depth. 

rigid if the following condition (proposed for active piles) 
is satisfied (e.g. Tomlinson and Woodward 2008): 

25 nEJL     (4) 

where EJ is the bending stiffness of the pile. 

 

3  RESULTS AND DISCUSSION 

To analyze a rigid pile partially embedded in a moving soil 
three different conditions can be distinguished. For relatively 
small soil displacement an elastic condition is achieved for the 
entire length; for soil movement exceeding a threshold value 
soil reaction in a zone reaches the ultimate soil resistance 
whereas the pile-soil interaction remains elastic in the other 
zones; with increase in lateral soil movements the extent of the 
yielded zone increases and, finally, a limit condition is achieved 
in which the ultimate resistance is fully mobilized along the pile 
shaft., The above mentioned cases are analyzed in the following 
separately. 

3 .1  Elastic case 

Since there is no soil-yielding (Fig.2a), the soil reaction along 
the depth can be expressed as: 

   tanzyynzyyEp spsse  00   (5) 

Consider, respectively, horizontal force equilibrium and 
bending moment equilibrium about the pile head, we obtain: 
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The solution of the above linear system in two variables (y0 and 
tan) is: 

   0
2

0 89 syy       (8) 

   Lytan s0
2 112      (9) 

On the basis of y0 and tan, the bending moment and the 
shear force at any depth can be determined. At the depth of 
sliding the shear force can be calculated as: 
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After rearranging the terms, taking into account Eqs. (8)-(9), 
Eq. (10) becomes: 
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3 .2  Elastic-plastic cases 

By combining different values of ys0, n, m and Ls many elastic-
plastic (EP) cases can occur. The simplest cases are those in 

which only a region of soil (at the top, above or below the 
sliding depth) reaches its ultimate pressure. For increasing soil 
displacement more complex cases are generated, where two, 
three or four zones are simultaneously in plastic state.   

For sake of space only one generalized EP-case is here 
described, in which the soil displacement is great enough to 
yield the soil in four regions, 0 ÷ b; c ÷ Ls, Ls ÷ f and g ÷ L (Fig. 
2b). 

By imposing horizontal and rotational equilibrium, we have: 
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By equalizing elastic soil reaction (pe) and ultimate 
resistance (pu) at the depth b, c, f and g, the following equations 
can be written: 

tan
nmyy

b s 
 00

 (14) 
tan

nmyy
c s 
 00

   (15) 

tan
nmy

f


 0  (16)  
tan

nmy
g


 0    (17) 

Eqs (11)-(16) represent a nonlinear system of 6 equations in 
6 unknows (y0, tan, b, c, f and g).  

The solution of this system can be readily accomplished by a 
simple spreadsheet software (e.g. the tool Solver of Microsoft 
Excel) by imposing the conditions expressed by (12) and (13), 
plus additional constraints related to the ranges of b, c, f and g. 
(i.e. 0 < c < Ls; b < c; etc.). In this procedure the initial values 
of y0 and tan may influence the ability of Solver to find a 
solution. 

It is worth to note that all the possible elastic-plastic cases 
can be viewed as particular case of that described above. For 
example, the simple case with soil yielding occurring only 
between 0 and b can be analyzed putting c = f = Ls and g = L in 
eqs. (12)-(13), whereas the case with two yielded regions (c < z 
< Ls and Ls < z < f) is obtained for b = 0 and g = L.  

With the computed values of y0 and tan shear force and 
bending moment can be calculated. At the sliding depth the 
normalized shear force is obtained as:  
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  (18) 

3.3  Plastic cases  

All elastic-plastic cases were found to converge in one of three 
failure mode: short-pile mode (mode A), intermediate mode (B) 
or flow mode (C), as defined by Viggiani (1981) and Poulos 
(1995) for cohesive soils. 
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Figure 2. Soil reaction distribution (a) elastic case; (b) elastic-plastic 
case; (c) plastic case – failure mode B  
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In the mode A the slide is relatively deep and there is full 
mobilization of strength in the stable soil (i.e. f = g = L in eqs. 
12 and 13); in the mode B (Fig.2c) the soil strength is fully 
mobilized both in stable and unstable soil (i.e. b = c and f = g). 
In the mode C the slide is shallow and the unstable soil reaches 
its ultimate pressure (b = c = 0) . 

The values of the shear force at the sliding depth can be 
calculated as: 

 
    22150 Lm.T A      (19) 

 
  22250 mbLm.T B      (20) 

 
  2250 Lm.T C       (21) 

For an assigned value of  the maximum shear force at the 
sliding surface (z = Ls) is the minimum value calculated by 
(19)-(21). 

Note that for the intermediate case (B) the solution has a 
practical significance only if 0 < b < Ls and Ls < f < L; this 
occurs only for a specific range of ; otherwise case B cannot 
occur.  
 
4  DESIGN CHARTS 

The uncoupled approach for stabilizing pile has as input the 
shear force provided by piles, in order to increase the factor of 
safety to the target value (Viggiani 1981, Poulos 1995). Then 
the previous analysis is used to construct design charts in which 
the shear force at the sliding depth is plotted as a function of 
sliding depth, soil displacement, pile head deflection and 
maximum bending moment along the shaft.  

The results of the analysis are expressed in terms of the 
following non-dimensional parameters:  
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A specific computer program in Fortran was written in which 
the soil displacement ys0 is stepwise incremented; for each step 
pile displacements and soil pressures are calculated starting 
from the elastic case. When in any region elastic pressures 
exceed the ultimate pressure the relevant elastic-plastic case is 
invoked until failures mode A or C are reached. Failure mode B 
is reached only for an infinite soil displacement. At any step 
shear force and bending moment are calculated by single or 
double integration of the soil reaction acting on the pile. The 
solution of the nonlinear system for elastic-plastic cases is 
obtained by a numerical iterative procedure, similar to that 
described by Zhang (2009). 

Figure 3 shows the normalized shear force at the sliding 
depth plotted against the normalized sliding depth () for 
different values of soil displacement. This chart can be useful to 
estimate the soil movement required to develop an assigned pile 
response. The normalized shear force is bounded by the limit 
force calculated following one of three failure mode mentioned 
above (A, B or C). The dashed line in Fig.3 bounds the elastic 
zone, where the relationship between ys0 and T is linear. 

In Figure 4 the normalized shear force at the sliding depth is 
plotted against the normalized sliding depth () for different 
values of normalized pile-head deflection. This chart allows to 
estimate the pile-head deflection associated to an assigned 
resistance force. As observed earlier, failure mode B is achieved 
only for infinite soil an pile displacements. However, from a 
practical point of view a normalized pile-head deflection of 15 
allows to obtain more than 97% of Tmax.  

Figure 5 shows the normalized shear force at the sliding 
depth plotted against the normalized sliding depth () for 
different values of the maximum bending moment along the 

pile shaft. This chart can be useful to assess structural stability 
of the passive piles. All curves with the same Mmax have 
substantially the same trend with a peak for  ranging from 
0.60-0.65. This is due to the fact that for relatively low value of 
 the maximum bending moment is developed below the 
sliding surface, whereas for relatively high value of  the 
maximum bending moment is located above the sliding surface.  
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Figure 3. Shear force at the sliding depth vs normalized sliding depth 
for different soil displacement. 
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Figure 4. Design chart to estimate the pile head deflection as a function 
of the required shear force and normalized sliding depth. 
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Figure 5. Design chart to estimate the maximum bending moment as a 
function of the required shear force and normalized sliding depth. 
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 It can be observed that by equalizing Mmax to the yielding 
moment of pile section (My), a reduced value of Tn can be 
obtained from Fig.5, because, for Mmax,n< 0.025, the maximum 
shear force provided by piles, can be governed by the pile 
failure instead of one of the three soil failure modes.  

4.1  Design example 

Using the design curves of Figures 3-5, the procedure for design 
stabilizing pile is illustrated by a numerical example. 

Let assume that in a dry homogenous cohesionless slope 
(= 18 kN/m3; = 35°; n = 2000 kN/m3) a traditional two-
dimensional stability analysis indicates a force of 120 kN/m to 
achieve the target safety factor. If the sliding depth is 4 m below 
the ground surface, consider a row of stabilizing bored concrete 
piles with 1.5 m diameter and 10 m length, so that the validity 
of (4) is assured. Moreover consider a center to center spacing 
of 6 m (i.e. 4D), which implies that each pile must support 720 
kN. 

For this spacing it is reasonable to calculate the value of m 
using for example the relationship suggested by Fleming et al. 
(2009) for single pile, i.e. 2PDKm = 99.62 kN/m2. 
Consequently, the normalized shear force is calculated as  
Tn = 720/(99.63∙102) = 0.0722. 

Using the curve of Fig 4, a normalized pile-head deflection 
of about 2.3 is obtained, which corresponds to  
y = 2.3∙ 99.63/2000 = 11.5 cm. 

The maximum bending moment can be estimated by Fig.5: 
the normalized moment is about 0.0145, i.e.  
Mmax = 0.0145∙ (99.63) 103 = 1445 kNm.  
The structural design of pile section can be carried out based on 
this calculated bending moment, using the safety factors 
indicated in national codes.  

Finally, from Fig.3 a normalized soil displacement of about 
2.6 (i.e. ys0 ≈ 13 cm) is estimated to mobilize the required pile 
response. 

4  CONCLUSIONS 

An approach based on the modulus of subgrade reaction has 
been described for analyze rigid piles emebedded in a 
cohesionless soil subjected to a uniform horizontal movement. 

Results of this analysis have been applyed to the design of 
passive piles to stabilize slopes.  

Similarly to previuos studies on cohesive soil three failure 
mechanisms have been identified (A, B and C) which develop 
at varying the normalized sliding depth (Ls/L). 

For the assumed distribution of soil ultimate pressure the pile 
resistance, expressed in terms of shear force at the sliding depth, 
reaches a maximum for sliding depth of the order of 0.7-0.9 
times the length of pile. 

However the present analysis allows to estimate the soil 
displacement required to achieve failure modes A and C, 
whereas pile resistance associated to failure mode B is purely 
theoretical as it required unrealistic infinite soil displacement. 
Therefore the pile resistance of failure mode B should be used 
with caution in design.  

Design charts are also provided to estimate pile displacement 
and maximum bending moment as a function of the required 
resistance force. The proposed design procedure has been 
illustrated by a numerical example. 

The procedure can be easily extended to different soil profile 
and to pile with constrained head as well as for not uniform soil 
displacement. Comparisons with full scale or model tests and 
FEM analysis are also needed, but in any case the selection of 
proper values of Es and pu appears to be fundamental for the 
accuracy of the analysis.  
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